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Foreword 


The present book gives an exposition of the classical basic algebraic 
and analytic number theory and supersedes my Algebraic Numbers, 
including much more material, e.g. the class field theory on which I make 
further comments at the appropriate place later. 

For different points of view, the reader is encouraged to read the collec- 
tion of papers from the Brighton Symposium (edited by Cassels-Frohlich), 
the Artin-Tate notes on class field theory, Weil’s book on Basic Number 
Theory, Borevich-Shafarevich’s Number Theory, and also older books like 
those of Weber, Hasse, Hecke, and Hilbert’s Zahlbericht. It seems that 
over the years, everything that has been done has proved useful, theo- 
retically or as examples, for the further development of the theory. Old, 
and seemingly isolated special cases have continuously acquired renewed 
significance, often after half a century or more. 

The point of view taken here is principally global, and we deal with 
local fields only incidentally. For a more complete treatment of these, 
cf. Serre’s book Corps Locaux. There is much to be said for a direct global 
approach to number fields. Stylistically, I have intermingled the ideal 
and idelic approaches without prejudice for either. I also include 
two proofs of the functional equation for the zeta function, to acquaint 
the reader with different techniques (in some sense equivalent, but in 
another sense, suggestive of very different moods). Even though a reader 
will prefer some techniques over alternative ones, it is important at least 
that he should be aware of all the possibilities. 


New York SERGE LANG 
June 1970 


Preface for the Second Edition 


The principal change in this new edition is a complete rewriting of 
Chapter XVII on the Explicit Formulas. Otherwise, I have made a 
few additions, and a number of corrections. The need for them was 
pointed out to me by several people, but I am especially indebted to 
Keith Conrad for the list he provided for me as a result of a very careful 
reading of the book. 


New Haven, 1994 | SERGE LANG 
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Prerequisites 


Chapters I through VII are self-contained, assuming only elementary 
algebra, say at the level of Galois theory. 

Some of the chapters on analytic number theory assume some analysis. 
Chapter XIV assumes Fourier analysis on locally compact groups. Chap- 
ters XV through XVII assume only standard analytical facts (we even 
prove some of them), except for one allusion to the Plancherel formula in 
Chapter XVII. 

In the course of the Brauer-Siegel theorem, we use the conductor- 
discriminant formula, for which we refer to Artin-Tate where a detailed 
proof is given. At that point, the use of this theorem is highly technical, 
and is due to the fact that one does not know that the zeros of the zeta 
function don’t occur in a small interval to the left of 1. If one knew this, 
the proof would become only a page long, and the L-series would not be 
needed at all. We give Siegel’s original proof for that in Chapter XIII. 

My Algebra gives more than enough background for the present book. 
In fact, Algebra already contains a good part of the theory of integral 
extensions, and valuation theory, redone here in Chapters I and II. 
Furthermore, Algebra also contains whatever will be needed of group 
representation theory, used in a couple of isolated instances for applica- 
tions of the class field theory, or to the Brauer-Siegel theorem. 

The word ring will always mean commutative ring without zero divisors 
and with unit element (unless otherwise specified). 

If K is a field, then K* denotes its multiplicative group, and K its 
algebraic closure. Occasionally, a bar is also used to denote reduction 
modulo a prime ideal. 

We use the 0 and O notation. If f, g are two functions of a real variable, 
and g is always = 0, we write f = O(g) if there exists a constant C > 0 
such that |f(z)| S C(x) for all sufficiently large x. We write f = o(g) if 
limz_s» f(x)/g(z) = 0. We write f ~ g if limz_. f(z)/g(z) = 1. 
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PART ONE 


BASIC THEORY 


CHAPTER I 


Algebraic Integers 


This chapter describes the basic aspects of the ring of algebraic integers 
in a number field (always assumed to be of finite degree over the rational 
numbers Q). This includes the general prime ideal structure. 

Some proofs are given in a more general context, but only when they 
could not be made shorter by specializing the hypothesis to the concrete 
situation we have in mind. It is not our intention to write a treatise on 
commutative algebra. 


$1. Localization 


Let A be aring. By a multiplicative subset of A we mean a subset 
containing 1 and such that, whenever two elements z, y lie in the subset, 
then so does the product zy. We shall also assume throughout that 0 does 
not lie in the subset. 

Let K be the quotient field of A, and let S be a multiplicative subset 
of A. By S~'A we shall denote the set of quotients z/s with z in A and 
sin S. It is a ring, and A has a canonical inclusion in S~1A. 

If M is an A-module contained in some field L (containing K), then 
S~'M denotes the set of elements v/s with v € M ands € S. Then S—!M 
is an S~'A-module in the obvious way. We shall sometimes consider 
the case when MM is a ring containing A as subring. 

Let p be a prime ideal of A (by definition, p ~ A). Then the comple- 
ment of pin A, denoted by A — p, is a multiplicative subset S = S, of A, 
and we shall denote S~'A by Ay. 

A local ring is a ring which has a unique maximal ideal. If 0 is such a 
ring, and m its maximal ideal, then any element x of o not lying in m 
must be a unit, because otherwise, the principal ideal xo would be con- 
tained in a maximal ideal unequal to m. Thus m is the set of non-units 
of o. 
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The ring A, defined above is a local ring. As can be verified at once, 
its maximal ideal m, consists of the quotients z/s, with x in p and s in A 
but not in p. 

We observe that m,M A = p. The inclusion 5 is clear. Conversely, 
if an element y = 2z/sliesinm, N A withz Epands ES, thenz = sy Ep 
and s € p. Hence y € p. 

Let A be a ring and S a multiplicative subset. Let a’ be an ideal of 
S—'A. Then 


a’ = S—'(a'N A). 


The inclusion > is clear. Conversely, let x Ea’. Write x = a/s with 
some ae A ands€S. Then sz Ea’ N A, whence x € S~!(a' f A). 

Under multiplication by S~!, the multiplicative system of ideals of A 
is mapped homomorphically onto the multiplicative system of ideals of 
S~'A. This is another way of stating what we have just proved. If a 
is an ideal of A and S~‘q is the unit ideal, then it is clear that an S is 
not empty, or as we shall also say, a meets S. 


§2. Integral closure 


Let A be a ring and x an element of some field Z containing A. We 
shall say that x is integral over A if either one of the following conditions 
is satisfied. 


INT 1. There exists a finitely generated non-zero A-module M C L such 
thatxM CM. 


INT 2. The element x satisfies an equation 
2” + dyna"! +---+ a) =0 


with coefficients a; € A, and an integern = 1. (Such an equation 


will be called an integral equation.) 


The two conditions are actually equivalent. Indeed, assume INT 2. 
The module M generated by 1, z,..., x”~* is mapped into itself by the 
element x. Conversely, assume there exists M = (v1,...,n) such that 
aM CM, and M ~ 0. Then 


LV, = A41Yy +++ + Ann 
LUn = Ani +°°° + AnnUn 


with coefficients a;; in A. Transposing xv, ..., 2Un to the right-hand side 


[I, §2] INTEGRAL CLOSURE 5) 
of these equations, we conclude that the determinant 


wv — a1 
—Ai; 
% — Age 
aij ts 
L — Ann 
is equal to 0. In this way we get an integral equation for x over A. 


Proposition 1. Let A bearing, K tts quotient field, and x algebraic over 
K. Then there exists an element c ¥ 0 of A such that cx is integral over A. 


Proof. There exists an equation 
Ant" +---+a=0 
with a; € A and a, ¥ 0. Multiply it by a". Then 
(anz)” +-+++ agan-' = 0 


is an integral equation for a,x over A. 


Let B be a ring containing A. We shall say that B is integral over A 
if every element of B is integral over A. 


Proposition 2. If B is integral over A and finitely generated as an 
A-algebra, then B is a finitely generated A-module. 


Proof. We may prove this by induction on the number of ring gen- 
erators, and thus we may assume that B = A[z] for some element zx inte- 


gral over A. But we have already seen that our assertion is true in that 
case. 


Proposition 3. Let AC BCC be three rings. If B is integral over A 
and C' 1s integral over B, then C is integral over A. 


Proof. Let x €C. Then z satisfies an integral equation 
a” + bya" 1 +---+b,=0 


with b; € B. Let By = Albo,...,bn_y]. Then B, isa finitely generated 
A-module by Proposition 2, and B,[z] is a finitely generated B,-module, 
whence a finitely generated A-module. Since multiplication by x maps 
B,[z] into itself, it follows that x is integral over A. 


Proposition 4. Let A CB be two rings, and B integral over A. Leto 
be a homomorphism of B. Then o(B) is integral over (A). 
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Proof. Apply o to an integral equation satisfied by any element z of B. 
It will be an integral equation for o(x%) over a(A). 


The above proposition is used frequently when o is an isomorphism 
and is particularly useful in Galois theory. 


Proposition 5. Let A be a ring contained in a field L. Let B be the set 
of elements of L which are integral over A. Then B is a ring, called the 
integral closure of A in L. 


Proof. Let x, y lie in B, and let AI, N be two finitely generated A- 
modules such that cA C M and yN CN. Then AN is finitely generated, 
and is mapped into itself by multiplication with z + y and zy. 


Corollary. Let A bearing, K tts quotient field, and L a finite separable 
extension of K. Let x be an element of L which 1s integral over A. Then 
the norm and trace of x from L to K are integral over A, and so are the 
coefficients of the zrreducible polynomial satisfied by x over K. 


Proof. For each isomorphism o of L over K, ox is integral over A. 
Since the norm is the product of ox over all such g, and the trace is the 
sum of ox over all such ga, it follows that they are integral over A. Simi- 
larly, the coefficients of the irreducible polynomial are obtained from the 
elementary symmetric functions of the oz, and are therefore integral 
over A. 


A ring A is said to be integrally closed in a field L if every element 
of L which is integral over A in fact les in A. It is said to be 
integrally closed if it is integrally closed in its quotient field. 


Proposition 6. Let A be a Noetherian ring, integrally closed. Let L be 
a finite separable extension of its quotient field K. Then the integral closure 
of A in L ts finitely generated over A. 


Proof. It will suffice to show that the integral closure of A is contained 
in a finitely generated A-module, because A is assumed to be Noetherian. 

Let wy, ..., Wn be a linear basis of L over K. After multiplying each 
uw; by a suitable element of A, we may assume without loss of generality 
that the w; are integral over A (Proposition 1). The trace Tr from L to 
K is a K-linear map of L into K, and is non-degenerate (i.e. there exists 
an element x € L such that Tr(x) ¥ 0). If @ is a non-zero element of L, 
then the function Tr(az) on L is an element of the dual space of L (as 
K-vector space), and induces a homomorphism of L into its dual space. 
Since the kernel is trivial, it follows that L is isomorphic to its dual under 
the bilinear form 


(x, y) > Try). 
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Let wi, ..., w, be the dual basis of wi, ..., Wn, so that 
Tr(wiw;) = 643. 


Let c ~ 0 be an element of A such that cw; is integral over A. Let z be 
in L, integral over A. Then zcw; is integral over A, and so is Tr(czw;) 
for each 1. If we write 


z2= b\w, +---+ dawn 
with coefficients b; € K, then 
Tr(cew;) = cb;, 
and cb; € A because A is integrally closed. Hence z is contained in 
Aco tw, +--+ Accu uy. 


Since z was selected arbitrarily in the integral closure of A in L, it follows 
that this integral closure is contained in a finitely generated A-module, 
and our proof is finished. 


Proposition 7. If A is a unique factorization domain, then A is inte- 
grally closed. 


Proof. Suppose that there exists a quotient a/b with a, b € A which is 
integral over A, and a prime element p in A which divides b but not a. 
We have, for some integer n = 1, 


(a/b)” + Gn_1(a/b)"—" +++++ a9 = 0, 


whence 
a” + a,_yba"—1 + +--+ apd” = 0. 
Since p divides b, it must divide a”, and hence must divide a, contradiction. 


Theorem 1. Let A be a principal ideal ring, and L a finite separable 
extension of its quotient field, of degree n. Let B be the untegral closure of 
Ain L. Then B is a free module of rank n over A. 


Proof. As a module over A, the integral closure is torsion-free, and by 
the general theory of principal ideal rings, any torsion-free finitely gen- 
erated module is in fact a free module. It is obvious that the rank is 
equal to the degree [L: K]. 


Theorem 1 is applied to the ring of ordinary integers Z. A finite exten- 
sion of the rational numbers Q is called a number field. The integral 
closure of Z in a number field K is called the ring of algebraic integers of 
that field, and is denoted by ox. 
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Proposition 8. Let A be a subring of a ring B, integral over A. Let S 
be a multiplicative subset of A. Then S~'B is integral over S~1A. If A 
is integrally closed, then S~1A is integrally closed. 


Proof. If x € B ands é&S, and if M is a finitely generated A-module 
such that «<M CM, then S~'M is a finitely generated S~!A-module 
which is mapped into itself by s~‘z, so that s~1z is integral over S~1A. 
As to the second assertion, let x be integral over S~1'A, with x in the 
quotient field of A. We have an equation 


Fas a ac ee 
Sn So 


b; € A and s;€ SS. Thus there exists an element s €S such that sz is 
integral over A, hence lies in A. This proves that z lies in SA. 


Corollary. If B is the integral closure of A in some field extension L 
of the quotient field of A, then S~'B is the integral closure of S~'A in L. 


83. Prime ideals 


Let » be a prime ideal of a ring A and let S= A — p. If Bis a ring 
containing A, we denote by B, the ring S~'B. 

Let B be a ring containing a ring A. Let p be a prime ideal of A and 
$ be a prime ideal of B. We say that $ lies above p if 2M A = p and 
we then write |p. If that is the case, then the injection 


A-B 


induces an injection of the factor rings 


A/p — B/§, 


and in fact we have a commutative diagram: 


B— B/S 


T T 
A—A/p 


the horizontal arrows being the canonical homomorphisms, and the 
vertical arrows being inclusions. 
If B is integral over A, then B/{ is integral over A/p (by Proposition 4). 


Nakayama’s Lemma. Let A be a ring, a an ideal contained in all maxt- 
mal ideals of A, and M a finitely generated A-module. If aM = M, then 
M = 0. 
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Proof. Induction on the number of generators of M. Say M is gen- 
erated by w1,..., Wm. There exists an expression 


Wy = AyWy +++ + AnWm 
with a; Ga. Hence 
(1 — aj)wy = Aqwe + +++ + anWm. 


If 1 — a, is not a unit in A, then it is contained in a maximal ideal p. 
Since a, € p by hypothesis, we have a contradiction. Hence 1 — a, is 
a unit, and dividing by it shows that M can be generated by m — 1 ele- 
ments, thereby concluding the proof. 


Proposition 9. Let A be a ring, » a prime ideal, and B a ring containing 
A and integral over A. Then »B ¥ B, and there exists a prime ideal 
of B lying above p. 


Proof. We know that B, is integral over Ay, and that Ay, is a local ring 
with maximal ideal m,. Since we obviously have 


pB, = pA,B = pA,B, = m,B,, 


it will suffice to prove our first assertion when A is a local ring. In that 
case, if pB = B, then 1 has an expression as a finite linear combination 
of elements of B with coefficients in y, 


1 = a,b, +-+++ dnbn 


with a;ep and b; EB. Let By = Albi,...,b,]. Then pBy = Bo and 
Bo is a finite A-module by Proposition 2. Hence By = 0, contradiction. 

To prove our second assertion, we go back to the original notation, and 
note the following commutative diagram: 


B— B, 


+ t (all arrows inclusions). 


A— Ay 
We have just proved that m,B, ¥ B,. Hence m,By is contained in a 
maximal ideal I of By, and 9M A, therefore contains m,. Since My 1S 
maximal, it follows that 


My = WEN Ay. 


Let $ = Pt(N B. Then Ff is a prime ideal of B, and taking intersections 
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with A going both ways around our diagram shows that Jin A = }, 
so that 


BOA = p, 
as was to be shown. 


Remark. Let B be integral over A, and let 6b be an ideal of B, b ¥ 0. 
Then bn A # 0. 


To prove this, let b&b, b # 0. Then 6 satisfies an equation 
b” + dn_yb"-* + +++ + a9 = 0 
with a; € A, and ay) ¥ 0. But ag lies in bf A. 


Proposition 10. Let A be a subring of B, and assume B integral over A. 
Let % be a prime ideal of B lying over a prime ideal » of A. Then § ts 
maximal tf and only if » ¢s maximal. 


Proof. Assume ) maximal in A. Then A/p is a field. We are reduced 
to proving that a ring which is integral over a field is a field. If k is a field 
and x is integral over k, then it is standard from elementary field theory 
that the ring k[z] is itself a field, so x is invertible in the ring. Conversely, 
assume that 3 is maximal in B. Then B/§ is a field, which is integral 
over the ring A/p. If A/p is not a field, it has a non-zero maximal ideal 
m. By Proposition 9, there exists a maximal ideal J? of B/ lying above 
m, contradiction. 

When an extension is given explicitly by a generating element, then we 
can describe the primes lying above a given prime more explicitly. 


Let A be integrally closed in its quotient field K, and let E be a finite exten- 
sion of K. Let B be the integral closure of A in E. Assume that B = Al[a] 
for some element a, and let f(X) be the irreducible polynomial of a over K. 
Let » be a maximal ideal of A. We have a canonical homomorphism 


A— A/p= A, 


which extends to the polynomial ring, namely 
g(X) = YeX*h Yo 2X" = 9(X), 
i=l i=] 


where @ denotes the residue class mod p of an element c € A. 


We contend that there is a natural bijection between the prime ideals $ of 
B lying above » and the irreducible factors P(X) of f(X) (having leading 
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coefficient 1). This bijection is such that a prime % of B lying above p cor- 
responds to P if and only if & is the kernel of the homomorphism 


Ale] -= Ala] 


where @is a root of P. 


To see this, let $ lie above p. Then the canonical homomorphism 
B — B/§® sends a on a root of f which is conjugate to a root of some 
irreducible factor of f. Furthermore two roots of f are conjugate over A 
if and only if they are roots of the same irreducible factor of f. Finally, 
let z be a root of P in some algebraic closure of A. The map 


g(a) > g(z) 
for g(X) € A[X] is a well-defined map, because if g(a) = 0 then 


g(X) = f(X)h(X) 


for some h(X) € A[X], whence g(z) = 0 also. Being well-defined, our 
map is obviously a homomorphism, and since z is a root of an irreducible 
polynomial over A, it follows that its kernel is a prime ideal in B, thus 
proving our contention. 


Remark 1. As usual, the assumption that » is maximal can be weakened 
to p prime by localizing. 


Remark 2. In dealing with extensions of number fields, the assumption 
B= Al[a] is not always satisfied, but it is true that B, = A,[o] for all but 
a finite number of p, so that the previous discussion holds almost always 
locally. Cf. Proposition 16 of Chapter ITI, §3. 


$4. Chinese remainder theorem 


Chinese Remainder Theorem. Let A be a ring, and a1,..., Qn ideals 
such thata; + a; = A for alli # j. Given elements 11, ... , %n € A, there 
exists x € A such that x = x; (mod a,) for all 1. 


Proof. If n = 2, we have an expression 
1=a,+ a 


for some elements a; € a;, and we let x = roa, + L1 A. 
For each 7 we can find elements a; € a, and b; € a; such that 


a; +b; = 1, 1 


IV 
bo 


12 ALGEBRAIC INTEGERS [I, §5] 


The product [TJ (a; + b,) is equal to 1, and lies in a, + I] a;. Hence 
1=2 1=2 
ai+ [J a;= A. 
i=? 
By the theorem for n = 2, we can find an element y, © A such that 


yi=1 (mod 01) 


¥,=0 (moa II ai): 


i=2 
We find similarly elements y2, ..., yn such that 
Yj; = 1 (mod a,); y;=0(moda;), 747. 
Then ¢ = 2141 +--+ + any, satisfies our requirements. 


In the same vein as above, we observe that if Q1,..., GQ, are ideals of 
a ring A such that 


Gites: +a, = A, 
and if v1,..., ¥_ are positive integers, then 
ayt+--++ an = A. 


The proof is trivial, and is left as an exercise. 


$5. Galois extensions 


Proposition 11. Let A be a ring, integrally closed in its quotient field K. 
Let L be a finite Galois extension of K with group G. Let » be a maximal 
ideal of A, and let 3, Q be prime ideals of the integral closure of A in L 
lying above p. Then there existsa © G such thato® = Q. 


Proof. Suppose that 8 ~ ¢Q for anyo © G. There exists an element 
x © B such that 


x = 0 (mod 3) 
x = 1 (mod¢Q), alla EG 


(use the Chinese remainder theorem). The norm 


Nk(2) = [J oz 


cEG 


liesin BN K = A (because A is integrally closed), and lies in $8 M A = p. 
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But x ¢ oQ for allo € G, so thatozxr ¢ O for allo € G. This contradicts 
the fact that the norm of x lies inp = QNA. | 


If one localizes, one can eliminate the hypothesis that » is maximal; 
just assume that p is prime. 


Corollary. Let A be a ring, integrally closed in tts quotient field K. 
Let E be a finite separable extension of K, and B the integral closure of A 
in E. Let» be a maximal ideal of A. Then there exists only a finite number 
of prime ideals of B lying above p. 


Proof. Let L be the smallest Galois extension of K containing EL. If 
O11, Qe are two distinct prime ideals of B lying above p, and %1, PB. are 
two prime ideals of the integral closure of A in L lying above 2, and DQ, 
respectively, then $1 # Bo. This argument reduces our assertion to the 
case that # is Galois over K, and it then becomes an immediate conse- - 
quence of the proposition. 


Let A be integrally closed in its quotient field K, and let B be its integral 
closure in a finite Galois extension L, with group G. Then oB = B for 
every og © G. Let p be a maximal ideal of A, and f a maximal ideal of B 
lying above p. We denote by Gg the subgroup of G consisting of those 
automorphisms such that of = §. Then Gg operates in a natural way 
on the residue class field B/f, and leaves A/p fixed. To each o € Gg we 
can associate an automorphism é of B/f over A/p, and the map given by 


Grd 


induces a homomorphism of Gg into the group of automorphisms of B/P 
over A/p. 

The group Gx will be called the decomposition group of §. Its fixed 
field will be denoted by L*%, and will be called the decomposition field 
of %. Let B? be the integral closure of A in L*, and let 2 = Br B?. 
By Proposition 11, we know that § is the only prime of B lying above Q. 

Let G = Uo,Gy be a coset decomposition of Gg in G. Then the prime 
ideals o;8 are precisely the distinct primes of B lying above p. Indeed, 
for two elements o, 7 € G we have of = rf if and only if r—'of = §, 
i.e. t~‘*o lies in Gg. Thus 7, o lie in the same coset mod Gy. 


It is then immediately clear that the decomposition group of a prime 
of isoGgal. 


Proposition 12. The field L* is the smallest subfield E of L containing 


K such that § is the only prime of B lying above B NE (which is prime in 
Bn £). 
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Proof. Let E be as above, and let H be the Galois group of L over E. 
Let q= BPNE. By Proposition 11, all primes of B lying above q are 
conjugate by elements of H. Since there is only one prime, namely §, 
it means that H leaves $ invariant. Hence H C Gg and ED Lt. We 
have already observed that L“ has the required property. 


Proposition 13. Notation being as above, we have A/p = B“/D (under 
the canonical injection A/p — B®/D). 


Proof. Ifo is an element of G, not in Gg, theno? ¥ P andao'B = X. 
Let 


OS, =a 'Rn Be, 


Then ©, # &. Let x be an element of B’. There exists an element y 
of B@ such that 


y=ex (mod S) 
y=1 (mod &,> 
for each go in G, but not in Gg. Hence in particular, 
y=x (mod $) 
y=1 (moda?!) 
for each o not in Gg. This second congruence yields 
oy=1 (mod) 


for allo € Gy. The norm of y from L‘ to K is a product of y and other 
factors gy witha ¢ Gy. Thus we obtain 


NE (y) =x (mod ). 


But the norm lies in K, and even in A, since it is a product of elements 
integral over A. This last congruence holds mod &, since both x and the 
norm lie in B®“. This is precisely the meaning of the assertion in our 
proposition. 


If x is an element of B, we shall denote by F its image under the homo- 
morphism B — B/f. Then @ is the automorphism of B/$ satisfying the 
relation 

oT = on. 


If f(X) is a polynomial with coefficients in B, we denote by f(X) its natural 
image under the above homomorphism. Thus, if 


LX) a b,x" oe bo, 
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then _ 
f(X) = b,x” + eae. S + Bo. 


Proposition 14. Let A be integrally closed in its quotient field K, and 
let B be tts entegral closure in a finite Galois extension L of K, with group G. 
Let » be a maximal ideal of A, and B a maximal ideal of B lying above ». 
Then B/% is a normal extension of A/p, and the map ao > & induces a 
homomorphism of Gg onto the Galois group of B/$ over A/p. 


Proof. Let B = B/% and A = A/y. Any element of B can be written 
as Z for some x € B. Let % generate a separable subextension of B over A, 
and let f be the irreducible polynomial for x over K. The coefficients of f 


lie in A because z is integral over A, and all the roots of f are integral over A. 
Thus 


F(X) = It (X — 2x,) 
splits into linear factors in B. Since 


and all the 2; lie in B, it follows that f splits into linear factors in B. We 
observe that f(x) = 0 implies f(z) = 0. Hence B is normal over A, 
and 


[A(z): A] S [K(z):K] S [L:K]. 


This implies that the maximal separable subextension of A in B is of 
finite degree over A (using the primitive element theorem of elementary 
field theory). This degree is in fact bounded by [L: K]. 

There remains to prove that the map 0 + @ gives a surjective homo- 
morphism of Gg onto the Galois group of B over A. To do this, we shall 
give an argument which reduces our problem to the case when %3 is the 
only prime ideal of B lying above p. Indeed, by Proposition 13, the residue 
class fields of the ground ring and the rag B? in the HecomposiiiGa field 
are the same. This means that to prove our surjectivity, we may take L? 
as ground field. This is the desired reduction, and we can assume K = i. 
G = Gx. 

This being the case, take a generator of the maximal separable sub- 
extension of B over A, and let it be Z, for some element x in B. Let f be 
the irreducible Bol viiornia! of x over K. Any automorphism of B is deter- 
mined by its effect on %, and maps Z on some root of f. Suppose that 
x = 2,. Given any root x; of f, there exists an element o of G = Gx 
such thatox = x,;. Hence éz = Z;. Hence the automorphism of B over A 
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induced by elements of G operate transitively on the roots of f. Hence they 
give us all automorphisms of the residue class field, as was to be shown. 


Corollary 1. Let A be a ring integrally closed in its quotient field K. 
Let L be a finite Galois extension of K, and B the integral closure of A in L. 
Let p be a maximal ideal of A. Let ¢: A — A/y be the canonical homo- 
morphism, and let ~1, 2 be two homomorphisms of B extending ¢ in a 


given algebraic closure of A/p. Then there exists an automorphism o of 
L over K such that 


1 = W200. 


Proof. The kernels of $1, ¥2 are prime ideals of B which are conjugate 
by Proposition 11. Hence there exists an element 7 of the Galois group G 
such that ¥1, Y2°7 have the same kernel. Without loss of generality, 
we may therefore assume that ¥1, Yo have the same kernel %. Hence 
there exists an automorphism w of ¥;(B) onto ~2(B) such that wo; = po. 
There exists an element ¢ of Gg such that woy, = 00, by the preceding 
proposition. This proves what we wanted. 


Remark. In all the above propositions, we could assume }) prime in- 
stead of maximal. In that case, one has to localize at p to be able to apply 
our proofs. In the application to number fields, this is unnecessary, since 
every prime is maximal. 


In the above discussions, the kernel of the map 
Gx =Z Gy 


is called the inertia group 7’, of %. It consists of those automorphisms 
of Gg which induce the trivial automorphism on the residue class field. 
Its fixed field is called the inertia field, and is denoted by L’. 


Corollary 2. Let the assumptions be as in Corollary 1, and assume that 
8 zs the only prime of B lying above p. Let f(X) be a polynomial in A[X] 
with leading coefficient 1. Assume that f ts irreducible in K[X], and has a 
root ain B. Then the reduced polynomial f ts a power of an irreducible 
polynomial in A[X]. 


Proof. By Corollary 1, we know that any two roots of f are conjugate 
under some isomorphism of B over A, and hence that f cannot split 
into relative prime polynomials. Therefore, f is a power of an irreducible 
polynomial. 


Let k be a number field and F a finite extension of degree N. A non-zero 
prime ideal of the ring of algebraic integers 0; will usually be called a prime 
of k. We say that such a prime p splits completely in EF if there are 
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exactly N different primes of E lying above p. If K/k is Galois, then p 
splits completely in K if and only if Gg = 1 because G permutes the primes 
Bp transitively. 

When K/k is abelian, then we have the following characterization of the 
fixed field of the decomposition group. 


Corollary 3. Let K/k be abelian with group G. Let» be a prime of k, let B 
be a prime of K lying above » and let Gg be tts decomposition group. Let E 
be the fixed field of Gp. Then E 1s the maximal subfield of K containing k in 
which » splits completely 


Proof. Let 


be a coset decomposition. Let q = ME. Since a Galois group permutes 
the primes lying above a given prime transitively, we know that § is the 
only prime of K lying above q. For each 7, the primea;§ is the only prime 
lying above o;q, and since 0)f,...,0,$ are distinct, it follows that the 
primes o1q,...,0,q are distinct. Since G is abelian, the primes o,q are 
primes of /, and [£:k] = r, so that p splits completely in E. Conversely, 
let F be an intermediate field between k and K in which » splits completely, 
and let H be the Galois group of K/F. Ifo € Gg and BNF = fr, theng 
leaves J} fixed. However, the decomposition group of % over p must be 
trivial since » splits completely in F. Hence the restriction of o to F is the 
identity, and therefore Gg C H. This proves that F C E, and concludes 
the proof of our corollary. 


Let k be a number field and let K be a Galois extension with group G 
Let » be a prime of 0, and $ a prime of ox lying above p. The residue 
class field 0;/p is finite, and we shall denote the number of its elements by 
Np. It is a power of the prime number p lying in p. By the theory of finite 
fields, there exists a unique automorphism of 0x/$ over 0;/p which gener- 
ates the Galois group of the residue class field extension and has the effect 


gre oh. 


In terms of congruences, we can write this automorphism & as 
— Np 
Ja=a (mod $), a € OK. 


By what we have just seen, there exists a coset o7'y of Tg in Gg which 
induces & on the residue class field extension. Any element of this coset 
will be called a Frobenius automorphism of §, and will be denoted by 
(%, K/k). If the inertia group Tg is trivial, then (%, K/k) is uniquely 
determined as an element of the decomposition group Gg. 
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If © is another prime lying above p, and 7 € G is such that 7 = O, 
then the decomposition group of © is given by 


Go = Gig = 1Ggn, 


and similarly for the inertia group, and a Frobenius automorphism. 
(n8, K/k) = (8, K/k)n~*. 


This is immediately verified from the definitions. Furthermore, if 7'g is 
trivial, we see that (%, K/k) = 1 if and only if p splits completely, mean- 
ing that Gg = 1. 

If K/k is abelian, and if the inertia group 7’ is trivial for one of the {|p 
(and hence for all $|p), it follows that to each p in k we are able to associate 
a uniquely determined element of G, lying in Gg (the same for all $/p), 
which we denote by 


o = (p, K/k), 


and call the Artin automorphism of » in G. It is characterized by 
the congruence 


ga =a’? (mod §), a € OK. 


We shall study this automorphism at length in the class field theory. 


$6. Dedekind rings 


Let o be a ring and K its quotient field. A fractional ideal of 0 in K is 
an o-module a contained in K such that there exists an element c ~ 0 
in o for which ca C 0. If 0 is Noetherian, it follows that ca, and hence a, 
is finitely generated. 


Theorem 2. Let 0 be a ring which is Noetherian, integrally closed, and 
such that every non-zero prime ideal is maximal. Then every ideal of 0 can 
be uniquely factored into prime ideals, and the non-zero fractional ideals 
form a group under multiplication. 


Proof. We shall first prove the second assertion, following Van der 
Waerden. 


(i) Let a ¥ O be an ideal in ». Then there exists a product of prime 
ideals pipo-*' Pr, Ca. 


Suppose the assertion false. Since o is Noetherian, there exists an 
ideal a ~ 0 and maximal with respect to the stated property. This ideal 
cannot be prime. Hence there exist b1, b2 € 9 such that b,b2 Ea but 
neither b, nor ba liesina. Leta; = (a, b1) anda: = (a, be). Thenayae Ca, 
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and a, # a, d2 #a. Since a was maximal with respect to the stated 
property, we can find products of prime ideals contained in a; and ag. 
Taking the product of these gives a contradiction. 


(ii) Every maximal ideal p is invertible. 


Let p— be the set of elements x € K such that xp C 0. Then p~! Do. 
We contend that p-! ¥ o. Leta € yp, a ¥ 0. Chooser minimal such that 
there exists a product 


Pie Pr C (a) Cp. 


Then one of the p,;, say );, is contained in », and hence equal to yp, since 
every prime is maximal. Furthermore, 


po-** Pr Z (a) 


and hence there exists an element b € po---yp, such that b Z (a). But 
bp C (a) and hence ba~'p C 0, so that ba~! E p—!. But b < ao and hence 
ba—' € 0, thereby proving our contention. 

We obtain pCpp 'Co. Since p is maximal, either p = pp! or 
pp—* = o. But p~’p = p would mean that p—! leaves a finitely generated 
o-module invariant, and hence is integral over 0. This is impossible, since 
0 is integrally closed. Hence pp~! = v0. 


(ii1) Every non-zero ideal is invertible, by a fractional ideal. 


Suppose this is not true. There exists a maximal non-invertible ideal a. 
We have just seen that a cannot be a maximal ideal. Hence a Cp for 
some maximal ideal p, anda # p. We get 


acap 'caa!Co. 


Since a is finitely generated, we cannot have ay—! = a (because yp! is not 
integral over 0). Hence ap~' is larger than a, hence has an inverse, which, 
multiplied by p, obviously gives an inverse for a, contradiction. 


(iv) Let a be an ideal ¥ 0, and ¢ a fractional ideal such that ac = o. 
Then c = a~* (the set of elements x € K such that xa C 9). 


It is clear that cCa~'. Conversely, if xa C 0, then xac Cc and hence 
x €c, because ac = ov. 

We finally conclude that every fractional ideal ¥ 0 is invertible. In- 
deed, if a is a fractional ideal ¥ 0, then there exists an element c € 0 
such that ca C 0, and ca is invertible. If cab = 0, then ch = a~!. This 
proves that the non-zero fractional ideals form a group. 

From this, we shall prove unique factorization. 
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First, we note that every non-zero ideal a is equal to a product of prime 
ideals. Indeed, if this is false, there is a maximal ideal a which is not such 
a product, and a cannot be prime. Thusa C p anda =~ » for some prime p. 
Then ap’ Co and ap! ¥ a but contains a. Hence ap! has a factor- 
ization, which, when multiplied by » gives a factorization of a. 

Given two fractional ideals a, b we say that a|b if and only if there exists 
an ideal c such that ac = b. This amounts to saying that a > b, because 
in that case, we take c = a—'b. 

From the definition of a prime ideal, we see that whenever a, b are two 


ideals and plab then pla or p|b. (Namely, ab C p implies a Cp or b Cp.) 
Given two factorizations 


Dipos:* Pr = G1d2°°-° ds 


into prime ideals, we conclude that p, divides the product on the right, 
hence divides some q;, hence is equal to some q;. Multiplying by py? 
both sides of the equality, we proceed by induction to prove that r = s 
and that the factors on both sides are equal, up to a permutation. 

If q is a fractional ideal ¥ 0, and c € 0 is such that c ~ 0 and caC op, 
then (c) = p,---p, and ca = q,---qs. Hence a has the factorization 


_ 91°" 4s 


Pies * Pr 


(writing 1/p instead of p—'). If we cancel any prime appearing both in 
the numerator and denominator, then it is clear that the factorization is 
unique. 

A ring satisfying the properties of Theorem 2 is called a Dedekind ring. 
The ring of algebraic integers in a number field K is a Dedekind ring, 
because it satisfies the three properties stated in Theorem 2. The multi- 
plicative group of non-zero fractional ideals of the ring of algebraic integers 
0x Will be denoted by Ix. 

From now on, by fractional ideal we shall mean non-zero fractional 
ideal, unless otherwise specified. 

Let A be a Dedekind ring and a a fractional ideal. We have a 
factorization 

a= I] p’ 


with integers r, all but a finite number of which are 0. We say that ry is 
the order of a at p. If 7, > 0, we say that a has a zero at yp. Ifr, < 0, 
we say that it has a pole at p. 

Let a be a non-zero element of the quotient field of A. Then we can 
form the fractional ideal (#2) = Aa and we apply the above notions of 
order, zero, and pole to a. 
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If a and b are two fractional ideals, then it is clear that a D b if and only 
if ord, a S ord, b for all primes p. Thus we have a criterion for an element 
a to belong to a fractional ideal a in terms of orders (taking 6 = (a)). 

If ord, a = 0, then we say that a is a unit at p. If that is the case, then 
ais a unit in the local ring Ay. 

In what follows, by a prime ideal, we shall mean a non-zero prime ideal, 
unless otherwise specified, and we call a non-zero prime ideal simply a 
prime. 


Proposition 15. Let 0 be a Dedekind ring with only a finite number of 
prime ideals. Then 0 1s a principal ideal ring. 


Proof. Let p,,..., )s be the prime ideals. Given any ideal 
a= pj--- 2? ~0, 


select an element 7; in p; but not in p? and find an element a of » such 
that 


a= (mod pt’). 
If 


(a) = pi'--- pe 


is a factorization of the ideal generated by a, then one sees immediately 
that e; = r; for all z, and hence that a = (a). 


Proposition 16. Let A be a Dedekind ring and S a multiplicative subset 
of A. Then S~*A is a Dedekind ring. The map 


ars S—'a 

ts a homomorphism of the group of fractional ideals of A onto the group of 
fractional ideals of S~'A, and the kernel consists of those fractional ideals 
of A which meet S. 

Proof. If p meets S, then 

S~1p = S714 
because 1 lies in S~'p. If a, b are two ideals of A, then 
S~*(ab) = (S~1a)(S~'0), 


so multiplication by S~! induces a homomorphism of the group of 
(fractional) ideals. 
If S~'a = S~'A, then we can write 1 = a/s forsomea Ea andse¥. 


Thus a = s and a meets S. This proves that the kernel of our homo- 
morphism is what we said it is. 
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Our mapping is surjective since we saw in §1 that every ideal of S~'A 
is of type S~ ‘a for some ideal a of A. The same applies of course to frac- 
tional ideals. This proves our proposition. 


By a principal fractional ideal we shall mean a fractional ideal of type 
aA, generated by a single element a in the quotient field of A, anda ¥ 0 
unless otherwise specified. 

Let A be a Dedekind ring. The group of fractional ideals modulo the 


group of principal ideals (i.e. non-zero principal fractional ideals) is called 
the ideal class group of A. 


Proposition 17. Let A be a Dedekind ring, and assume that its group 
of ideal classes ts finite. Let a,,..., a, be representative fractional ideals of 
the zdeal classes, and let b be a non-zero element of A which hes in all the a. 
Let S be the multiplicative subset of A generated by the powers of b. Then 
every ideal of S~'A ts principal. 


Proof. All the ideals a,,...,a, map on the unit ideal in the homo- 
morphism of Proposition 16. Since every ideal of A is equal to some a; 


times a principal ideal, our proposition follows from the surjectivity of 
Proposition 16. 


If two fractional ideals a, b lie in the same ideal class, we write 
a~b 


and we say that a, 6 are linearly equivalent. It is clear that every frac- 
tional ideal is linearly equivalent to an ideal. 

The assumptions of Proposition 17 will be proved later to be satisfied 
by the ring of integers of an algebraic number field. 


§7. Discrete valuation rings 


A discrete valuation ring 0 is a principal ideal ring having a unique 
(non-zero) prime ideal m. It is therefore a local ring. If 7 is a generator 
for m, then it must be the only irreducible element of 0, i.e. the only prime 
element (since any prime clement generates a prime ideal) up to a unit, 
of course. Thus the unique factorization in an arbitrary principal ideal 
ring has a particularly simple form in this case: Every element a ¥ 0 of 
o has an expression 


a= TU 


with some integer r, and a unit u in 0. 

Every discrete valuation ring is a Dedekind ring, and every Dedekind 
ring having only one maximal ideal is a discrete valuation ring. If A is 
a Dedekind ring, and p a prime ideal of A, then Ay, is a discrete valuation 
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ring, since it is equal to S~1A (S = complement of p in A) (ef. Proposi- 
tion 16). 

Since every ideal of a discrete valuation ring is principal, it must be 
some power of the maximal ideal. 

In proving theorems about Dedekind rings, it is frequently useful to 
localize with respect to one prime ideal, in which case one obtains a dis- 
crete valuation ring. For instance we have the following proposition. 


Proposition 18. Let A be a Dedekind ring and M, N two modules over A. 
If pts a prime of A, denote by Sy the multiplicative set A — p. Assume 
that Sy 'M C Sy'!N for ally. Then M CN. 


Proof. LetaeM. For each » we can find 2, € N and s, € Sy such 
that a = x,/s). Let 6 be the ideal generated by the s,. Then b is the 
unit ideal, and we can write 


]= DY o8p 


with elements y, € A all but a finite number of which are 0. This yields 


a= DLYv8pa = DY Xp 
and shows that a lies in N, as desired. 


If A is a discrete valuation ring, then in particular, A is a principal 
ideal ring, and any finitely generated torsion-free module M over A is 
free. If its rank is n, and if p is the maximal ideal of A, then M /pM is a 
free module of rank n. 


Proposition 19. Let A be a local ring and M a free module of rank n 
over A. Let p be the maximal ideal of A. Then M/pM is a vector space of 
dimension n over A/). 


Proof. This is obvious, because if {x1,... , 2,} is a basis for M over A, so 


M = > Az; (direct sum), 
then 


M/pM =~ >°(A/p)z; (direct sum), 
where 7; is the residue class of x; mod p. 


Let A be a Dedekind ring, K its quotient field, L a finite separable 
extension of K, and B the integral closure of A in L. If p is a prime ideal 
of A, then pB is an ideal of B and has a factorization 


pB= Bi--- Per (e; 2 1) 


into primes of B. It is clear that a prime § of B occurs in this factorization 
if and only if $8 lies above p. 
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If S is the complement of p in A, then multiplying the above factoriza- 
tion by S gives us the factorization of S~'p in S~'B. The primes S18, 
remain distinct. 


Each e; is called the ramification index of $3; over p, and is also written 
e(B;/p). If we assume that A is a local ring, then p = (7) is principal 
(Proposition 15). Let S; be the complement of 3; in B and let 


B; = S;'B = Bg,. 
Then §; is principal, generated by an element 7;, and we have 
pB; = WB; = (m7). 


Warning: B; is not necessarily integral over Ay. It is if and only if 
there exists only one prime ideal % above p in B. Prove this as an exercise. 


Denote by J(A) the group of fractional ideals of a Dedekind ring A. 
Let K, L, B be as above. Then we have a natural injection 


I(A) — I(B) 


given by at> aB. We shall define a homomorphism in the other direction. 

If lies above p in B, we denote by fg or f(%/p) the degree of the residue 
class field extension B / B over A/p, and call it the residue class degree. 
We define the norm N£(8) to be p’8 and extend our map N% to the 
group of fractional ideals by multiplicativity. 


Proposition 20. Let A be a Dedekind ring, K its quotient field, 
KCECL two finite separable extensions, and ACBCC the corre- 
sponding tower of integral closures of A in E and L. Let » be a prime of 
A, qa prime of B lying above p, and $ a prime of C lying above q. Then 


e(B/p) = e(B/q)e(q/p) 
S(B/o) = F(B/aFG/»). 
Proof. Obvious. 


From Proposition 20 it is clear that the norm is transitive, i.e. if we 
have a fractional ideal c of C,, then | 


NENE() = NK. 


Proposition 21. Let A be a Dedekind ring, K its quotient field, La 
finite separable extension of K, and B the integral closure of Ain L. Let 
yp be a prime of A. Then 


[L: K] = 2. esfs. 
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Proof. We can localize at p (multiplying A and B by S,_ 1) and thus 
may assume that A is a discrete valuation ring. In that case, B is a free 
module of rank n = [L:K] over A, and B/»B is a vector space of dimen- 
sion n over A/p. 

Let pB = 1 -- - B% be the factorization of pin B. Since $7‘ D pB for 
each 7, we have a well-defined homomorphism 


B— B/pB > B/¥; 


and therefore a homomorphism into the direct sum 
B— B/pB > II B/8*%. 
i=1 


Each B/S can be viewed as an A/p-vector space, and hence so can the 
direct sum. The kernel of our homomorphism consists of those elements 
of B lying in all the 8, and is therefore pB. Furthermore, our map 1s 
surjective by the Chinese remainder theorem. It is obviously an A/p- 
homomorphism, and thus B/pB is A/p-isomorphic to the above direct sum. 

We shall now determine the dimension of B/f° (if $B is some 3; and 
€ = @;). 

Let II be a generator of %§ in B. (We know from Proposition 15 that % 
is principal.) Let 7 be an integer = 1. We can view 7/9"! as an A/p- 
vector space, since pf? C /t!. We consider the map 


B/B > B/p*? 


induced by multiplying an element of B by II’. This map is an A/p- 
homomorphism, which is clearly injective and surjective. Hence B/f and 
G7/P7t! are A/p-isomorphice. 

The A/p-vector space B/*° has a composition series induced by the 
inclusions 


BIPDPrRAD:--DP* 


The dimension of B/ over A/p is fy, by definition. From this it follows 


that the dimension of B/° over A/p is eg fy, thereby proving our proposi- 
tion. 


If eg = fg = 1 for all B[p, then one says that p splits completely in L. 
In that case, there are exactly [L: K] primes of B lying above p. 


Corollary 1. Let a be a fractional ideal of A. Then 
Nk(aB) = o'*), 


Proof. Immediate. 
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Corollary 2. Assume that L 1s Galois over K. Then all the eg are equal 
to the same number e (for B\p), all the fg are equal to the same number f 


(for PB|p), and af 
pB= (Pi--- B)%, 


efr = [L: K]. 


then 


Proof. All the $ lying above ) are conjugate to each other, and hence 
all the ramification indices and residue class degrees are equal. The last 
formula is clear. 


Corollary 3. Assume again that L 1s Galots over K with group G, and 
let 3 be a prime of B lying above pin A. Then 


Nx: B= IT of = (Bi--- By) 


(with e, f, r as in Corollary 2, and the ideal on the left is viewed as embedded 
in I(B)). The number ef is the order of the decomposition group of B, and 
e ts the order of the inertia group. 


Proof. The group G operates transitively on the primes of B lying above 
p, and the order of Gg is the order of the isotropy group. Our assertions 
are therefore obvious, taking into account Proposition 14 of §5. 


Proposition 22, Let A be a Dedekind ring, K its quotient field, E a finite 
separable extension of K, and B the integral closure of Ain KH. Let b bea 
fractional ideal of B, and assume b is principal, b=(B), B#O. Then 


NKb = (NR(8)), 


the norm on the left being the norm of a fractional ideal as defined above, 
and the norm on the right being the usual norm of elements of E. 


Proof. Let L be the smallest Galois extension of K containing EH. The 
norm from L to E of 6 and of 8 simply raises these to the power [L : E]. 
Since our proposition asserts an equality between fractional ideals, it will 
suffice to prove it when the extension is Galois over K. In that case, it 
follows at once from Corollary 3 above. 


Proposition 23. Let A be a discrete valuation ring, K ats quoteent field, 
L a finite separable extension of K, and B the integral closure of A in L. 
Assume that there exists only one prime 3 of B lying above the maximal 
ideal » of A. Let B be an element of B such that tts residue class mod 
generates B/B over A/p and II an element of B which is of order 1 at 8. 
Then A[S, I] = B. 
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Proof. Let C be the ring A[@, II]. It can be viewed as a submodule of B 
over A, and by Nakayama’s lemma, applied to the factor module B/C, 
it will suffice to prove that 


pB+C= B. 


But pB = §°, and the products 6'II’ generate B/P* over A/yp, as in Propo- 
sition 21. Hence every element zx € B is such that 

r= > 6; 8° (mod pB) 
for some c;; © A. This proves our proposition. 


Finally, we prove one more result, generalizing the arguments of 
Proposition 21. 


Proposition 24, Let A be a Dedekind ring, and a a non-zero ideal. Let 
ny, = ord, a. Then the canonical map 


A-> Il A/p"? 
p 


enduces an isomorphism of A/a onto the product. 


Proof. The map is surjective according to the Chinese remainder 
theorem, and it is clear that its kernel is exactly a. 


Corollary. Assume that A/y is finite for each prime ideal p. Denote by 
Na the number of elements in the residue class ring A/a. Then 


Na = [J (Np). 
p 
We observe that the function N can simply be viewed as being extended 
from the prime ideals to all fractional ideals by multiplicativity. 


$8. Explicit factorization of a prime 


We return to the discussion at the end of §3 and give more precise 
information concerning the splitting of the prime, due to Dedekind. 


Proposition 25. Let A be a Dedekind ring with quotient field K. Let E 
be a finite separable extension of K. Let B be the integral closure of Ain Ek 
and assume that B = Ala] for some element a. Let f(X) be the irreducible 
polynomial of a over K. Let p be a prime of A. Let f be the reduction of 
f mod p, and let | 


T(N) = Py(N)% oie P,(X)° 
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be the factorization of f into powers of irreducible factors over A = A/y, 


with leading coefficients 1. Then 
pB= Pr--- Br 


1s the factorization of pin B, so that e; 1s the ramification index of 3; over p, 


and we have 


$B: = pB =e P,(a)B, 


af P(X) = A[X] ts a polynomial with leading coefficient 1 whose reduction 


mod p zs P;. 


Proof. Let P be an irreducible factor of f, let & be a root of P, and let 


8 be the prime of B which is the kernel of the map 


Ala] — Ala]. 


It is clear that pB + P(a)B is contained in %. Conversely, let g(a) € B 
for some g(X) € A[X]. Then 9 = Ph with some h € A[X], and hence 
g — Ph, which is a polynomial with coefficients in A, in fact has coefficients 
in p. This proves the reverse inclusion, and proves the last formula of our 


proposition. 
Finally, let e; be the ramification index of ;, so that 


pB — Boi. Ber, 


and let d; be the residue class degree [B/;: A/p]. It is clear that d; is 


the degree of P;. Since f(a) = 0, and since 
f(X) — Pi(X)%- ++ PAX)” € pA[X], 
it follows that 
(*) Py(a)% +++ Pla)” © pB. 
On the other hand, we see that 
i CpB + P,(a)*B, 


whence using (*) we find 


es Ber CpB + Pia) +- P,(a) "BC pB = Bir --- 


This proves that e; = ej for allz. But we know that 


Died; = degf = [E:F] = Dieidi. 


It follows that e; = e’ for all z, thus proving our theorem. 


[I, §8] EXPLICIT FACTORIZATION OF A PRIME 29 


Remark. The hypothesis that B = A[a] for some a is not always satis- 
fied, but if we are interested in the decomposition of a single prime }, 
then it suffices to look at the localization B, over Ay, and in that case B, 
can be generated by a single element except for a finite number of excep- 
tions. See Proposition 16 of Chapter ITI, §3. 


Example. Let a® = 2, and let FE = Q(a). It can be shown that the 
ring of algebraic integers og is precisely Z[a]. Let p = 5. Then we have 


X? — 2=(X — 3)(X?+ 3X — 1) (mod5), 


and X* + 3X — 1 is irreducible mod 5. Hence the prime ideal (5) of Z 
has the decomposition 


OOF = Pipe 


where »,; has residue class degree 1, and )2 has residue class degree 2 
over Z/5Z. 


§9. Projective modules over Dedekind rings 


Although we shall not use this section further in this book, we include 
it for the convenience of the reader for other possible applications. We 
recall from basic algebra that a module P over a ring A is called projective 
if every exact sequence of A-modules 


0-M’'+.M5P 50 


splits, i.e. there exists a homomorphism g: P > M such that fog = idp. 
In such a case, we have a direct sum decomposition M ~ M’ @ P. 

We assume known the basic operation of localization of a module at 
a prime. It is defined in a manner similar to the localization in §1. 


Proposition 26. Let M be a finitely generated torsion-free module over the 
Dedekind ring A. Then M is projective. 


Proof. Let p be a prime. Then the localized module M p is finitely 
generated torsion free over the local ring A,, which is principal. Then 
M, is projective, so if F is finite free over A and f: F > M is a surjective 
homomorphism, we obtain an induced homomorphism J tf 5 >My, 
which has a splitting g,:M, — F,, namely fp°Gp =idy,. There exists 
c,€A such that c,¢p and c,g,(M) < F because 9,(M) is finitely gen- 
erated. The family {c,} generates the unit ideal, so there is a finite number 
of elements c,, and elements 2;¢A such that )' x;c,,=1. Let 


9 = ) Filp.Ip,- 
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Then g: M > F is a homomorphism, and it is immediately verified that 
(fo° 9p): M, > M, is idy, for all p, whence f°g: M —> M is idy (verifiea- 
tion left to the reader). 


Proposition 27. Elementary divisors theorem. Let M be a non-zero finitely 
generated projective module over a Dedekind ring A. Then there exist 
ideals a; (1 =1,..., 7) such that 


‘5 
M ~z G3 a;. 
i=1 


These ideals can be so chosen that a;|a;.., for all 1, and are then uniquely 
determined. 


Proof. Let K be the quotient field of A. Tensoring M with K we 
obtain a finite-dimensional vector space V over K, whose dimension is 
called the rank of M and is denoted by r. The natural map of M in 
K @, M is injective, so we may identify M inside K ®, M. There exists 
a functional 4¢ Hom,(M, A) such that 4(M) # {0}. For instance, let 
{€1,---,@,-} be a basis of V over K. A non-zero element of M can be 
written as a linear combination of this basis, with some non-zero coeffi- 
cient, say re M, x = y'x5e; and x; #0. Let 4 = A, be the projection on the 
j-th coefficient. Then A(M) 4 {0}. After multiplying 1 by some non-zero 
element of A, we may assume that 1(M) c A. Let A(M) =a). Then q, is 
an ideal, and we have a surjective homomorphism M — a, giving rise to 
an exact sequence 


By Proposition 26, a; is projective, so Ma, ® M’. We leave it to the 
reader to verify that the rank of M’ is r-1, so the proof of the first 
statement is concluded by induction. If one takes for A a functional such 
that A(M) is maximal among all possible ideals obtained as above, then 
the inductive sequence of ideals a,,...,a, which one obtains satisfies 
a;|a;,, for all 1. The uniqueness follows by localizing at primes p, and 
invoking the corresponding uniqueness over principal rings, which is part 
of standard algebra. 


CHAPTER II 


Completions 


This chapter introduces the completions of number fields under the 
p-adic topologies, and also the completions obtained by embedding the 
number field into the real or complex numbers. | 

In §3 we discuss the rough structure of complete fields. 

In §4 and §5 we cover the basic facts concerning unramified and tamely 
ramified extensions. For the higher ramification theory, we refer the 
reader to [ArT 67]. In §4 and §5 we deal with complete Dedekind rings. 
We define the notions of 8 unramified, tamely ramified, and totally 
ramified above p. These can also be defined globally, since they will depend 
only on the ramification index and residue class degree. However, in the 
local case, we can also apply them to the field extension, since to each 
finite extension of the ground field K there is exactly one § above p. 

It is useful to think of finite extensions of a number field as coverings, 
and of completions as analogous to power-series fields in the theory of 
functions. Absolute values measure something like the order of a zero or 
pole of a function. 


§1. Definitions and completions 


Let K be a field. An absolute value on K is a real valued function 
z+ |x|, on K satisfying the following three properties: 


AV 1. We have |x|, = 0 and = 0 tf and only if x = 0. 
AV 2. For all x, y © K we have |xy|, = |z\,|y|p. 
AV 3. |x + ylo S |x|p + lylo. 
If instead of AV 3 the absolute value satisfies the stronger condition 
AV 4. |x + y|, S max((z,, |y|,), 


then we shall say that it is a valuation or that it is non-archimedean. 

The absolute value which is such that |z| = 1 for all x ¥ 0 is called 
trivial. We shall assume from now on that none of the absolute values 
we deal with are trivial. 


3l 
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When » is fixed throughout a discussion, we omit it from the notation, 
and write || instead of |z],. 

An absolute value | | defines a distance function (2, y) + |z — y|, and 
thus a topology on the field. Two (non-trivial) absolute values are called 
dependent if they define the same topology. If they do not, they are 
called independent. It ts clear that if | |; and | |> are absolute values such 
that there exists some \ > 0 for which 


lz|, = |xlg, allx € K, 


then they are dependent. The converse is also true, and thus the weakest 
notion of dependence implies the strongest. This is easily seen as follows. 
The set of x € K such that |z|,; < 1 is the same as the set such that 
lim x” = 0 for n— o. Then if «eK and |z|; > 1 we conclude that 
|[z|2 > 1 also, because |xz~*|, < 1. Since the absolute values are assumed 
to be non-trivial, there exists y € K such that |y|; > 1. Let a = |[y|, and 
let b = |ylz. Letx eK, x #0. Say |x| 2 1. Then |z|, = |y|% for some 
a 20. If m,n are integers > 0 such that m/n > a, we have 


|x|. < yt”, 
whence |z"/y™|, < 1, and thus |z”/y”|. < 1, so that 


lal2 < |yl2!”. 

Similarly if m, n are integers such that m/n < a, then 
lzl2 > |ylz’”. 

Hence |x|2 = |y|$. From this it follows immediately that 
lzla = [a[3, 

where \ = (log a)/(log b), thus proving our assertion. 


Let v be an absolute value on K. We say that K is complete if every 
Cauchy sequence in K has a limit (i.e. converges). Suppose that K is 
complete, and let FE be a finite extension of K. Assume that we have ex- 
tended the absolute value to EZ in some way. Since E is a finite dimensional 
vector space over K, it is easy to verify that all extensions of v to # are 
equivalent, and we shall recall the proof below. Since two of them are 
positive powers of each other, and since they coincide on K, we conclude 
that they must be equal. Thus we get: 


If K ts complete under an absolute value, then an extension of this absolute 
value to a finite extension is uniquely determined. In particular, if E 1s a 
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finite extension of K anda :E — cE is an isomorphism of EK over K, then 


leo] = |o| 


for eerya EE. 


We now recall the result about finite dimensional vector spaces over 
complete fields. 


Let k be complete with respect to an absolute value. Let V be a finite dimen- 
sional vector space over k. Then all norms on V are equivalent. 


By a norm on V we mean of course a function which satisfies the same 
properties as an absolute value, namely its values are real = 0, and 
|x| > Oif  ¥ O, the triangle inequality holds, namely 


ln + yl S |e] + ly 


and we have 
|cx| = |c [z| cEk,xeVv. 


We say that two norms are equivalent if each one is less than or equal 
to a positive constant times the other. 

The reader can refer to my Algebra for a proof in the general case. We 
give here a slightly simpler argument valid when k is locally compact, 
which is the only case that matters for this book. Let {a1,...,an} bea 
basis for V over k, and let || || be the sup norm with respect to this basis. 
We let | | be any other norm. If x & V and z; € k are its coordinates with 
respect to our basis, then 


|x| Se |ryoy a Sa pestle is In| Ss C\\x\I, 


where C = n- sup |la,||. This proves one inequality, and shows that the 
norm || is continuous with respect to || ||. Hence | | has a minimum on 
the unit sphere with respect to || || (by local compactness), say at the 
point v € V, so that 
lol < Jal, alla € V, |x|] = 1. 
Let y € V, y ¥ 0 and write 
Y = Y1e1 + + Ynen, yi Ek. 
Let 7 be such that |y;| = max |y,| = |ly||. Then y = y;2 with ||x|| = 1, and 


lol S |x| = |y/ys| = lyl/lyyl- 
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It follows that 
lv} lvl] Syl, 


thus proving the other inequality, and concluding the proof of our 
assertion. 


The vector space V is like n-space over k with respect to the sup norm, 
and is thus complete with respect to the sup norm, because a sequence in 
V is Cauchy if and only if the sequences of coordinates with respect to 
the given basis are Cauchy (in k). From the equivalence of any norm with 
the sup norm, we conclude that V is complete with respect to any norm. 
All of this applies to a finite extension of k, which may be viewed as a 
normed vector space over k. 

We shall be mostly concerned with the following examples. 

Let K = Q be the rational numbers. Then we have the ordinary 
absolute value. 


For each prime number p we have the p-adic valuation vp = | |p, de- 
fined by the formula 


|p'm/n|p = 1/p’, 


where r is an integer, and m, n are integers ~ 0 and not divisible by p. 

Let 9 be a discrete valuation ring with maximal ideal m, generated by 
an element 7. Every non-zero element a of the quotient field K of » can 
be written in the form a = au, where r is an integer and wu is a unit in ob. 
We call r the order of a. Let c be a positive real number, 0 < c < 1. 
If we define 


jal = c, 


then we get an absolute value on K (trivial verification), which is in fact 
a valuation. 

There is of course considerable arbitrariness in the choice of the con- 
stant c. In number fields, we shall deal with two possible normalizations 
of this constant. 

Let A be the integral closure of the integers Z in an algebraic number 
field K, and let p be a prime of A. Let 7 have order 1 at p, and let p be 
the prime number generating pq Z. Then p = 7°u for some integer 
e > 0 and a unit u at p. Let f = f, be the degree of A/p over Z/pzZ. 
The residue class field A/p is an extension of degree f over Z/pZ, and 
hence has p’ elements. We denote by Np the number of elements in A/p. 
We now have two absolute values determined by p. On the one hand the 
unique absolute value such that 


1 
ply = 5 and |r|) = — 
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and on the other hand the unique absolute value such that 


k= 
Ith = Ny 


For any a € K, a ¥ 0, we have 
llalls = lole®. 


Similarly, if Z is a finite extension of K, and § lies above » in the ring 
of algebraic integers B of L, let II be an element of order 1 at &. Then 


pB = pee Panes 
and 
e(B/p) 


[1p = |O|gr'”. 
The fact that ramification indices and residue class degrees are multipli- 
cative in towers insures the consistency of these definitions when we go 
to finite extensions. 

Given a p-adic valuation on Q, any extension of it to a number field K 
comes from some prime ideal in the integral closure A of Z in K. Indeed, 
if o is the given valuation ring in K, and m its maximal ideal, then m M A 
cannot be 0, and hence is a maximal ideal p. It is then trivial to verify 
that 0 = A,. Thus from our point of view of Dedekind rings and integral 
closure, we recover all the valuations on K which induce p-adic valuations 
on Q. 

If K is a number field, then every embedding of K into the real or com- 
plex numbers will induce an absolute value on K, which will be called 
real or complex accordingly. 

Let K be a number field. The set of absolute values on K consisting of 
the p-adic absolute values | |, described above, and of the absolute values 
induced by embedding K in C or R will be called the canonical set, and 
will be denoted by M/x. The real or complex absolute values in M K are 
also called archimedean. 

If E is a finite extension of K andvyc M K, then any absolute value w 
on & extending » lies in Ag, and we write 


wiv. 


It is clear that two distinct absolute values in our canonical set are 
independent, in the sense that they induce distinct topologies on K. We 
shall prove the approximation theorem, which is the analogue for absolute 
values of the Chinese remainder theorem, and is due to Artin-Whaples. 


Theorem 1. Let K bea field and ||1,...,| |; non-trivial pairwise inde- 
pendent absolute values on K. Let x1,..., ts be elements of K, ande > 0. 
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Then there exists x € K such that 


lz — ili < € 
for all 1. 


Proof. Consider first two of our absolute values, say v; and v,. By hy- 
pothesis we can find a € K such that |a|; < 1 and |e|, = 1. Similarly, 


we can find 6 € K such that |8|; = 1 and |6|, < 1. Let y= B/a. Then 
lyl1 > land |y|, < 1. 

We shall prove that there exists 2 € K such that |z|; > 1 and |z|; < 1 
for j = 2,...,8. We prove this by induction, the case s = 2 having just 
been proved. Suppose that we have found z € K satisfying 


lz, > 1 and lz|; <1 forj = 2,...,s—1. 


If |z|, = 1, then the element z”y for large n will satisfy our requirements. 
If |z|, > 1, then the sequence 


fy = 27/0 +2") 


tends to 1 at v; and »,, but tends to 0 at v; (j = 2,...,s — 1). For large 
n, it is then clear that t,y satisfies our requirements. 
Using the element z that we have just constructed, we see that the 


sequence 


2” 


1+ 2” 


tends to 1 at v, and to 0 at v; forj = 2,...,s. Foreachi = 1,...,8 
we can therefore construct an element z; which is very close to 1 at v; and 
very close to 0 at v; for 7 # 7. The element 


Le 24X, +++ + 25g 
then satisfies the requirement of the theorem. 


Let K be a number field, and v an absolute value (assumed from now 
on to be always in the canonical set). Then we can form the completion 
of K in the same way as one constructs the real numbers from the 
rationals. We consider Cauchy sequences in K. These form a ring. The 
null sequences form a maximal ideal, and the residue class ring is a field 
K,. Our field K is naturally embedded in K, (by means of the sequences 
whose elements consist of a fixed element of K), and the absolute value 
on K can be extended to K, by continuity. We usually identify A inside 
K,, and call K, the completion of K, we also call K, a local field. 

If v is archimedean, then K, is the field of real or complex numbers. 
In fact, K, contains the closure of the rational numbers, which is R. 
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View K as embedded in K,, as well as R. Then KR is a finite extension 
of R, and hence equal to R or C (in the latter case, determined up to com- 
plex conjugation). But KR is then complete, hence closed, so that 
KR = K,. 

If v is non-archimedean, i.e. is a valuation, corresponding to a prime 
ideal p of the ring of algebraic integers of K, then K, will also be written 
K,, and will be called the field of p-adic numbers. We shall now consider 
in greater detail the situation when v = v, is a p-adic valuation. 

Let A be the integral closure of Z in K, i.e. the ring of algebraic integers 
of K. Denote by A, the closure of A in K,, and let x € A,. Select y € A 
such that 

lz — y| < |e 


(| | = | |»). Then |y| = |y — x + 2] = |z| because of the non-archimedean 
nature of our valuation. Since all elements of A have a p-adic absolute 
value which is < 1, it follows that all elements of A, have a p-adic ab- 
solute value = 1. A similar argument shows that the closure of p consists 
of elements of A, which have absolute value < 1, and that an element 
« € K, which does not lie in A, has absolute value > 1. In particular, 
the value group on K, and K is the same, and is infinite cyclic. If 7 is 
an element of order 1 at p in A, then |7| generates this value group. 

Let 0 = A, be the local ring at p. All the elements of 0 have a p-adic 
absolute value < 1 because their orders at p are = 0. Hence 0 lies in the 
closure of A, and hence the closure of 0 in K, is the same as the closure 
of A. Itis called the ring of p-adic integers in K,. Let my be the maximal 
ideal of Ay. Then we have canonical isomorphisms 


A,/m,  A/p © A,/p, 


if we denote by p, the closure of p in A,. 


In view of the above remarks, every element a ~ 0 in K, has an 
expression 
Tr 


a= Tu, 
where |u|, = 1, and w is therefore a unit in the closure A, of A. Hence 
A, is a unique factorization domain with precisely one prime, and is 
therefore a discrete valuation ring. 

Let E be a finite extension of K, B the integral closure of A in E, and 
$ a prime of B lying above p. Let w be the canonical absolute value 
corresponding to %. Then we have a commutative diagram: 


B-—B, 


‘ee 
A- A, 
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the arrows on the top, bottom, and left being inclusions, and the right 
vertical arrow mapping A, on the closure of A in By. Similarly, we have 
a commutative diagram of residue class fields: 


B/¥ > Bu/PBw 
i} i} 
A/p > A,/P,y 


the vertical arrows being injections, and the horizontal arrows being 
isomorphisms. 

Let K, be the closure of K in E,,. Then the composite field EK,, is a 
finite extension of K,, contained in E,,. We know that EK,, is complete, 
hence closed, hence equal to E,,. The same argument of course applies 


also to the case when v, w are both induced by embeddings into the real 
or complex numbers. 


Theorem 2. Let K be a number field, v one of its canonical absolute 
values, E' a finite extension of K. Two embeddings o, T:E — K, over K 


give rise to the same absolute value on E if and only if they are conjugate 
over Ky. 


(By conjugate over K, we mean that there exists an isomorphism ) of 
cE: K, onto TE : K, which is the identity on K,.) 


Proof. Suppose that the two embeddings are conjugate over K,. Then 
the uniqueness of the extension of the absolute value from K, to K, guar- 
antees that the induced absolute values on E are equal. Conversely, 
suppose that this is the case. Let 


A:TE SO CE 
be an isomorphism over K. We shall prove that \ extends to an isomor- 
phism of rE: K, onto gE - K, over K,. Since rE is dense in rE: K,, 
an element z € TH - K, can be written 


x= limTz, 


with x, € E. Since the absolute values induced by o and 7 on EF coincide, 
it follows that the sequence 


{ATIn} = {orn} 


converges to an element of cE - K, which we denote by Ax. One then 
verifies immediately that Ax is independent of the particular sequence 
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Tx, used, and that the map 
:TH-K,-ocE- K, 
is an isomorphism, which clearly leaves K, fixed. This proves our assertion. 


This result gives a clear picture of the nature of the extensions of »v 
to H, including the archimedean absolute values. 


Corollary 1. Let K be a number field and E a finite extension, of degree n. 
Let v € Mx and for each absolute value w on E extending v, let ny be the 
local degree, 


Ny = [Ey : K,]. 
Then 
>> ny = Nn. 
wiv 


Proof. Immediate from Theorem 2 and the fact that for a finite sep- 
arable extension, the degree is equal to the number of conjugates. 


Corollary 2. Let K be a number field, and vp an absolute value in M Q- 
Leta eK. Then 


IT lalo" = |NQ(a)|vo. 
Vi VO 


Corollary 3. Let k be a number field and E a finite extension. Letv € M, 
and for each wiv in E, let Ny be the local norm from E, to ky, and Tr,, 
the local trace. Then 


Ni (a) = II N (a), 


wiv 
and 
Trz (a) = >> Tr, (a) 
wiv 
forallackE. 


Remark. From Corollary 1, viewing a number field as a finite extension 
of Q, we see immediately that we have an isomorphism 


K @oQ,, ~ I] K, 


v| v9 


if vo is a fixed absolute value in M Q- 


Let K be a number field and E a finite extension of degree n. Let v 
be an absolute value in Mx. We shall say that » splits completely in £ if 
there exist precisely n extensions of »v to E. From Theorem 2, we see at 
once that v splits completely in Z if and only if every embedding o of EF 


40 COMPLETIONS (II, §1] 


into K, over K maps E into K,, ie. (cE)K, = K,. From this we im- 
mediately obtain some basic properties concerning the case when v splits 
completely as follows: 


SC 1. Let EDF DK be finite extensions. An absolute value v in Mx 
splits completely in E tf and only af it splits completely in F, and 
every wiv in F splits completely in E. 


SC 2. If v splits completely in E, if K,/K is finite, and v,|\v in Ky, then 
v, splits completely in EK. 


SC 3. If Hy, Ee are finite extensions of K, and v splits completely in Ey 
and Eo, then v splits completely in the compositum E, Eo. 


The proofs are immediate. 


Let A be a Dedekind ring. Its group of fractional ideals is isomorphic 
to the free abelian group generated by the prime ideals. If » is a prime 
ideal, and A, the local ring at p, then the group of fractional ideals of Ay 
1s infinite cyclic, generated by the maximal ideal m, of A,. If v is the 
absolute value determined by p and A, the completion of A (or A,), then 
A, is also a Dedekind ring, and its group of fractional ideals is infinite 
cyclic, generated by p,. Thus we have natural maps: 


I(A,) > I(Ay) > ICA), 


the first arrow being a bijection, and the second an inclusion. It is con- 
venient to make an abuse of language, and occasionally to identify p,, 
m,, and p and just call any one of them p. A product 


d= II p” 
p 


with integers 7, all but a finite number of which are 0 could be called a 
formal ideal, and according to the context can be interpreted as an 
element of J(A), I(Ay), or I(Ay). We shall call p’” its p-component and 
denote it by 6). We say that r, is the order of } at p and write 


ry = ord,d. 


If a € 0 is an element of the quotient field of A or of A,, then we can 
form the principal fractional ideals aA, aA,, or aA, and the orders of 
these at p are all equal to the same integer, ord, a. 

If a, B are two such elements, we write 


a=fB (mod d) 


if ord,(a — 6) = ord, d. If a, B lie in the quotient field of A and we 
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view } as being a fractional ideal, then this means that a — 8 lies in b 
and is a congruence in the usual sense. It 1s convenient to visualize it as 
applying simultaneously to any one of the three above rings if 5 = p’” is 
the power of a single p. 

Suppose that A is a Dedekind ring and p a prime of A, with a corre- 
sponding valuation v. Let A, be the closure of A in the completion K, 
of the quotient field, and p, the closure of pin A,. Then A, is a discrete 
valuation ring. If a is a fractional ideal of A, then we have trivially: 


aA, = po? 
if ry = ord, a. Conversely, given a fractional ideal p} of A,, we have 
pnA =p’. 


The closure of the fractional ideal ain A,isaA,. All these statements are 
trivial to verify, and we leave the details to the reader. 


§2. Polynomials in complete fields 


Throughout this section, we assume that K is a field complete under a 
valuation, and we let o be the ring of integers, i.e. the set of elements of 
absolute value S$ 1. We don’t need to assume that the valuation is dis- 
crete. We let p be the maximal ideal of 0. We observe that a series 


yy an 
n=1 
with a, € K converges if and only if 


lim a, = 0. 


ne 


Thus convergence is easier to deal with than in the archimedean case. 
We now discuss the possibility of finding roots to certain polynomials 
in complete fields. 


Proposition 1. Let m be a positive integer such that 
m #0 (mod p). 


Then for any x € p the binomial series of (1 -+ x)"/™ converges to an m-th 
root of 1+ x in 0%, 


Proof. Obvious, because the binomial coefficients have no p in the 
denominators. 


It is frequently necessary to have a more refined criterion for the exist- 
ence of a root. 


42 COMPLETIONS (II, §2] 


Proposition 2. Let f(X) be a polynomial with coefficients in 0. Let ao 
be an element of 0 such that 


|f(a%o)| < |f’(eo)?| 
(here f' denotes the formal derivative of f'). Then the sequence 


f(a) 


EE ie) 


converges to a root a of f(X) ino. Furthermore, 


(eo) 
f'(ao)? 


Proof. Let c = |f(ao)/f'(ao)?| < 1. We show inductively that 
(i) |o,| = l, 


(11) ox; aes ao| Ss C, 
wy | f(a) 
ili , 

™ TF(a5)2 
These three conditions obviously imply our proposition. If 7 = 0, they 
are hypotheses. By induction, assume them for 7. Then: 


» | sa 
” Fey 


whence |a;41| S$ 1. 


la — aol S Sa: fhe 


t 
<¢ 


A t 
< c? gives lossy = a.;| < c? < 1, 


(ii) laig1 — el S max{laiyi1 — ay|, [as — aol} = ©. 
(iii) By Taylor’s expansion, we have 


a eee ee f (ai) eo) 
f(o@i41) arom f (a;) f ( i) f'(a;) -+- B (fee 


for some 6 € 0, and this is less than or equal to 
f(a) 


f'(a:) 
in absolute value. 
Using Taylor’s expansion on f’(a;,1) we conclude that 


|f’(ai4a)| = [f"Cea)]. 


2 


From this we get 


< cet 


Flog41) 
fi tsa) 


as desired. 
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(The interested reader can refer to Bourbaki [Bou 62] to see a more 
general formulation of the preceding proposition. ) 

As an application, we observe that in the 2-adic field Qe, the equation 
2? -+7=0 has a root. In fact, for any element Y = 1 (mod 8) in Qe 
the equation x” = Y has a root. We take ag = 1 in Proposition 2. 

Proposition 2 applies also in the trivial case when 


f(ao) = 0 (mod p) but f’(ao) AO (mod »). 


The solution of the recursive linear equation needed to refine ag to a root 
of f is then more trivial. Another way of characterizing this situation is to 
say that ao is a root of multiplicity 1 of the polynomial f reduced mod p. 
We shall call this the trivial case of Hensel’s lemma. 

Proposition 2 also shows that every unit of o sufficiently close to 1 has 
an m-th root if m is not divisible by the characteristic of K. Indeed, we 
need but consider the equation 


xX" —u=0 


and take ay = 1, provided |u — 1| < |m|?. 
We prove next a useful approximation lemma in finite extensions. 


Proposition 3. Let a, B be two elements of the algebraic closure of K, 
and assume that a is separable over K(8). Assume that for all isomorphisms 
o of K (a) over K, o #id, we have 


I8 — al < joa — al. 
Then K(a) C K(£). 


Proof. It suffices to show that for all isomorphisms of K(8, «) over K(8) 
the element a remains fixed. Let 7 be such an isomorphism. By the 
uniqueness of extensions of absolute values over complete fields, applying 
t to 6B — a yields for all o ¥ id: 


|B — tal < |oa — al. 
Using the hypothesis, we obtain 
lTx — al = |r2 — B+ B — a] < |oa — al. 
This implies that 7 is the identity, hence K (8, a) = K(8), as desired. 


Proposition 3 is known as Krasner’s lemma. It is useful in determin- 
ing extensions of K. 


Next, we note the continuity of the roots of a polynomial. 
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Let f(X) be a polynomial in K[X] having leading coefficient 1 and 
admitting a factorization 


f(X) = Il(x = ai)" 


in the algebraic closure of K. Say f has degree n, and the a; are distinct. 
Let g also have degree n and leading coefficient 1. As usual, we denote 
by |g| the maximum of the absolute values of the coefficients of g. One 
sees immediately that if |g| is bounded, then the absolute values of the 
roots of g are also bounded. 

Suppose that g comes close to f, in the sense that |f — g| is small. If 
6 is any root of g, then 


|f(8) — 9(8)| = | f(8)| 


is small, and hence 6 must come close to some root of f. As 8 comes close 
to say a = ay, its distance from the other roots of f approaches the dis- 
tance of a; from the other roots and is therefore bounded from below. 
We may say in that case that 6 belongs to a. 

If g comes sufficiently close to f, and say 8;,..., 8, are the roots of g 
which belong to a (counting multiplicities), then we contend that s = r 
(the multiplicity of @ in f). 

If this is not so, then we can find a sequence g, as above, approaching f, 
with precisely s roots 6%, ..., 8° belonging to a and s ¥ r. Thus each 
p,..., B® approaches a. But lim g, = f and hence a must have multi- 
plicity s in f, contradiction. ” 

As an application, we have: 


Proposition 4. If f 1s irreducible and separable, then any polynomial g 
sufficiently close to f is also irreducible. (Both f and g are still assumed to 
have leading coefficient 1, and the same degree.) Furthermore, given a root 
a of f, there exists a root B of g belonging to a, and K(a) = K(). 


Proof. If g is sufficiently close to f, then its roots have multiplicity 1, 
and belong to the distinct roots of f. If 8 is a root of g very close to the 
root a of f, then Krasner’s lemma immediately shows that K(a) = K(@). 
Hence-g is irreducible, since it has the same degree as f. 


Corollary. Let K be a finite extension of Qp. Then there exists a finite 
extension E of Q contained in K such that [E:Q] = [K:Q,] and E ts 
dense in K, so that K = EQ). 


Proof. Let K = Q,(a), let f be the irreducible polynomial of a over Qp, 
and take for g a polynomial very close to f as before, but with coefficients 
in Q. Then let E = Q(6). 


(II, §3] SOME FILTRATIONS 45 


In view of this corollary, we call any finite extension of Q, also a p-adic 
field. The integral closure of the p-adic integers in K has a unique max- 
imal ideal which is denoted by p. 


§3. Some filtrations 


Let o be a discrete valuation ring with maximal ideal p, let K be its 
quotient field, and assume that K is complete under the valuation induced 
by o. Let m7 be a generator for p. This notation will stay fixed throughout 
the section. We also fix a valuation corresponding to 0. 

We know that in the topology given by the valuation, we have sub- 
groups p” (r = 1, 2,...) which are open in the topology. Indeed, given 
az € K, if y is an element of K such that |x — y| < |z|, then |y| = |2|. 
Thus the p” are open subgroups whose intersection is 0. Consequently, 
they form a fundamental system of neighborhoods of 0 in K. (We let 
»° = 0 by definition.) 

As an additive group, each factor group p/p’! is isomorphic to o/p 
under multiplication by 7r’. 

The units of o form a group under multiplication, which will be denoted 
by U. For each integer 1 = 1 we let 


U;=1+}7' 


and define Up = U. Then U; is a group, because whenever x, y & p' 
we see that 


Q+a2)ity=1l+e¢+ytayelt+yp G21) 
l+a+ty mod(1 + pt?) 


and 


(—2z)=1l4ta24+27+4+... 


is a convergent series. 

The units are an open subset of o. 

If w has order 1 at p, then it is clear that K* is topologically and alge- 
braically isomorphic to the product {7} x U (letting {7} be the cyclic 
group generated by 7r). 

Under the canonical map 


0 — 0/p 


the units map on the non-zero elements of o/p, and the kernel of the 
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induced homomorphism 
U — (0/p)* 


is precisely U,;. Thus U/U, = (0/p)*. 
Furthermore, for 2 1, we have an isomorphism 


p/p? > Ui/ Visi 
induced by the map on p* given by 
at>(1-+ 2) mod U;4, 


which is immediately verified to be a homomorphism, whose kernel is 
p't1. This map is a truncated exponential map. 

If o/p is a finite field, with g elements, then the number of elements in 
p*/p*t! is also equal to g. The number of elements in U/U, is then q — 1. 


Proposition 5. If 09/p is finite, then 0 and U are compact. 


Proof. We observe that o is the projective limit of the finite groups 
o/p* and hence is compact. (It can be viewed as a closed subgroup of the 
Cartesian product of the o/p*.) The same argument applies to U as a 
projective limit of U/U;. 


The U; form a fundamental system of neighborhoods of 1 in U. 

In view of Proposition 5, we conclude that a p-adic field is locally 
compact. 

As we remarked in the preceding section, every unit of a p-adic field 
sufficiently close to 1 is an m-th power. Thus given a positive integer m, 
the index (U : U™) is finite. We shall now determine this index. 

We need a group theoretic lemma. 


Lemma. Let f be a homomorphism of a commutative group A into some 
other group. We denote the image of f by A’ and its kernel by Ay. Let B be 
a subgroup of A. Then 


(A: B) = (Al: BY)(Ay: By) 


in the sense that if two of the indices are finite, so is the third and the equality 
holds. | 


Proof. Consider the composite homomorphism of f and the canonical 
map 
A— Af — Af/BI, 
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Its kernel in A is B + Ay, and hence we have an isomorphism 
A/(B + Ay) = Al/BY. 
But A>B-+ A; DB, and 
(B+ Ay)/B ~ As/(Ay NB) = Ay/By. 


Our lemma follows at once. 


Proposition 6. Let K be a p-adic field and U the units of its ring of 
antegers. Let m be a positive integer. Then 


Is . wee 
U:U™) = ——- (Kn 1 
= a ee 
and 


Kk ye K* +1 
( = Tiny Bei D 


(where K7, is the group of m-th roots of unity contained in K ). 


Proof. The second formula follows from the first by recalling that 
K* = ZX U. 
We now consider the unit index, and the proof is taken from Artin [1]. 


Take r so large that |mx’t"| = |?"| and consider the group U,. Then 
for any integral z, 


(1+ 207)™=1+ man" (mod mrt), 
Thus if ord, m = s, we have 
ois = Opin 


Take r sufficiently large that no m-th root of unity except 1 lies in U,. We 
apply the lemma to the homomorphism f(a) = a”, applied to the units. 
We obtain 


(U: U,) = (OU: Urse)(Km: 1) 


_ (U:U, s) * 
= (OG) (Km: 1). 


Hence 


(U:U") = aie (K%:1) = (Uy: Unye)(K2: 1). 


But (U,:U,4,) = (Np)* and our assertion follows. 
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Corollary. If K contains the m-th roots of unity, then 


2 
(U:U") =~ and = (K*:K*™) = —™ 


$4. Unramified extensions 


We continue to assume that K is complete under a discrete valuation, with 
ring A and maximal ideal ». 

If & is a finite extension of K and B the integral closure of A in EF, then 
there is a unique prime ideal $ of B lying above p, and B is a discrete 
valuation ring. If eis the ramification index and f the residue class degree, 
then 


ef = (EF: K]. 


(In this book, we have proved this only when E is separable over K. 
As we are primarily interested in number fields, we don’t give the proof 
in general. The reader may assume that K has characteristic 0 if he 
wishes. ) 

We see that e = 1 if and only if 


[E:K] = [B/8:4/p]. 


If this equality holds and the residue class field extension B/ over A/» 
is separable, then we shall say that 8% is unramified over ), or that EF is 
unramified over K. 

Let v: B — B/¥ be the canonical homomorphism. If 


g = B,X" + +++ + Bo 


is a polynomial with coefficients in B, then we denote by g® the polynomial 
o(B,)X”" +--++ ¢—(Bo), obtained by applying the map ¢ to the coeffi- 
cients of g. 


Proposition 7. Let E be finite over K, and assume that $ 1s unramrfied 
over p. Let a € B® be such that B? = A*(&) and let a be an element of B 
such that pa = a. Then E = K(a), and the irreducible polynomial g(X) 
of a over K is such that g? is irreducible. Conversely, if E = K(a) for some 
aéB satisfying a polynomial g(X) in A[X] having leading coefficient 1 
and such that g? has no multiple root, then B 1s unramified over p and 
B? = A®(oa). 


Proof. First assume  unramified. Let g(X) be the irreducible poly- 
nomial of a over A%. Let a be an element of B such that ya = &, and 
let g(X) be its irreducible polynomial over K. Then a is integral over A, 
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and & is a root of g®, whence g divides g’. On the other hand 
deg 9 = [B’: A*] = [E: K] 2 degg 


and so g = g®. This proves the first statement. 

Conversely, if a satisfies the stated condition, then we may assume 
without loss of generality that its irreducible polynomial g(X) is such 
that g? has no multiple roots. We can now apply Corollary 2 of Proposi- 
tion 14, Chapter I, §5 (to the smallest Galois extension of K containing £) 
to conclude that g® is a power of an irreducible polynomial, and hence is 
irreducible. Using the inequalities 


[A?(gar): A¥] S [B?: A*] S [E:K] 
we now conclude that we must have an equality everywhere, and that 
B° = A*®(ga). 
This proves our proposition. 
Proposition 8. Let E be a finite extension of K. 
G) If ED>F DK, then E ts unramified over K if and only if E is un- 


ramified over F and F is unramified over K. 


(ii) If E is unramified over K, and K, ts a finite extension of K, then 
EK, ts unramified over Ky. 


(iii) If Ey and Es are finite unramified over K, then so is E\ Eo. 


Proof. The first assertion comes from the fact that the degrees of residue 
class field extensions are bounded by the degrees of the field extensions, 
and their multiplicativity property in towers. One must also use the fact 
that assertion (i) holds when “unramified” is replaced by “a finite separable 
extension”. The second assertion is an immediate consequence of our 
criterion in Proposition 7. The third comes formally from the first and 
second. 


Proposition 9. For each finite extension E of K in a given algebraic 
closure, let Bx be the integral closure of Ain E. Let A be the integral closure 
of A in the algebraic closure K of K. Let ¢ be a homomorphism of A such 
that tts restriction to Br has the maximal ideal Be as kernel. Then the map 


Br BE 


induces a bijection between unramified extensions E of K and separable 
extensions of A®. 


Proof. We have shown in Proposition 7 that every finite separable 
extension of A® is obtainable as an image B¥ for some finite extension E 
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of K, unramified over K. We now must prove the uniqueness. If FE, C Ee 
are unramified, then clearly gBr,C ¢Bz,. Let EF, = K(a;) and 
Ey = K(ag) be unramified extensions, generated by elements a1, a re- 
spectively satisfying polynomials over A having leading coefficient 1, and 
whose reductions mod » have no multiple roots. Then £,E2 = Eo(aj), 
and a, satisfies with respect to Hy a similar condition (with the same poly- 


nomial as over K). Let EK = E,E2. Using Proposition 7 once more, we 
conclude that 


gBr = ¢Bz,(gai) = A®(ga1, yao) = (pBz,)(¢Bz,). 


If pBz, = ¢Bz,, we conclude that H, = Ege, thus proving our proposition. 


If we assume that A® is a finite field, as is the case in number theory, 
then its algebraic extensions are all separable, and in fact are cyclic. The 


Galois group is generated by a canonical automorphism, the Frobenius 
automorphism a (Chapter I, §5) such that 


= 
if g is the number of elements in the residue class field A/p. Thus each 
finite unramified extension of K is in fact cyclic, and has a uniquely deter- 
mined automorphism corresponding to a. In fact, we see that in Propo- 
sition 14 of Chapter I, §5 the Galois group G of an unramified extension 
is equal to Gg because there is only one $ above , and Gg is isomorphic 
to the Galois group of the residue class field extension. 


Corollary. Let K be a p-adic field (1.e. completion of a number field under 
a p-adic valuation). Let E be an unramified extension of K. Then every 
unit of K 1s a norm of a umtin E. 


Proof. Let u be a unit in K. We identify the Galois group of H over K 
with the Galois group of the residue class field extension. It is a simple 
consequence of Hilbert’s Theorem 90 (or anything else you can think of) 
that both the trace and norm from a finite extension of a finite field are 
surjective. Hence there exists a unit ag in E such that 


u= Nea (mod p). 
Then 


uNzap! =1-+c,r7 (mod p*). 
for some c; € A. Let 
ay = 1+ Wr, 


with z; in Bg. Then 


NeEa,=1+Tr(z1:)7 (mod p”) 
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where Tr is the trace, and it is again an easy matter to verify that the trace 
is surjective in the residue class field extension. Hence we can select x1 
such that 

Tr(v1) =c, (mod p), 


whence we can find a, such that 


uN%ao' = Nga; (mod p’). 
Proceeding inductively, we can find ap, a1, ..., @, such that 


Q,=1 (mod p”) 
and such that 


uNE(ag-++an)~!=1 (mod p"*). 


The infinite product 
I] a 
i=0 

is convergent to an element a such that 


E 
Na = u, 


thus proving our corollary. 


§5. Tamely ramified extensions 


We still assume that K 1s complete, under a discrete valuation, with Dede- 
kind ring A and maximal ideal p, and we assume that A/p is perfect. 

If E is a finite extension, we denote by B = Bz, the integral closure of 
A in E£, and $ = $z its maximal ideal. 

We shall say that $ is totally ramified above » if [EZ :K] = e. In that 
case, the residue class degree is equal to 1 (because ef = n). Since § is 
the only prime of B lying above p, we say that EF is totally ramified over K. 


Proposition 10. Let E be a finite extension of K. Let E,, be the com- 
positum of all unramified subfields over K. Then E, 1s unramified over K, 
and E ts totally ramified over E.,,. 


Proof. The first statement comes from Proposition 8 of the preceding 
section. As to the second, we consider the towers 


E B/S 
| | 

E,, Bu/Bu 
| | 

K A/) 
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If the residue class field extension in the upper level of the tower had 
degree > 1, then it could be lifted back to an unramified subfield of EF 
over E,, of the same degree, contradicting the maximality of E,. Hence 
the degree must be equal to 1, and therefore E is totally ramified over E,,. 


Let E be a finite extension of K. We shall say that § is tamely ramified 
over p (or & tamely ramified over K) if the characteristic p of the residue 
class field A/p does not divide e. If it does, we say that § is strongly ram- 
ified. We shall now describe totally and tamely ramified extensions. 


Proposition 11. Assume that E is totally ramified over K. Let I be 
an element of order 1 at 8. Then II satisfies an Eisenstein equation 


X° + a,_1X*"* + + +++ a9 = 0, 
where a; € p for all i and ag ¥ 0 (mod p”). Conversely, such an equation is 
irreducible, and a root generates a totally ramified extension of degree e. 


Proof. All conjugates of II over K have the same absolute value (by the 
uniqueness of the extension of » to any finite extension), and hence the 
coefficients of its irreducible polynomial, which are polynomial functions 
of the roots, lie in 8 AA =p. The last coefficient ay is the product of I 
and its conjugates, and there are e of those. Hence 


|ao| a |II|*, 


SO do = 7 is an element of order 1 at p. As to the converse, an Eisenstein 
equation is irreducible. If 6 is a root, then the same argument we applied 
to II before now applies to 6 and shows that |6|°= ||. Hence 
e = [K(8) : Ky]. 


We observe that if p { e, then the extension is tamely ramified. 


Proposition 12. Let E be totally and tamely ramified over K. Then there 
exists an element II of order 1 at $ in E satisfying an equation 


X°— T= 0 


with w of order 1 at yin K. Conversely, let a be an element of A, and e a 
positive integer not divisible by p. Then any root of an equation 


X’—a=0 


generates a tamely ramified extension of K, and this extension 1s totally 
ramified if the order at » of a is relatively prime to e. 


Proof. Let f(X) = X* — a with aé& A and e not divisible by p. Let 
a be any root of f. Write a = 7’u with some integer r and a unit u of A. 
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Then K(qa) is contained in K(f, u!/*, +1/*), where ¢ is a primitive e-th root 
of unity. The extension F = K(f, u'/°) is unramified over K, and hence 7 
is still a prime element in Br. The extension F(7'°) is totally and tamely 
ramified, and hence the ramification index of K(a) over K divides that of 
K(g, u'/*, r/*) over K. This proves that K(a) is tamely ramified over K. 
If the order of a at p is relatively prime to e, then we can find two integers 
s, t such that 
se-+ tr = 1. 


Let 8 = a‘r*®. Then 8° and 7m have the same order at , whence the 
ramification index is at least equal to e. It must therefore be equal to e 
(because [K (a): K] S e), and our extension is totally tamely ramified. 

There remains to prove that any totally and tamely ramified extension 
is generated by the root of an equation 


X°—7T=0 
for some prime element 7 of p. For this we shall need a lemma. 


Lemma. Let e be a positive integer not divisible by p. Let E be a finite 
extension of K, 1 a prime element in p, and B an element of E such that 
|B|° = |r|. Then there exists an element w of order 1 in » such that one 
of the roots of the equation X° — a = 0 is contained in K(f). 


Proof. We can write 6° = mou with a unit win B. Since the extension 
is totally ramified, the residue class degree is equal to 1, and hence there 
exists a unit uo in A such that u = uo (mod §). Letting 7 = mouo we get 


B=nrt+ rez 


with some element + = 0 (mod %). Thus 


Ie° — | < |x. 

Let f(X) = X* — m, and let a, ..., a- be its roots. Then 
|f(8)| = |8 — ay|--+ |B — a]. 

But |a,;| = |8| for each 7. Hence for at least one value of i, say 1 = 1, 
we have 

|B — o| < fal. 
On the other hand, 

|f’(a1)| = Jay|°* = lay — ag|--+ lay — @,| 


and |«,; — a,| < |a,|. This proves that for all 7 4 1 we have |x, — O5| = ||. 
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By Krasner’s lemma, it follows that K(a,) < K(f) thereby proving our 
assertion. 


Proposition 12 follows at once by taking 6 = II. 


Proposition 13. Let E be a finite extension of K. Then all statements 
of Proposition 8 hold if the word “unramified” ts replaced throughout by 
the words “tamely ramified”. 


Proof. Routine, using the multiplicativity of the ramification index, 
and Proposition 12. 


Corollary. Let E be a finite extension of K, and let E, be the compositum 
of all tamely ramified subextensions. Then E,; 1s tamely ramified over K, 
and E is totally ramified over E,. Furthermore, if p is the characteristic of 
the residue class field, then the degree [EH : E,] 1s a power of p. 


Proof. Let e be the ramification index and write 
€ = ep", 
where € is prime to p. Let II be an element of order 1 at $, and let 
B= Il?’. 


By the lemma, K(8) contains a tamely ramified subextension of ramifica- 
tion index eo. The composite of this extension with the maximal un- 
ramified subfield of EF gives us a tamely ramified extension F of K, and 
from the definition of 8, it follows that the ramification index of E over F 
is p’. On the other hand, EF is totally ramified over F (because F contains 
E.,), and hence [E: F] = p’. Any tamely ramified subextension of & must 
be contained in F, otherwise its compositum with F would be tamely 
ramified over Ff. This proves the corollary. 


Lastly, we specialize to p-adic fields and prove a useful finiteness 
statement. 


Proposition 14. Let K be a p-adic field (finite extension of Qp). Given 
an integer n, there exists only a finite number of extensions of degree S n. 


Proof. Since there is exactly one unramified extension of a given degree, 
corresponding to an extension of the residue class field, and since every 
extension is a tower of an unramified and totally ramified extension, it 
will suffice to prove that there is only a finite number of totally ramified 
extensions of a given degree e. But such extensions are obtained by 
Hisenstein equations 


X°+a,1X* 1+---+ ur = 0, 
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where the coefficients a; belong to p and wo is a unit (@ being a fixed prime 
element of p). The Cartesian product 


pX-s-xXpxTU 


of the units and of p taken e — 1 times is compact. Any point in it can be 
viewed as determining a finite number of extensions of degree e (corre- 
sponding to the distinct roots of the equation). By Krasner’s lemma, it 
follows that a neighborhood of such a point determines the same extensions 
(Proposition 4 of §2), and by compactness the finiteness follows. 


CHAPTER III 


The Different and Discriminant 


The study of the different and discriminant provides some information 
on ramified primes, and also gives a sort of duality which plays a role both 
in the algebraic study of ramification and the later chapters on analytic 
duality. It also gives a good method for computing the ring of algebraic 
integers in a number field, as in Proposition 10. 


§1. Complementary modules 


Throughout this section, A is a Dedekind ring, K its quotient field, 
EF a finite separable extension of K, and B the integral closure of A in E. 
Let L be an additive subgroup of Z. We define its complementary set 
(relative to the trace) to be the set of x € E such that 

Trx(2L) C A, 


and denote it by LZ’. Then L’ is an additive group. If AL = L, then 
ALi f'. 
If L, M are two additive subgroups of E, and LC M, then M’ CL’. 
We also have the following properties. 


Proposition 1. If wy, ..., Wp ts a basis of E over K and 


L= Aw,+-:+-+ Avy, 
then 


L'= Aw, +---+ Awh, 
where {w;} is the dual basis relative to the trace. 
Proof. Let a € L’ and write 

a= aw, +--+ + ann 


with a; € K. Then Tr(aw;) = a;, whence a; € A for all 7. This proves 
57 
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the inclusion C. Conversely, 
Tr(AwjL) = A- Tr(wiL) CA 
so the inclusion > is equally trivial. 


Since every fractional ideal of B is squeezed between two A-modules of 


type Aw, +----+ Aw, for suitable bases {w,} of HE over K, and since 
A is Noetherian, we obtain: 


Corollary. If 6 1s a fractional ideal of B, then b’ is also a fractional 
ideal. Furthermore B C B’. 


Proposition 2. Let E = K(a) be a finite separable extension, of degree n. 
Let f be the trreducible polynomial of a over K, f’ its derivative, and 


xX pce 
PS) = by + BX $e bp XP 
Then the dual basis of 1, a, ..., a”! is 
bo, bn | 
f'(@) f'(@) 


Proof. Let a,,..., @, be the distinct roots of f. Then 


n f(X) ay _ _ 
ea) faa” OSrsn-—l. 


To see this, let g(X) be the difference of the left- and right-hand side of 
this equality. Then g has degree S$ n — 1, and has n roots a, .. 
hence g is identically 0. 

The polynomials 


F(X) aj 
XxX — a; f'(a;) 


are all conjugate to each other. If we define the trace of a polynomial 
with coefficients in E to be the polynomial obtained by applying the trace 
to the coefficients, then 


Tr | fe | OP 


Looking at the coefficient of each power of X in this equation, we see that 


Tr (.' as) == Oyj 


thereby proving our assertion. 
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Corollary. Assume that B = Alfa]. Then B’ = B/f (a). 


Proof. Using the recurring formulas 


On—1 an | 


bn—2 aa abn —1 = Gn-1 


we see that the module generated by 1, a,..., a”? over A is the same as 
that generated by bo, ..., ba—1. Our corollary follows immediately. 


Proposition 3. Assume that A is a discrete valuation ring, that there 1s 
only one prime B of B above p, and that B/® is separable over A/p. Then 
there exists a € B such that B = Ala]. 


Proof. Let 6 be an element of B whose residue class mod § generates 
B/® over A/p. Let f be a polynomial with leading coefficient 1 and 
coefficients in A such that its reduced polynomial mod } is an irreducible 
polynomial for 8 mod f. Let II be an element of order one at $ in B. 
Then 


f(@+TW =f(6)+f'(e)M (mod $7), 


and f’(8) # 0 (mod $3). Hence taking either 8 or 8 + II yields an element 
a such that its residue class generates B/S over A/p and such that there 
exists an element of order 1 at % in the ring Ala]. We conclude by Propo- 
sition 23 of Chapter I, §7 that B = Ala]. 


The preceding proposition gives us a criterion when we can apply 


Proposition 2. It applies in particular in the local case, when our Dedekind 
ring is complete. 


Proposition 4. Let 6 be a fractional ideal of B. Then 
b’ = Bp. 
Proof. We have 
Tr(B’b—'b) = Tr(B’B) C A 
whence B’h~' C b’. The converse is equally clear. 


For purposes of the following proposition, we denote by By,;x the com- 


plementary module of B. We need some index, since we shall deal with 
more than two fields. 


Proposition 5. Let E > F D> K be two separable extensions, C the integral 
closure of A in F, and B the integral closure of Ain E. Then 


B’aeyK = B'g)rC' rx. 
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Proof. We prove first the inclusion >. We have 


Trx (Be) rC'r)xB) = Trk Tre (Bie) pC’ p/ KB) 


= Trk (Cx Tr?(B%)rB)) 
CA. 


This proves the desired inclusion. 
Conversely, let 8 € Bix. Then 


Trx(8B) = Trk(C Tr#(6B)) CA 


(we can insert C since CB = B). Thus 


TrF(BB) CCK, 
and 


Crk Tre(BB) CC. 


The C-fractional ideal C7;¢ can be taken inside the trace Tr2 because it 
is contained in F. Hence 


BC'rik C Biyp. 


Multiplying by Cr;x shows that 8 © Cr/xBz,y and concludes the proof 
of the reverse inclusion. 


Notation being as above, we define the different Dg, to be Biyx. The 
preceding proposition gives us the rule 


DacHcja = DBA; 


which is called the multiplicativity of the different in towers. 
The different is the inverse of a fractional ideal containing the integers, 
and therefore is an ideal. 


Proposition 6. Let S be a multiplicative subset of A. Then 
SD s-1B/S-1A4 —_ S~ Depa. 
Proof. Obvious. 


Proposition 6 allows us to compute the different by localizing at a 
prime » of A. This has the advantage that A, becomes principal. 

We shall now see how the different localizes in the completion, and 
how it can be computed purely locally. 

Using Proposition 6, we may assume that A is a discrete valuation ring. 
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Proposition 7. Let A be a discrete valuation ring, v its valuation, and 
8 a prime of B lying above the prime » of A. Let we be the valuation corre- 
sponding to $ and A,, Bug the respective completions. Then: 


Dp sBwg = DB, y/4,- 
Proof. Since the differents are ideals, it suffices to prove that 


ordg DBA = ordy DB gl Ay 
Let Tr denote the trace from HE to K and Tr, the local trace from E,, to 
K, for any w extending v in FE. Then 


Tr = > Try 
wily 
(as an operator on £). 

Let x € wg and assume that Tring (TB wg) C A,. Select an element é 
of E which is very close to x at wy and very close to 0 at all other wv. 
Let y& B. Then Tr,,(éy) is close to 0 if w ¥ wg and Tr,,(ty) lies in A, 
if w = wy, by assumption and the fact that the local trace is continuous. 
This implies that Tr(£y) lies in A and hence that £ lies in the comple- 
mentary module B’. 

Conversely, let x be an element in B’ and let y € Bywg. Find an element 
£ of & which is close to x at wy and close to 0 at the other w|v. Find an 
element 7 of B close to y at wy and close to 0 at the other wiv. Then 


Tr(é) = Trug(én) + >> Tr.(én). 


WAWY 


The global trace on the left lies in A. Each term in the sum on the right 
lies in A,. Hence Trwg(én) lies in Ay. Since £ and 7 are close to x, Y 
respectively, it follows that Trug(zy) also lies in A,. 

The above arguments show that B’ is dense in Buy (= local comple- 
mentary module with respect to Trwg) and the proposition follows. 


Let D denote the different of B over A. If we think of formal ideals, 
then we have the relation 


D = [[ Ds. 
$ 


Each Dg can be interpreted as the f-component of Dzpa, as the f- 
component of Dz, a, (if Pip), or as D B,/A, f w and » are the valuations 
corresponding to $ and p respectively. 
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One usually calls Dg; the global different, and Dz, ;4, the local 
different. We may identify Dz,;4, with Dg as a formal ideal, and in 


this sense, we may say that the global different is the product of the local 
differents. 


§2. The different and ramification 


In this section, we let A be a Dedekind ring, K its quotient field, E a finite 
separable extension of K, and B the integral closure of A in E. We shall 
also assume that for any prime » of A the residue class field A/p is perfect. 


Proposition 8, Let B be a prime of B lying above p, and let e be its ramt- 
fication index. Then °—* divides Dz)a. If B is strongly ramified, then 
P° divides Daa. If P is unramified, then B does not divide Dg,4. There 
as only a finite number of ramified primes. Finally, Dp;a is the greatest 
common divisor of all ideals (f’(a)), where a is an integral generator of 
E over K, and f the trreducible polynomial for a over K. 


Proof. In view of the fact that ramification theory and the theory of 
the different localize to the completion, we may prove the first assertions 
under the assumption that K is complete. 

Since we work over a complete field, we can apply Proposition 3 of §1, 
the Corollary of Proposition 2, §1, and Proposition 23 of Chapter I, §7. 
If $ is unramified, this yields Dg;4 = (1). Using Proposition 5 of §1 
(multiplicativity in towers), we may also assume that § is totally ramified. 
In that case, we can write B = A[II] for some element II of order 1 at §, 
and II satisfies an Eisenstein equation 


fl) = ® + 4,10 '+---+7r=0, 
fora; € p and 7 € A of order 1 at p. Then 
f'() = ell** (mod $9), 


and the second assertion of the proposition follows from the definitions. 

We now return to the global case. Let a be an integral generator for 
E over K, and let f be its irreducible polynomial over K. There is only 
a finite number of primes § dividing (f’(«)), and hence by Proposition 7 
of Chapter II, §4, these primes are the only possible primes which may 
ramify (we may view a as a generator of the completion E, over Ky). 
Since B > Ala], it follows that Dg;4 divides (f’(a)). There remains to 
be proved that it is the greatest common divisor, or more precisely that 
given a prime &, there exists an a such that 


ordg Daa = ordg (f’(a)). 
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The proof will be an exercise in techniques revolving around the approxi- 
mation theorem. 

There would be no difficulty if we could write B = Ala] for some a. 
This is true only locally. Hence we shall use the approximation theorem 
to reduce our problem to the local case. 

Let v = vy and w = wg. Let {o} range over the distinct isomorphisms 
of E into the algebraic closure K, of K. Leto, be one of these, inducing 
the absolute value wg on HE. If a is a generator of E over K, and f its 
irreducible equation over K, then 


oif'(a) = f’(o1a) = [] (ia — oa). 


T#01 


We shall write o ~ 7 if o and 7 are conjugate over K,, i.e. if there exists 
an isomorphism A of K, over K, such that 7 = do on E. 

According to Proposition 3, §1, there exists an element 8 of B, such 
that B, = A,[8]. We observe that any element of B, which is sufficiently 
close to 8 also generates B,, over A,. 

Let \ range over isomorphisms of K, over K,. There exists an element 
a € A, such that 


AB — al = 1 


for all \. Such an element exists because the conjugates \6 have residue 
classes which are conjugate over A,/p,. If these residue classes are 0, we 
take a = 1. If they are not 0, we take a = 0. 

Let 01, ..., o, be representatives of the equivalence classes of the 
embeddings of E into K,. By the approximation theorem, we can find 
an element a of EF such that 


|o,~ — Bl is very small, 


lo; — al is very small for 7 ¥ 1. 


Without loss of generality, we may assume in addition that a is integral 
over A and E = K(a). (If necessary, first multiply a by an element 
of A which is = 1 mod » and is highly divisible by a finite number of other 
primes to make it integral, and then add 7’Y, where 7 is any integral 
generator, and py is very large. Then a + 7’Y becomes a generator.) 

Since a,a is very close to 8, it follows that B, = A,|o,a], and hence 
the $-contribution to the different is given by 


ordg Dz, 4, = ordg [[ (cia — aa). 
oHoy 


We must now show that the other factors do not give any $-contribution. 
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Suppose that o is not conjugate to a, over K,. We can write ¢ = oj, 
11. Then 


loa — dal = |oia — doya| = |A~'o1a — o;a! 
= |A~'o1a — a+a — ojo. 


But |o;a — a| is very small, and \~‘a,a is very close to \~!8. Since 
|A~"8 — a] = 1, it follows that |A~'s,20—al=1 also. Hence 
|o,a:— oa| = 1. This proves our last assertion. 


S3. The discriminant 


Throughout this section, A is a Dedekind ring, K its quotient field, E a 
finite separable extension of K of degree n, and B the integral closure of A in E. 


Let W = (w1,..., Wn) be any set of n elements of E. We define the 
discriminant 


Dgyjx(W) = det(ow;)? 


to be the square of the determinant taken with o; ranging over the n dis- 
tinct embeddings of EF in a given algebraic closure of K. 

Assume that W and V = (v1,..., 07) are two sets of elements of EZ, 
and that there is a matrix X = (z,;) of elements of K such that V = XV. 
From this we see that 


Dzjx(W) = det(X)*Dz/x(V). 


If the matrix X has entries in A, then det(X)? lies in A. Hence whenever 
W and V generate the same module over A, the matrix X is invertible in 
A, and its determinant is a unit in A. Thus the two discriminants differ 
by the square of a unit in A. 

In particular, if A = Z is the ring of ordinary integers, the discriminant 
is uniquely determined by the module. If the module is the ring of alge- 
braic integers 0x, then its discriminant will be called simply THE dis- 
criminant (or also the discriminant of K), and will be denoted by Dx. 


Proposition 9. Notation as above, the discriminant Dz;x(W) lies in K, 
and lies in A if the components of W liein B. The discriminant is ¥ 0 1f 
and only if W is a basis of E over K. 


Proof. Applying any isomorphism o of E over K to the determinant 
det(o,;w;) interchanges the rows, hence multiplies the determinant by +1. 
Taking the square gets rid of +1. If a is a generator of EF over K, Le. 
E = K(a), then the discriminant Dz;x(1, e,...,a"~*) is the Vander- 
monde determinant, and hence is ~ 0. The same holds therefore for 
any basis V of EF over K by a preceding remark concerning the change of 
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the discriminant under linear transformations. If the coordinates of W 
are linearly dependent over K, it is clear that the discriminant is 0. If 
they are all integral over A, it is also clear that the discriminant lies in A 
(because the integral closure of A in a Galois extension containing EF is 
a ring). This proves our proposition. 


If M is a free module of rank n over A (contained in £), then we can 
define the discriminant of J7 by means of a basis of M over A. It is well 
defined up to the square of a unit in A. 


Proposition 10. Let M, < Mz be two free modules of rank n over A, 
contained in EF. Then Dzg)x( Mz) divides Dg) x(M,) (as principal ideals). 
If Dajx(M,) = Deyx(Me)u for some unit u of A, then M, = Mp. 


Proof. The first statement is obvious. The second statement asserts 
that the matrix going from a basis of M, to a basis of Mg is invertible 
in A, and hence that MM, = Mog. 


In general, it is not true that every fractional ideal of B is a free module 
over A. For the moment, if 6 is a fractional ideal of B, we denote by 
DzK(6) the A-module generated by all Dz;x(W) as W ranges over bases 
of & over K such that all w; € b, and call this the discriminant of the 
fractional ideal. Since there exists an element c ~ 0 in A such that 
cb C B, it follows at once that the discriminant is a fractional ideal of A. 


Proposition 11. Let b be a fractional ideal of B and S a multiplicative 
subset of A. Then 


S~'Dryx(6) = Dzx(S~'). 
Proof. Trivial from the definitions. 


This proposition allows us to localize. If p is a prime of A, we can 
compute the p-component of the discriminant by localizing at p. The 
great advantage of this is that A, becomes a discrete valuation ring, and 
thus that every fractional ideal of B becomes a free A,-module when 
localized at p. Furthermore, B, has only a finite number of primes above 


p, and is a principal ideal ring. Thus we are reduced to computing Vander- 
monde determinants. 


Proposition 12. Assume in addition that A is a discrete valuation ring. 
Let 6 be a fractional ideal of B, 6 = (8) for some B ~ Oin E. Then 


Dz)x(b) = (NK(8))*Dz/x(B). 


Proof. Let W be a basis of B over A. Then 6W is a basis of b over A, 
and the assertion is obvious from the definitions. 
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Using the localizing process, we can extend the above proposition to 
the case when A is not necessarily local. 


Proposition 13. Let A be arbitrary again, and b a fractional ideal of B. 
Then 


Dzyjx(6) = (NK(b))?Dz,x(B), 
the norm being the norm of tdeals as in Chapter I, §7. 


Proof. It suffices to verify this relation for each p-component, ) a prime 
of A. Thus we may assume that A is a discrete valuation ring by Propo- 


sition 11. In that case b = (8) for some 6 € E, and our assertion follows 
from Proposition 22 of Chapter I, §7. 


Proposition 14. The discriminant and different are related by the formula 


NEDsa = Dz/x(B). 


Proof. Using Proposition 6 of §1 and Proposition 11, we may assume 
that A is a discrete valuation ring, and hence that B is a free module over 
A. If W isa basis for B over A, then Dzg;x(B) is generated by Dz; x(W). 
Let W’ be the complementary basis to W under the trace. Then the 
complementary module B’ is generated by W’ over A. Thus 


Dg x(B’) = Deyx(W’)A. 
But we see directly from the definition of the discriminant of a basis that 
Dzyx(W)Deyx(W’) = 1. 


Hence Dg)x(B)Dz;x(B’) = A. Using Proposition 4 of §1 and Proposi- 
tion 13 yields what we want. 


Finally, consider a finite separable extension E of degree n over K, and 
let 6 be an element of E, 8 ~ 0, such that H = K(8). We define the dif- 
ferent Dz/x(8) and the discriminant D z/x(8) of this element by 


DrjK(8) = IT (8 — 8) 
ox~2 
De)x(8) = Dzyx(1, B,---, 8" ’)- 


Proposition 15. We have 


Dryx(8) = (—1)""PPNRD x) K(8)- 


Proof. Exercise in permuting the rows of a determinant. 
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Proposition 16. Let a € B and let p be a prime of A. If p does not divide 
Dey K(a)/De;K(B) then B, = A,la]. 


Proof. By Theorem 1 of Chapter I, §2 we know that B, is a free module 
over Ay. Furthermore 


Dy x(I, Ayeeey a) = De)K(B)e? 


where c is an element of A,. By hypothesis, this element c is a unit in Ay, 
and hence our proposition follows from Proposition 10. 


Remark 1. In Proposition 16, we formulated a local version. One 
obtains immediately a global version in special cases using Proposition 18 
of Chapter I, §7, which states that two A-modules are equal if and only if 
all their localizations are equal. 


Remark 2. Instead of using the discriminant, we could have formulated 
our hypothesis in terms of the different. Indeed, the condition 


pB is relatively prime to (f'(a))/Dazyx 
where f is the irreducible polynomial of a over K is equivalent with the 
condition 
p does not divide Dg; x(a)/Dz;x(B). 


The equivalence is seen at once by taking the norm, and using the fact 
that the norm of the different is equal to the discriminant. 


The following result is sometimes useful to analyse the discriminant 
and verify that the hypothesis of Proposition 16 is satisfied. 


Stickelberger’s criterion. Let E be an extension of degree n over Q, 
and let a1,..., an be algebraic integers in E, linearly independent over Q. 
Then 


Drjg(o1,..., @) =0 or 1 mod 4. 
Proof. ‘The determinant det(¢,;a;) has an expansion as a sum of terms 


with plus and minus signs in front of them. Let P be the sum of terms with 


plus signs, and N the sum of terms with minus signs, so that the discrim- 
inant is equal to 


(P — N)? = (P +N)? — 4PN. 


But P + N and PN are both invariant under any o;, and hence are rational 
integers. The assertion follows at once. 


Example. Let E = Q(a) where a? = 2, say a is the real cube root of 2. 
Let f(X) = X° — 2. Then f’(a) = 3a?, and Dzjo(a) = —3°2?, Let B 
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be the ring of algebraic integers in E. Note that 2 is ramified in # with 
ramification index 3, and hence Dz/9(B) is divisible by 2, whence by 27, 
by Stickelberger’s criterion. Furthermore 3 must have some ramified 
factor in EL, for otherwise all the conjugates of H would be unramified 
over 3, so that the splitting field Q(a, ~/—3) would also be unramified 
over 3, which is obviously not the case. The polynomial X? — 2 is irre- 
ducible over the 3-adic field Q3 because already the congruence 


X? = 2 (mod 9) 


has no solution in the 3-adic integers. Thus there is only one prime in E 
lying above (3), and therefore the ramification index must be 3. Thus 
we have 


3B = 3°. 


We see that in fact, {3 is strongly ramified, and by Proposition 8 of §2 we 
conclude that $8* divides the different of E/Q. Since N® = 3, it follows 
that 3° divides the discriminant, and we now see that 372? divides the 
discriminant Dzjg. By Proposition 10, we conclude finally that B = Z[al. 


Proposition 17. Let K, E be two number fields. Assume that their dis- 
criminants are relatively prime and that the fields are linearly disjoint (1.e. of 
W1,..., Wn 18 @ basis of K over Q and 14,..., Um 1s a basis of E over Q, 
then {w,v;} is a basis of KE over Q). Then 


OKE = OKOR 
and 


Dre = DED». 


Proof. From the fundamental properties of the different, we know that 
Dx E/q 18 equal to 


DKe/KDK/Q = ODKE/EDEIQ- 


But Dzjq and Dx g have no factor in common (viewed as ideals of ox x). 
The same holds for the other two factors. Hence 


Deeje=DxKjo%KE and Derek = DE/QoKE: 


Let W be a basis for ox over Z and V a basis for og over Z. Then the 
above remark implies that the complementary basis W’ of W, which 
generates Dx /g, also generates Divs. This is the complementary module 
of oxg relative to og. Dualizing again shows that W generates 0xz over 
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O; and proves the assertion concerning the rings of integers. We leave 
the assertion on the discriminants as an exercise. 

Examples of the situation in Proposition 17 arise, for instance, with two 
distinct quadratic extensions, with relatively prime discriminants, or with 
cyclotomic extensions of relatively prime degrees, as we shall see in the 
next chapter. It will in fact be used to determine the ring of algebraic 
integers for an arbitrary cyclotomic extension when we know the ring 
of integers in cyclotomic extensions of a prime power root of unity. Thus 
the next chapter gives us further examples for the use of the discriminant. 


CHAPTER IV 


Cyclotomic Fields 


This chapter achieves two purposes simultaneously. It gives examples 
for the theory, and also describes in greater details the cyclotomic fields 
which exert a great deal of control over algebraic number theory in general. 
The extent to which they exert this control is in fact not yet clearly under- 
stood, but one knows for instance that the heart of the proofs of class 
field theory is concentrated in the cyclotomic fields. 


$1. Roots of unity 


Let w be an n-th root of unity, ie. w” = 1. The extension Q(w) is 
normal over Q. Indeed, if w is a primitive n-th root of unity (i.e. has 
period exactly n), and if o is any isomorphism of Q(w) over Q, then 
(7w)” = o(w") = 1, so that ow is an n-th root of unity also. Hence 
ow = w' for some integer 7 = a(o), uniquely determined mod n. Hence 
Q(w) is mapped into itself by a, and hence is normal over Q. If 7 is another 
isomorphism of Q(w) over Q, then grw = w**™, Since o, 7 are iso- 
morphisms, it follows that 7(¢), 7(r) are prime to n. Hence the map 


g +> 1(0) 


is a homomorphism of the Galois group G of Q(w) over Q into the multi- 
plicative group of residue classes mod n, prime to n, and is injective. If 
we let ¢ be the Euler ¢-function, then ¢(n) is the order of this multipli- 
cative group. We shall see below that [Q(w): Q] = y(n). This will deter- 
mine the Galois group of Q(w) over Q, i.e. prove that the map 0 +> 7(c) 
is surjective. 

Let K be a number field. Then the Galois group of K(w) over K is a 
subgroup of G, and hence is abelian. 

Let K be a number field, and let us fix an algebraic closure K of K. 
A cyclotomic extension of K is one which is contained in a field K (w), 
where w is a root of unity (w” = 1 for some n). Since K(w) is abelian over 
K, a cyclotomic extension of K is abelian. We say that K is cyclotomic 
if it is a cyclotomic extension of Q. 
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Consider now the case K = Q(w). 


Let p be a prime number and w a primitive p-th root of unity. Then 
w is a root of the polynomial 


XP? —1= (X — 1)(X?!4.---4+ 1). 
Hence [Q(w): Q] S p — 1. We contend that 
[Q(@): Q] = p — 1. 


In fact, let 7 = 1 —w. Then 7m is integral over Z. If 7 is an integer 
prime to p, then w’ is also a primitive p-th root of unity, and 


l-w _ Li Seeeyicoree sages 


1—w 


is an algebraic integer. But w = (w’)’ for some integer 7 (such that 
ji = 1 (mod p:)), and hence the above quotient is a unit in the ring ox of 
algebraic integers of K. 


Let p be a prime of ox lying above (p), and let 
f(X) = XP ee Hd. 


Then w* (¢ = 1,...,p — 1) is a root of f(X) (because it is a root of 
X? — 1), and hence 


p—l : 
f(X) = I (X — o’). 


Therefore 
p—1 : 
p=f(l)= I (1 — w'). 


For any 7, 7 prime to p we have seen that 


i= 
1 — wi 


is a unit in ox. All elements 1 — w* have the same absolute value at p. 
Hence for the absolute value | | = | |» we have 


|r|?—* = |p]. 


This implies that the ramification index of p is at least p — 1. By Propo- 
sition 21 of Chapter I, §7 it follows that 


¢ = p —1= [Q@):Q] 
and that p is the only prime of 0x above (p), which is totally ramified. 


[IV, §1] ROOTS OF UNITY 13 


Since w also satisfies the equation X? — 1 = 0, we see that any prime 
number not equal to p is unramified in Q(w), because the derivative 
pw?" is divisible only by p. (Use Proposition 8 of Chapter III, §2.) 

We now consider the prime-power case, and let m = p’,r an integer > 0. 
Let Y = X”"™ and consider 


xX? —1= Y?—1=(¥Y—1)(Y?-!+..-41). 


Let 


jos. = 


Xv —1 


= yrhyt..- +1. 


The degree of f is ¢(p") = (p — 1)p’—*. Let w be a primitive p’-th root 
of unity. Let z be integer. Then w’ is also a primitive p’-th root of unity 
if and only if 2 is prime to p. Thus there are ¢(p’) primitive p’-th roots of 
unity. Then 


f(X) = [TX -o)=J[[X% — «4, 
¢ (t,p)=1 
the product over ¢ being taken over primitive p’-th roots of unity, and the 
product over 7 being taken over distinct residue classes of Z/p"Z prime to p. 
Just as we saw for p-th roots of unity, we see that 


Lect 
1 — wi 


is a unit if 7, 7 are prime to p. Let r = 1 — w. Then from 


(*) JD=e= TT a-e' 
(2, )= 
we conclude that 


; 
|r|? = |p| 


at any absolute value extending the p-adic absolute value on Q, and hence 
p is totally ramified. We therefore have: 


Theorem 1. Let w be a primitive p’-th root of unity, and K = Q(w). 
Then [K :Q] = ¢(p") = (p — 1)p"—1. There is only one prime p of ox 
lying above p, and it is totally ramified. All other primes of 0K are un- 
ramified. 


Corollary. Let n be an integer > 1, and assume that n is not a prime 
power. Let w be a primitive n-th root of unity. Then 


n—1 


I] a — oe’) = 1. 


jJ=1 
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Proof. Let Sg be the set of primitive d-th roots of unity. Let 
fa(X) = I] X— ©. 


ces 
Let : 
x" are | n—1 n—2 
MX) = yy I KHL 
Then 
g(X) = [I fa(X). 
a> 
Hence 
n = g(1) = I] fa(1). 
ast 
If p is a prime dividing n, then among the divisors of n we get p, p”,..., p" 


(where r is the highest power of p dividing n). We know from (*) that 
fp¥(1) = p. Hence 


I fo®() = Dp. 
k=1 


Thus from the prime powers dividing n we already get a contribution 
of n for g(1). This implies that for the composite divisors of n, the values 
fa(1) (which are algebraic integers, rational, hence ordinary integers) must 
be 1 or —1. Assume inductively that for d\n and d < n the value fa(1) is 
equal to 1. Then we see from our product that f,(1) = 1, thus proving 
our corollary. (I am indebted to Bass for this proof.) 


The last statement in Theorem 1 actually can be strengthened as follows. 


Theorem 2. Let m be a positive integer and w a primitive m-th root of 
unity. Then [Q(w):Q] = ¢(m). The only ramified primes p in Q(w) are 
those dividing m. If 


r r 
m= pi'-**: Ds° 


is the prime power decomposition of m, w; is a primitive p'i-th root of 
unity, then 


Q(w) = Q(w1,..- , @s) = Q(o1) .. - A(ws) 
is the compositum of the Q(w;). 
Proof. Let g(X) = X” — 1. Then w satisfies g(X) = 0, and 


(wo) = ma" 


is divisible only by primes dividing m. Hence any other prime is unrami- 
fied in Q(w). For any 7 > 1, the field Q(w;) is an abelian extension of Q 
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whose intersection with Q(w,,...,j;_1) 1s Q, because p; is totally 
ramified in Q(w;) and unramified in the other field. Hence Q(w, ... , w;) 
has degree ¢(7)"/) over Q(w1,..., ;—1). This proves our theorem. 


If G is the Galois group of Q(w) over Q, then any automorphism o of 
Q(w) over Q must map w on some primitive root w*, 7 prime to m. Since 
[(Q(w): Q] = v(m), it follows that for any such 7 there exists o € G such 
that ow = w’. Thus G is isomorphic to the multiplicative group of residue 
classes of Z/mZ which are prime to m. Observe also that if m, n are two 
relative prime integers > 0, and f,, {m denote primitive m-th and n-th 
roots of unity respectively, then 


Theorem 3. Let w be a primitive p'-th root of unity, and K = Q(w). 
Then 0x = Ziw]. The discriminant is given by 


p (pr—r—1) 
Dr = +p : 


where the — sign holds when p" = 4 or p = 3 (mod 4), and the + sign 
holds otherwise. 


Proof. We shall give the proof only when r = 1. The principle is the 
same in general. Thus we deal with the p-th roots of unity. Let B = Z[w). 
To prove that B = ox it suffices to prove that the discriminant of B and 
0x as modules over Z coincide as Z-ideals by Proposition 10 of Chapter III, 
§3. To do this, it suffices to prove it locally for each prime. All primes 
except p are unramified, and consequently such primes do not contribute 
either to the discriminant of ox or of B. As for p, it is totally ramified, 
and using Proposition 23 of Chapter I, §7, we conclude that S,'B=S)'ox 
if S, is the complement of the principal ideal (p) in Z. Hence the p-com- 
ponent of the discriminants is the same in both cases. This proves that 
B= ox. The assertion concerning the exact value of the discriminant 
comes from taking the discriminant of the element w itself, and paying 
attention to the sign. There is no difficulty in this (use Proposition 15 of 
Chapter ITI, §3). 


To deal with an arbitrary composite integer m, we use a discriminant 
criterion. 


Theorem 4. Let m be a positive integer, and w a primitive m-th root of 
unity. Then Z\w] ts the integral closure of Z in Q(w). 


Proof. It is clearly the compositum of the rings of integers of various 
prime power cyclotomic fields which satisfy the conditions of Proposition 
17, Chapter ITI, §3. 
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§2. Quadratic fields 


Extensions of degree 2 over the rationals are also worthy of mention as 
examples. 


Theorem 5. Let m be a square-free integer ~ 0, and let K = Q(/m). 
If m = 2 or 3 (mod 4), then (1, ~/m] is a basis for ox over Z. If m=1 


(mod 4), then 
1, 2 


1s a basis for 0x over Z. 


Proof. Exercise. To verify that an element x + y./m with z, y € Q is 
integral over Z, it is necessary and sufficient that its norm and trace lie 


in Z. From this, there is no difficulty in verifying the assertion of the 
theorem. 


For instance, 1f m = —3, then 


1+v-3 
2 


is a cube root of unity, and hence is integral over Z. 


Before proving the next result, we make some observations on finite 
fields. 


Let F, be the finite field with q elements, q equal to a power of the 


prime number p. Then Ff has g — 1 elements, and is a cyclic group. 
Hence we get the index for p odd 


(Fr: F.7) = 2. 


If vy is an integer # 0 mod 9, let 


v\ | 1 if v=2* (mod p) 

p)  |—1 if v2? (mod p). 
This is known as the quadratic symbol, and depends only on the residue 
class of vy mod p. 


From the preceding remark, we see that there are as many quadratic 
residues as there are non-residues mod p. 


Theorem 6. Let ¢ be a primitive p-th root of unity for p odd, and 


s-E()¢ 
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the sum being taken over non-zero residue classes mod p. Then 


Every quadratic extension of Q is contained in a cyclotomic extension. 


Proof. The last statement follows at once from the explicit expression 
of +p as a square in Q(¢) and also (1 + 7)? = 27. As for the sum, we have 


oe (8) 
ype \D 


As v ranges over non-zero residue classes, so does vu for any fixed uw, and 
hence replacing v by vy yields 


s=> (= ) get) > 2) ane 


vu \P 


— = 2 (=) oe (2 aps HOD, 


vx~—] KB 


But 1+ ¢+---+ ¢?7' = 0, and the sum on the right over p conse- 
quently yields —1. Hence 


s? = (=) @-n+-y Er 2) 


9()-2Q 


as desired. 


We see that Q(1/p) is contained in Q(¢, /—1), or Q(¢), depending on 
the sign of the quadratic symbol with —1. It is in fact a theorem that 


every abelian extension of Q is cyclotomic, and we shall prove this in the 
class field theory later. 


We now apply Theorem 6 to prove the quadratic reciprocity law. We 
observe that if p is an odd prime, then 


—] p—1 yp ideals 
(=*) = (—1) 2 and (2) = =p 2 (mod p). 


This is obvious from the definitions, and the fact that (Z/pZ)* is cyclic. 
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Let p, q be odd primes. On the one hand, we get 


q—1 p—lq—1 q—1 
2 


S? = §(S*) 2 = S(—1) 


Hence 


s(—-1) 2 2 (?) = (2) S (mod q). 


Multiplying by S and canceling +> yields the reciprocity law 


We shall now reconsider these results from another point of view, closer 
to that of class field theory, and having to do with the decomposition laws 
for primes. 


Quadratic Reciprocity Law. Let p, q be prime numbers. 


Case l. If p, q are odd and p = 1 (mod 4), then () = (2) . 


Case 2. If p, q are = 3 (mod 4), then (2) — (‘) 
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2 
Case 3. If q = 2 and p is odd, then (=) = 11f p= +1 (mod 8) and 
(=) = —lifp = +3 (mod 8). 
P 


Proof. First deal with Case 1, and consider the field Q(¢) where ¢ is a 
primitive p-th root of unity. Then 


IQ) :Ql=p—-1 


and Q(¢) is cyclic over Q. Hence Q(¢) contains a unique quadratic sub- 
field. Since p is the only ramified prime, this subfield must be obtained by 


/—p or vp, and hence must be Q(+/p) since the discriminant is p in the 
latter case, and —4p in the former. 


In the field Q(\/p), the prime gq splits as follows: 
(g) = qq’ withq ¥ qd’ © (?) = 1, 
(7) = q remains prime = (2) = 


This is obvious from the definitions. 
Let Olq in Q(g). We let f be defined by NO = q’, so Q(x) 
that f is the order of the decomposition group of O. We 
let r be the number of distinct primes of Q(¢) dividing q. 
Then 


fr=p—1. Q(Vp) ¢ G 
We shall prove that 2|r is equivalent with (?) = 1 and 


with (2) = 1. This will take care of Case 1. Q 


Assume that 2|r. If Z is the fixed field of Go, i.e. the decomposition field 
of q, then [Z: Q] = r, so that Z contains the unique quadratic subfield 


Q(V/p). Hence g splits completely in this subfield, and (?) = 1, 
q 
Conversely, if (®) = 1, then q splits completely in Q(./p), which is 
therefore contained in Z, and hence 2Ir. 
Next, let o be the Frobenius automorphism such that o¢ = ¢%. Then 
g’ = 1 (mod 7) and f is the least positive such exponent. If 2|r, then 
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f\(p — 1)/2, and hence 


p—l 


qg 2 =1 (mod p). 


It follows that (2) = 1. Conversely, if (2) = 1, then we get the same 
P 


congruence, so that f|(p — 1)/2 and finally 2|r, thus proving Case 1. 
As for Case 2, the proof is just like that of Case 1, except that now, 2\r 


is equivalent with (?) a ieee! 
q 
In Case 3, we take q = 2. Let i = \/—1 80 (1 + 7)? = 2%, and 


(1 aie 1)2P—-D/2 = Q(p—1)/25(p—1)/2 Bes (1 + 4)P—?, 


We get 
1+7)?=1+?= (2) eP—-D/2 4. 4) (mod 7). 
But 
27 ifp=1 (mod 4) 
1 PY (1 = 
Se as b if p =—1 (mod 4). 
Hence 


p = 1 (mod 4) implies 27 = (2) i?—Y!294 (mod p), 


p=-—l1(mod 4) implies 2= (2) u?—/297 (mod p). 


From this Case 3 follows at once. 


Note that the three cases can be summarized by the usual formula. 
The symbol 
(<) 
q 


can be extended to more general integers. 
Let P be a non-zero integer, written as 
P = +71 eo 2 0 Pr 
where p1,..., Pr are primes. Let 


Q=q1.--.-Qs 
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be an odd positive integer written as a product of primes. We assume that 
(P,Q) = 1. We define 


(a) AG) mG) 


We call this the quadratic symbol. It is then clear from the definition 
that the following properties hold. 


QR l. If P, = P» (mod Q) then 


QR 2. The symbol 1s bi-multiplicative, 2.¢., 
PiP2\ _ (P1\ (Ps eam ear ea 
(PS)-(B)(B) (Ga) GG 
—] Q—-1 
QR 3. We have (>) = (=) 2", 


Proof. By definition, and the definition of the symbol for primes, 


qj—1 (q;—1) 


(2) = you = ca 


But 


Q=I@—-d+)=LD@—n+4+1 (mod 4) 


because g; — 1 is even, and the product of any two or more such terms 
is = 0 mod 4. Thus our assertion follows. 


QR 4. If P,Q are odd and both > 0 then 


(= 0" 


P~—1 gj—-1 


P\(Q\ _ Pe\ (Qi\ _ a3 2 P—1 Q-1 
(5) (2) = WR) (Re) = =. 


Proof. We have 
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$3. Gauss sums 


Sums involving roots of unity appear in many contexts. We have just 
seen one example in §2. Other examples arise in the functional equation 
of zeta functions and L-series. We study them here a little for their own 
sake. We shall use constantly the fact that if G is a finite abelian group 
and X is a character of G (i.e. a homomorphism of G into the group of roots 
of unity) then 


0 it X41 
2, x(a) = a fx = 1. 


This is trivially seen, because if x ~ 1, then there exists b € G such that 
x(b) ¥ 1. Then 


Di X(a) = Do x(ba) = x(b) Dd) x(a), 
aGG aGG a&GG 
whence >°X(a) = 0. 
We shall consider Gauss sums relative to Z/qZ where q is an integer > 1, 


and also relative to a finite field with q elements. We begin with the 
former case. 


Gauss sums for Z/qZ. 


The elements of Z/qZ represented by integers relatively prime to q form 
a multiplicative group denoted by (Z/qZ)*. By a multiplicative char- 
acter of Z/qZ (or a character mod qg) one means a character of this multi- 


plicative group. Such characters are denoted by x. If dq, then we have a 
natural homomorphism 


(Z/qZ)* > (Z/dzZ)* 


which is surjective. A multiplicative character for Z/dZ composed with 
this homomorphism induces a character mod qg. We say that a character 
mod q is primitive if it cannot be induced by a character mod d for any 
divisor d of g, d ~ q. A character X is extended to a function on Z/qZ by 
letting 

X(n) = Oif (n,q) > 1. 


Let ¢ be a primitive qg-th root of unity. We define the Gauss sum for 
a primitive character X mod q and an integer n to be 


7(X,m) = Dy x(a)gr™. 


xmodq 
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This Gauss sum of course depends on ¢. We can always select 
c sad ett tla 


as a canonical choice, but we are interested here in algebraic manipula- 
tions rather than analytic values, so any fixed ¢ will do. Observe that 
T(X,n) is actually the Fourier transform of x evaluated at n (actually 
selecting ¢ to be e~27*/2!), 

If (n, gq) = 1, then we write 


X(n) = xX(n)~* = x(n~") 
where n~! is the inverse of n mod q. 


For any primitive character X mod q we have the formula 


(1) T(X, n) = X(n)r(x, 1). 


Proof. Assume first that (n, g) = 1. Then 
X(n)7(x, 1) = Do x(n)x(a)g? 
= 2, xan") e* = Yo x(y)g™” = 7(x, n), 


because as x ranges over the residue class mod g, so does nz when n is 
relatively prime to g. This proves our formula, in case (n,q) = 1. 


Assume now that (n, q) > 1. It will suffice to prove that 


(2) 7(xX,n) = 0. 


Write g = rd and n = md with positive integers r, d, m such that d > 1 
and (r,m) = 1. Then 


Wx 2) = 2 xa? 


xmodq 
where ¢, = Ge is a primitive r-th root of unity. Since r properly divides g 
and x is primitive, there exists c)e(Z/qZ)* such that Co = 1modr and 
x(co) #1. Let c; = cg! =1modr. Then 


mex =mx modr. 
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Then 
x(Co)t(%, n) = » y(e ox) or = \, ya) Grex 
xreZ/qZ xreZ/qZ 
= Yo xlayer 
xeZ/qZ 
= T(x, 0). 


Hence t(y, n) = 0, thus proving our assertion (2). 
Finally, we obtain the absolute value of the Gauss sum. 


For primitive character X mod q and (n, q) = 1, we have 


(3) I7(X, n)| = VQ. 


Proof. We have: 


In (x, n)|? = 7(X, n)r(X, n) = YDS x(x) x(yer"r™. 


Take the sum over all residue class n mod q. 


Ifx*Ay(modq) then >, ¢*7-” = 0. 


n mod q 


Ifx=y(modq) then >) ¢°7-” = q. 


nmod g 


Since x(x) = O if (x, q) > 1, we get 


>. FCG) = 2 |x()a= qP(q). 


n mod q 


But from (1), we know that 


r(x, m)|? = |x(n)[?[7x, DI”. 
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Summing over n and using the fact that x(n) = 0 if (n, q) > 1 we get 


¢(q)|r(x, n)|? = g¢(q). 


This proves our formula |7(x, n)| = Vg. 
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We shall now investigate quadratic sums. For the rest of our discussion, 
we use the following convention. 

Let a, b be non-zero integers, b > 0, and (a, b) = 1. 

Let 


az 


201 
G(a,b)= DU e? 


zx mod b 


We shall determine the value of this Gauss (quadratic) sum. We first 
give some algebraic reduction steps. 


QS 1. If p is an odd prime, then 


G(a, p) = (5) G(1, p). 


Proof. If a = c? (mod p) for some c, then we replace x by cz, which also 
runs over the residue classes mod p, and we see that G(a, p) = G(1, p) in 
this case. If a # c? (mod p), then we use the fact that 


aa 


x mod p 


on 2 277, 


“=1+2d e7 


where r denotes the non-zero quadratic residues mod 7, and n denotes the 
non-zero non-residues mod p. The map x+> x? covers the residues pre- 
cisely twice (since (Z/pZ)* is cyclic), and we also have 
272 Qri 272 
<™y a <n 
2 ee SS Te ee Dee 
ymod p r n 


From this our assertion is clear. 


QS 2. Let p be an odd prime, and r an integer = 2. Then 


G(a, p’) = pG(a, p’~*). 


Proof. Write 


t=y+tp’'z,  ymodp"!, zmod p. 


Then 2? = y? + 2p"—lyz + p??—?2?. 


27rt ay? ont 


G(a, D’) _ >. > F p’ ie eee 
y z 
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Sum separately for y=0 (p) and y #0 (p). If y ¥ 0 (p), then the map 
z+» 2ayz permutes the residue class mod p, and hence the sum over z in 
this case is 0. If y = 0 (p), we write 


Y = pu, 


201 
and we can take the sum for u mod p"—?. Each terme? 7°” is = 1, and 
the inner sum over z yields p. Thus we obtain precisely 


pG(a, p’~*), 
as desired. 


QS 3. Let b,c 2 1, (b,c) = 1, and (a, be) = 1. Then 


G(a, bc) = G(ab, c)G(ac, b). | 


Proof. Write x mod bc as 


z= yb+ ze, y mod c, z mod b. 


Then 
2% aby” 27 gez? 
G(ab, c)G(ac, b) = doe © e > 
Y,z 
= 3 oe al(by)?-+(c2z)"] 
Y,z2 
= G(a, bc) 
because 
2yzbe pis 


bc 
is an integer. 


QS 4. If bts odd 2 1 then 


Proof. Induction. If b is an odd prime, this is QS 1. Assume 6 > 3. 
Ifb = p’ andr 2 2, then 


Ga, p") _ Ga, p~*) | 
G(1,p") = G@(1, p*-?) 


Our assertion then follows at once, in the case of prime power. In the 


[IV, §3] GAUSS SUMS 87 


composite case, suppose b, c > 1, (a, bc) = 1, b, c odd, (b,c) =1. Then 
G(a, bc) = G(ab, c)G(ac, b) 


oe (2) (**) G(1, c)G(1, b) (by induction) 


C 


-(2)0)()emoene 


= (4) G(b, c)G(c, b) = (¢) G(1, be), 


and we are done. 


There remains to handle the case when b = 2”. We shall compute 
analytically the value G(1, b) for arbitrary b below, and we shall find: 


(14+ 7)V/b if b = 0 (mod 4) 
a/b if b = 1 (mod 4) 


if b = 2 (mod 4) 
if b = 8 (mod 4). 


Remember that b = 1, and that /6 is the ordinary positive square root of b. 
In view of these values, we define 


«() = , if b = 1 (mod 4) 


v if b = 3 (mod 4). 


We shall use the given values to get G(a, 2”) as follows. 


QS 5. Let a be odd. Then 


Ee 
a 


G(a, 2") = ( } e(a)G(1, 2”). 


Proof. The map 
Taigr> o 


on 2”-th roots of unity induces an automorphism of the field generated 
over Q by 2”-th roots of unity for all m, and we have 


G(a, 2") = o4G(1, 2") = o4(1 + 2)o4(2""), 
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assuming that r = 2 (the case r = 1 being trivial). Obviously, 


a(l+i) =item fT! if a = 1 (mod 4) 
1—z ifa=83 (mod 4), 
Since 1 — 1 = —2(1 + 1), we find that 


elt +) = (=) aa +9. 

Next observe that 
Qri 
8 


1t+t=e 


VJ/2 or Py 6 een So 
€g 
Qrt 


where eg = e 8. Hence 


ovo = 1tt | v2 if a=+1 (mod 8) 
es —/2 if a=+3 (mod 8). 
Thus 

a4 


cv? = (2) v2 = (1) * v3 
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If r is even, then 2”? is rational, and if r is odd, then 2”? is a rational 


number times +/2. Therefore 


o4(2"!?) = (2) te (=) os 


This proves QS 5 and concludes our formalism of the Gauss sums. 


There remains to compute G(1, 6) for arbitrary b 2 1. The computa- 
tion is analytic, and is due to Dirichlet. It uses the fact that if ¢ is a 
function which is smooth except for ordinary discontinuities, then its 
Fourier series converges pointwise to the midpoint of the discontinuity. 
In particular, if ¢ is a function which is continuously differentiable on the 


interval [0, 1], then 
g(0) + ¢(1) _ 
zm 


where c, is the m-th Fourier coefficient, 


1 ae 
Cm(¢) = y(a)e77"™ dx, 


and the sum is taken over all integers m. 
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We shall use the function 


f(z) = erriz™/b 0 


IA 
& 
IIA 
= 


and its translates, also in the interval0 < x S 1, namely 


fi(x) = f(a +h), k=0,1,...,6—1. 
Then by definition, 


b—1 
G(1,b) = > BOTA, 


whence if g = fo + fi +:--+/fs-1, we need only compute the sum of 
the Fourier coefficients for ¢ to get the value of G(1, b). By definition, and 
the convergence of the Fourier series, we find 


b—1 
G0) = Ly is fulae 27" de 


™ 


b 2.9 . 
= De e2tiz /b,—2rimz ae 
m 0 


and find that our last expression is 


. 2 b 
= die ribm a é 
m 0 


2nt bm 2 
p (et 


) 
2° dx. 


If m is even, then e~™™*/2 — 1. If mis odd, then e~*#™"/2 — 3-» We 
split the sum over even m and odd m. A trivial computation putting 
m = 2r orm = 2r-+ 1 shows that the sums of the integrals over m even 
and m odd are equal to the same value, namely 


re) 2a 2 
I= | e° © dy, 


so that 
G1, b) = (14+ 77°)J;. 


This integral converges at both ends, for if 0 < A < B, then changing 
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variables, t = y”, dt = 2ydy, and integrating by parts shows that 


B 
errin' ld dy =O (-L.) 
J, VA 


Thus the tail ends of the integral are arbitrarily small. Finally, let 


dy 
= — and du = —=: 
Vb Vb 
Changing variables shows that 
2 


ie oY dy = Vof eatin’ dy, = Vb I, 


where J is the universal integral constant on the right. The integral I is 
simply I,, whose value is obtained from the relation 


1= G1) = 10+774)J4. 


Thus we find 


as desired. 


Character sums over finite fields 


For the rest of this section, we let F be a finite field with q elements, and 
qgq= p’. We let F, be Z/pZ. We denote elements of F by x, and elements of 
the multiplicative group F* of F by a. We let w= e?™"/?. We let 
Tr = Tryp, be the absolute trace from F to Fy. Let § be the vector space 
of complex valued functions on F’. 


If \:F — C* is a non-trivial character, then \ induces a self duality of 
F, by means of the pairing 


(x, y) +> A(zy). 


Indeed, if \, is the map such that \,(y) = (zy), then # +> ), is an injective 
homomorphism of F into its dual group, whence an isomorphism because 
these two groups have the same order. We shall always use the fixed 


such that 
A(t) = gy it @) 
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If f € §, we define the (essentially Fourier) transform Tf by 
Thy) = Ld f(a) May). 
zEF 
Thus 7 is again a function on F (identified with its character group by 4), 
and T: § — § 1s a linear map. 
Theorem 7. We have T*f = qf _, t.e. T*f(z) = qf(—2). 
Proof. We have 
T*f(@) = LL Lf) Mya) rey) 
y 2 
= Life — z) Lo Mya) 
x y 


as desired. 


Theorem 7 is the analogue of the Fourier inversion formula. We see in 
particular that T is an automorphism of §. 
We define the convolution f * g between functions by the usual formula 


(f*9)(y) = Lfa)gy — 2). 
A change of variables shows that 
frg=g*f. 
Theorem 8. For complex functions f, g on F, we have 
T(f*g) = (If)(T9) 
T(fo) = = TS +79. 
Proof. For the first formula, we have 


T(f*g)(2) = DS (f*9)(y) ey) = YS DY fla)g(y — z)Azy). 


We change the order of summation, let y — x = t, y= x +t, and find 
Do f(z) Mex) D g(t) A(ed), 
x t 


which is precisely (7'f)(Tg)(z), thus proving the first formula. The second 
formula follows from the first because 7 is an isomorphism on §, so that 
we can write f = Tf,, 9 = Tg, for some functions f,, gj. We then combine 
the first formula with Theorem 7 to get the second. 

We let X denote a character of the multiplicative group F*, and define 
x(0) = 0. 
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Example. If p is odd, we could take the character X2 defined by 


0 ~() 


i.e. the quadratic residue symbol. This character is trivial on F*?. 


We are concerned with the Gauss sums which generalize the sum S 
considered in §2, and which are defined by 


7T(X) = 2 x(a)A(a) = >> x(x)d(z). 
This can also be written as 


T(X) = X(—1)(X *d)(0) = (TX)(D), 


using our convention that x(0) = 0. The Gauss sum has the following 
properties. 


GS 1. For any character X # 1, we have TX = 7(x)x7!. 
Proof. We have 
TX(y) = 2 X(x)A(yz). 
If y= 0, then Tx(y) = 0. If y ¥ 0, we make a change of variables, 
x = ty—', and we find precisely the desired value 7(x)x(y—?). 
GS 2. r(x)r(x7") = x (-1)q for y# 1. 


Proof. Note that T?x = T(r(x)x71) = 7(x)r(x7})x. But we also 
know that 7°x = qx~. This proves GS 2. 


GS 3. |r(x)| = Vq for x41. 


Proof. For the complex conjugate, we have 


T(x) = D7 x7*(a)M(—a) = x7*(—1) 2 xX*(@) Na) 
= x(—1)r(x~"). 
Hence 7(x)7(X) = q, and our property follows. 


GS 4. Let 
W(X1, XQ) = X1*Xo(1) = DS Xi(z)Xe(1 — 2). 
If X\Xq ¥ 1, then 


7(X1)T(X2) = ¥(X1, Xq)T(X4XQ). 
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Proof. We compute from the definitions: 
7(X1)7(X2) = Dy Ds Xi(z)X2(y) A(x + y) 
= 3 > X1(x)Xo(y — z)ACy) 
= > > X1(x)X2(a — x)dA(a) + DY X4(x)X2(—2). 


xz a¥#0 x 
Since X;X_ ¥ 1, the last sum on the right is equal to 0. In the other sum, 
we interchange the order of summation, replace x by az, and find 


>> X1X2(a)A(a) - D> X1(z)xX2(1 — 2), 


which proves GS 4. 


GS 5. For any positive integer r, we have 7(x?) = T(X). 


Proof. This is obvious because raising to the p-th power is an auto- 
morphism of F’, and therefore Tr(x”) = Tr(z). 


We shall now consider the prime factorization of r(x). To begin with, 
we observe that 1(z) is an algebraic integer in Q(w,€) where ¢7!=1. 
Furthermore, since t(x)t(y~") = +4, it follows that the only primes dividing 
t(z) are those which divide p. 

We let K be the extension of Q obtained by adjoining the p-th roots of 
unity and the (q¢ — 1)-th roots of unity, so that K contains roots of unity 
as representatives of the elements of the finite field F with q elements. 
We fiz a homomorphism 


g:0K >F, 


of ox into the algebraic closure of F,,, and write mod p for this homomor- 
phism. This homomorphism induces an isomorphism between the group 
of (¢g — 1)-th roots of unity in K and the multiplicative group F * because 
the polynomial X7~* — 1 has no multiple root mod p. If Wz_; is the 
cyclic group of (¢ — 1)-th roots of unity, then 


gp: Wa-1 — F* 


is this isomorphism. We can define a generator X, for the character group 
of F* by letting x, be the character such that 


gX,(a) = a", 


Then x, has order g — 1, and any character xX is a power of Kiss 
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Theorem 9. Let xX be a character of F* and let x = x}, with 
lsv<eq-1. 
Write v in the p-adic expansion 


v= Votvip+---+ys_ypi 


withO Sv; S p — 1, and not all v; = O or p — 1. Let 


f-1 fi 
s(v) = 2 vy; and  Y(v) = J] @.!) (mod 2). 
i io 
Then Y(v) ¥ 0 (mod p=) and 


T(x) on 
oles] = py ode. 


In particular, for any absolute value | |, extending the p-adic absolute value 
on the rationals, we get 


Ir(X)|p = lo — Ip”. 
Proof. We use induction on v. Take first vy = 1 sox = X,. We have 


T(X~) = D> x, (a)o™™, 
Write ° 


gt) = (1 -fw — 1)? = 14 Tr(a)(w — 1) +  ~ 1)? 


with some algebraic integer § depending on a. We interpret Tr(a) to be 
any representative in 0x for the element in F’. Then 


TX). x,(a)[Tr(a) + ew — 1) 


and hence 


w— ]l 


Y ( fa ) = Da (a) = Da-"ata?+--- +a” ) 
= Di (ltar eee t a”) 
= = 1=-—1 (mod p:) 


1 


because a+> a? —! is a multiplicative character. This settles the case 


p= 1; 
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Assume next that 1 < v < q — 1 and that the statement is true for 
xi with 1 S pw < v. We distinguish two cases. 


Case 1. ply. Then v = py and Xi, = (Xx%)?, so that by GS 5 we have 


T(X,) = 7(X$). 
But obviously 


s(u) = s(vy) and = ¥(v) = Y(p). 
This case is taken care of. 


Case 2. p{v. Then v9 ~ 0. We shall use GS 4. We have 


(VX Xe) =e ( De Xola)xe "(1 — a)) 


a+0,1 


> a i(1— a)”, 


a+#0,1 


and after inserting g — 1 as an exponent of (1 — a), using the fact that 
(1 — a)?—! = 1, we find that this is 


=> Scni(t5’)e 
a#0 j= 
= (q— (1) — Pp) 
(because a + a’—! is a multiplicative character) 
= —’y = —Vo (mod p). 
Note that in the present case, 
sv) = sv — 1)+1 and Y(v) = vg Vv — 1). 


Hence 


o( T(x%) ) 7 o( T(Xp)T (Xe! ) 
(w — 1) (wo — 1I)(w — IP? “W(xy, X47) 


ae 1-1 

Gey. i¢ 
ail 
10) 


thus proving our theorem. 


For an application in the next section, we obtain another expression for 
s(v). As usual, [x] is the largest integer < z, and {z} = x — [z]. 
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Lemma. If v is a positive integer, v= vo t+uyptees + vr_yph—} 
withO Sv; S p — 1, then 


s(v) = v — (p — yo ||: 


Proof. The expression on the right is equal to 


oo (2 - = =e-v ES \ 


We note that this expression depends only on the residue class of 
vy (mod g — 1). We consider therefore v such that 0 S v < q—1. For 
7=0,...,f — 1, we have 


| (eo ee 7 
5 Vi Pl iti |’ 


and [v/p’] = 0. Taking the sum yields 


s(v) =v — (p— vo |sa|= aed © Nes yo ||. 


It will now suffice to prove that 


fh 


Suppose otherwise. Then for some integer n we have 


iPecns< EL ’ 
q q—1 
whence 
poe fore ae 
p= q—1 


a contradiction which proves our lemma. 


$4. Relations in ideal classes 


Throughout this section we let k = Q(f) where ¢ is a primitive m-th root 
of unity. We let p be a prime number, ptm, and we let p be a prime in k 
such that p|p. We let w be a primitive p-th root of unity. If u is a positive 
integer prime to m, we let a, be the automorphism of k such that 


en ee 
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We know that p is totally ramified in B, QE, w) 
Q(w), and hence p is totally ramified in 
Q(¢, w) = k(w). Thus there exists a p, Q(¢) = & 
unique prime §$ in k(w) such that |p, 
and we have Q(w) 


p= Br}. Q 


Theorem 10. Let f be the order of p mod m, and q= p’. Let x bea 
character of F = Fg such that 


x(a) =a @-V/™ (mod »). 


Then for any integer r = 1 we have the factorization 


r(x") ~ B™, 
where a(r) is the element of the group ring given by 
ase oh (g—l)ur\ -1 
a(r) = 7m s (G— be Cu; 


and the sum ts taken over all » mod m, prime to m. 


Proof. This is essentially a reformulation of Theorem 9. Let K = Q(¢, w) 
and let » be a homomorphism of ox into F’, corresponding to §, i.e. inducing 
an injection 


oKn/P => F,. 


Then we may assume that x7 = x{7—!"""_ We know from §1 that w — 1 
is a prime element in Q(w), and remains unramified in K. Hence by 


Theorem 9, 
r (g — 1)r . 
ordg T(X') = s (2) 


oyT(X") = 7(x"™), 


We also have 


so that 
(q — un) 


ord,7'g 7(X") = ordg o,7(X’) = o( rs 


As p ranges over (Z/mZ)*, each conjugate of % appears f times. This 
proves Theorem 10. 
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Theorem 11. Let k = Q({m) where {m ts a primitive m-th root of unity. 
Let p be a prime number, p{m, and let p |p in k. For positive integers a,b such 
that ab(a+b)40 mod ™m, let 


no ("4 [|e 


Then p*«,s is principal, and in fact 


pic,2 os V(x", x”), 
where X is the character described in Theorem 10. 


Proof. We just transform the EXDESSION of Theorem 10 and use GS 4. 
We have 
b, _ 7(X*) r(x”) 
y (x ’ x ) 7 T(xa+b) 
and hence 
Y (x2, x?) i speta.b) 
where 


B(a, 6) = 


4x(: (¢=be Daw) isa ({ — pon) _ ({ — 1)(a+ De) oo 
m m 
a 
_p—l (a + b)p 4 _ pa _ [ea 1 
fp (=| m “m m |) 7’ 
using the lemma at the end of §3. The decomposition group G, of p in k 


is {1,@p,0p2,...}. Hence we can replace o, by opi,, and since wu ranges 
over (Z/mZ)*, so does p’u. Consequently we find 


B(a, b) = (p — 1)6a,». 
Since p = %?—!, we see that Theorem 11 is proved. 


The special case of Theorems 10 and 11 when m is prime 1s already in 
Hilbert’s Zahlbericht and is due to Stickelberger. The general case is due 
to MacKenzie (‘‘Class group relations in cyclotomic fields’, Am. J. 
Math., 74, 1952, pp. 757-763). Here, I have followed an exposition given 
by Tate in a seminar around 1951. The significance of Theorem 11 is 
that it gives a relation in the ideal class group of Q(¢), since every ideal 
class contains infinitely many primes (a fact which will be proved later 
in this book). 


CHAPTER V 


Parallelotopes 


This chapter gives quantitative results concerning the distribution of 
elements of a number field in parallelotopes. 

If we impose certain bounds on the absolute values of elements a in a 
number field k, then we can ask for the number of field elements satisfying 
such conditions. It turns out that this number is asymptotic to the volume 
of the region (in a suitable space) determined by the inequalities. 

Next, we shall reproduce the classical theory of Minkowski concerning 
the units and discriminant of the number field, and obtain the Minkowski 
constant. 


$1. The product formula 


Let Mg be the canonical set of absolute values on the rational numbers 
Q. Then for any element a €Q, a ~ 0, we have 


Il lal. = 1. 


vEMQ 


Indeed, if « is a prime number J, then 


iL ‘ if pis a prime number = 1 
"  \i/p if p=l. 


The ordinary absolute value will be called (by abuse of language) a prime 
at infinity. Since {J|,. = J, the product formula is satisfied for prime 
numbers. It follows for any element of Q* by multiplicativity. 

Let k be a finite extension of Q and M;, the set of absolute values of k 
extending those of Mg. Then by Corollary 2 of Theorem 2, Chapter IT, 
§1, we obtain for a € k*: 


1= IT él = TL I tall’ 


o—MQ wEMQ vi vg 


= [I leley= IT lal. 
vEM, vEM;, 
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Thus the product formula is also satisfied, with multiplicities 


Ny == [ky :Q,,]. 


If k is a number field, we denote by S,, the set of archimedean absolute 
values in M;,. We let r; and re be the number of real and complex absolute 
values respectively. Then 


ry + 2ro = [k:Q] 


and we denote this degree by N. We also let r = 7; +r. — 1. The local 
degree N, is 1 if v is real, and 2 if v is complex. 

We shall now prove the classical theorems concerning the finiteness of 
class number and the unit theorem. 

To begin with the class number, we shall prove that there exists a con- 
stant C depending only on k, such that for any ideal a (always assumed # 0), 
there exists an ideal b in the linear equivalence class of a such that Nb S C. 

This implies that the number of ideal classes is finite, because there is 
only a finite number of ideals with bounded norms. (In fact, there is only 
a finite number of prime numbers bounded by a given constant, and for 
each prime number 7, there is only a finite number of prime ideals p of o; 
lying above p.) This number is called the class number of k. 

Let w,,..., wy be a basis of 0, over Z, and let S be the set of elements 
of 0; of type 


40; +++: + Avon 
with integers a; such that 
0 <a; < (Na)'" +1. 


Then there are more than Na elements in S, and thus there are two distinct 
elements a, 8 in S such that a — 6 = & will map into 0 in the homo- 
morphism 

es [[o2/p7". 


(Cf. Proposition 24 of Chapter I, §7.) It follows that there exists an ideal 
6 such that (£) = ab. On the other hand, we estimate the norm 


INE(6)| = [I lew +--- + even, 


C 


whereO < |c,| S (Na)'/% + 1. We see that there is a constant C (depend- 
ing on the maximum of the archimedean absolute values of the w; and 
on NV) such that 


IN6(E)| < C- Na. 
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Using Proposition 22 of Chapter I, §7 we get Nb S$ C and b~a™" by 
definition. This proves our assertion. 

Next, we shall prove the unit theorem, as in Artin-Whaples. We first 
discuss some general notions. 

We define an M,-divisor c to be a real valued function of absolute 
values v in M, such that: 


(1) c(v) > O for all v in Mx. 
(2) c(v) = 1 for all but a finite number of v in M,. 


(3) If v is a discrete valuation, then there exists an element @ in k such 
that c(v) = |al,. 


We shall sometimes write |c|, or c, instead of c(v), and when we have 
the multiplicities N,, we write 


lIcl]y = c(v)¥e. 
We define the k-size or simply size of our M;-divisor to be 


elle = TT e()*>. 


We denote by L(c) the set of elements x € k such that for each v € M, 
we have 


||» s c(v). 


Each element a € k* determines an M;-divisor whose value at v is simply 
la|,. The product of two M;-divisors is an M;,-divisor, and if ¢ is an 
M,,-divisor, then ac is the M;-divisor such that 


(ac)(v) = |aloc(o). 
In view of the product formula, we have 
llec|le = Ilclle. 


In other words, the size of cis the same as the size of ac. 
If ae k*, then L(ac) and L(c) are in canonical bijection under the 
mapping 
Lr> an, x € L(c). 


We denote the number of elements of L(c) by X(c). Then 
A(ac) = X(c). 


If we think of ¢ as prescribing the sides of a box, all but a finite number of 
which are 1, then \(c) may be interpreted as the number of field elements 
in the box. The size of c may be interpreted as the volume of the box. We 
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shall now prove that the number of elements in the box is approximately 
equal to the volume. In the next section, we shall obtain a stronger 
asymptotic result, by different methods. 


Theorem 0. Let k be a number field. There exist two numbers ci, co > 0 
depending only on k, such that for any M;,-divisor c, we have 


e,||cllz < A(c) S sup [1, colfel|;]. 


Proof. Suppose that there is at least one complex absolute value vg in 
M;. We identify k,, with the complex plane, and consider the Square 
centered at the origin, with sides of length 2c(vo). Let m be an integer 
such that 


m< rc)? < m+. 


Without loss of generality, we may assume that m ¥ 0, and so m = 1. 
Cut up each side of the square into m equal parts, thus giving rise to m? 
small squares inside the big one. Our set L(c) is embedded inside the big 
square at k,,. Since it contains more than m? elements, there exist two 
distinct elements x, y € L(c) lying in the same small square. Hence we 
can estimate their difference by 


20/2 (v9) 
Iz — yl S a 


If v is any other archimedean absolute value of M;, then 
Iz — yly S 2c(v), 


and if v is non-archimedean, then 


IA 


|x _ yl» c(v). 


Taking the product, we obtain 


C3 iC 
vEM, m 


with a suitable constant cz. Since (m+ 1)? S 4m?, the inequality on the 
right in Theorem 0 follows immediately. 


If there is no complex absolute value in M;,, then we proceed in a similar 
manner, using a real one vo, and cut up the interval centered at the origin 
of length 2c(v9) into m equal parts, giving rise to m small intervals, with 

m<X(c) S$ m+1. 


The arguments then proceed in the same way. 
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Let us prove the other inequality. Let w,, ..., wy be a basis for 0, 
over Z. Put 
Co = N supy,; |wilp, 


the sup being taken over the archimedean absolute values v in Myx, and 
over 7. This is a number depending only on k. 

Let c be our given M;-divisor. By the approximation theorem, there 
exists an element a € k* such that 


Co S |acl, S 2co 


for each archimedean absolute value v in M;. We now select an element 
acéZ, a #0, such that aac has absolute value S$ 1 at all non-archi- 
medean v € Mx, just by taking a highly divisible at a lot of prime numbers. 
In view of the fact that A(c) and ||c||, do not change if we multiply c by an 
element of k*, we may therefore assume, without loss of generality, that 
our M,-divisor satisfies the inequalities 

colal, S |cly S coal, 


for some element a € Z, a > 0, and allv € Sy. 
We must exhibit elements of L(c). For this purpose, consider the set L 
of elements of 0, consisting of those which can be expressed in the form 


A101 + +++ + aywn 


with a; € Z, and 0 S a; < a. Then our set L contains more than a% 
elements. 


Each non-archimedean v in M;, corresponds to a prime p of 0,, and using 
the third condition in the definition of an M;-divisor, we have in an obvious 
manner the notion of ord, c. Let nm, = ord, c. The additive group 


ox/ Ip" 


has [[(Np)”» elements. We look at the image of L under the canonical 
homomorphism of 0; into this additive group. There will be a subset L’ 
of L with at least 


a 
TL(Np)* 


elements, all of which have the same image. Take one fixed element 


xz € L’, and let y range over L’. Then for each non-archimedean absolute 
value v in M;, we have 


|x — Y|» = c(v), 
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because ord, (x — y) 2 ord,c. If v is archimedean, then by an obvious 
estimate, we have | 


|x ote Y\» Ss colal, S c(v). 


Thus our element z — y lies in L(c). We have therefore proved that 


r 1 
Sa 1) =: 
Mo) 2 aT xia, 
We observe finally that 
a” = JJ lal? > cr TT Icio», 


V| Vp V1 Vee 


the product being taken over the archimedean absolute values, and c, 
being an obvious constant, while 


1 
Nps = lle 


if v is the non-archimedean absolute value belonging to p. Taking the full 


product over all absolute values proves our inequality on the left in 
Theorem 0. 


Let k be a number field, and S a finite subset of M; containing the 
archimedean absolute values. Let s be the number of elements of S. We 
define the set of S-units ks to be the set of elements « in k* such that 


lal, =] 


forvg S. If S = S,, the S-units are also called the units of k. Strictly 
speaking, they are the units (invertible elements) of the ring of algebraic 
integers Ox. 

We map kg into Euclidean s-space as follows. Let v1, ..., vs be the 
absolute values of S. Map 


o> (log |[z[|1, -.- log [lal.), 
and call this map 
log: ks — R°*. 


By the product formula, the image of ks is contained in the hyperplane 
defined by the equation 


fit-+++ & = 0, 


so that this image is at most (s — 1)-dimensional. 


Unit Theorem. The image log(ks) ts an (s — 1)-dimensional lattice 
in R®. 
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By saying that it is a lattice, we mean that it is a discrete subgroup of 
R*, and by saying that it is (s — 1)-dimensional, we mean that the vector 
space generated by it is the entire hyperplane mentioned above. Thus 
in particular, it follows that log(kg) is a free abelian group on s — 1 
generators. The kernel of our log mapping 1s clearly the set of roots of 
unity in k because the kernel is a group, and its elements have bounded 
absolute values, hence form a finite group. 


Corollary. Let k be a number field and S a finite subset of M;, containing 
the archimedean absolute values. Then kg modulo the group of roots of 
unity in k 1s a free abelian group on s — 1 generators (s = number of 
elements of S). 


Observe, however, that the statement of the unit theorem is stronger 
than the statement of the corollary. The unit theorem is actually equiva- 
lent with a compactness statement, which we shall give in Chapter VII, §3. 

We shall now prove the unit theorem. 

Let us begin by observing that in any bounded region of R* there 
exists only a finite number of elements of log(kg). Indeed, if log(x) lies 
in such a region, then the absolute values of z and its conjugates must 
be bounded, and hence x can satisfy only a finite number of monic 
polynomials of degree < [k:Q] over Q, because the coefficients of such 
polynomials are elementary symmetric functions of x and its conjugates. 
By a well-known property of Euclidean space, whose proof we shall recall 
at the end, it follows that log(k,s) is a discrete, finitely generated subgroup 
of R*. We must prove that it has dimension s — 1. 

For this purpose, we shall first prove that given an index 7, there exists 
a vector (f,..., &) in log(kg) such that £; > 0 and £; < 0 for] # i. 
We shall then prove that any s — 1 such vectors are linearly independent 
over R. 

We need the following lemma. 


Lemma. Given v9 © My, there exists a number c(vo) > 0 such that for 
any M,-divisor c there exists B € k* such that 


1 = [[6cllp S c(vo) 


for all v ¥ v9 in My. 


Proof. Let c, be the number of Theorem 0. Let co = 1 if v9 is archi- 
medean, and let co = Npo if po is the prime of vp. Let c’ be an M;-divisor 
which differs from c only at vo, and such that 


I/cy & |le"|lk S eo/c1. 


If vo is archimedean, we can adjust the vp-component as we please, in a 
continuous fashion. If v9 is discrete, the value group ranges over powers 
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of Npo, and so we can also find the c’ subject to our condition. We set 
c(¥9) = Co/¢1. 
By Theorem 0, d(c’) > 1, and hence there exists an element a ¥ 0 in 
L(c’), that is, 
loll» S |le’ll. 


for all v € M;. We put 8 = 1/a. Then the inequality on the left in the 
lemma is satisfied. For the inequality on the right, we have 


[8h = aT < (eels = Hel 


WHEY 


for all ve M;. The product is taken over all w © Mx, w ¥ v. Since c’ 
is like ¢ except at v9, we have also proved the inequality on the right. 


We return to the main proof. If »¢S, then the value group of v is 
infinite cyclic, generated by Ny, and there is only a finite number of primes 
such that if v9éS corresponds to the index 7, then 


Np S c(vo). 


Consequently, by the lemma, there is a finite set of absolute values S’ > S 
having the following property. If c is an M;-divisor, then there exists 
B & k* such that 


1 = |[Bcll,, allv € 9S’. 


Consider only such c that c(v) 2 1 for all v and c(v) = 1 for all v€S. 
For such c there exists 6 with 


D 

cs 

= 
| 


[Bello = |B llo, ve S’ 
S |[Bcll, S c(vo), V F VU. 


Let B be the set of all such 8. Map B into R*’~* by 


Br> {|[Bllo} ves’—s- 


The image of B is finite. Let 61,...,8m be representatives in B for the 
elements of this image. Let 


b= Min |[Bjllo. 
vES’—S 


j=1,...,m 


Then b > 0, and for all 6 € B there exists an S-unit ug € kg and some 7 
such that 
B = ugB;. 


[V, §1] THE PRODUCT FORMULA 107 


For all c as above, we can therefore find u € kg satisfying 


juclly S ates ; allv # vo. 


We select c such that c(v) is very large for all v ES. Then ||ul|, is very 
small for all v # v9, v ES. By the product formula, it follows that ||u||,, 
is very large. The log of u has the desired property. This achieves the 
first of our objectives. 


As to the second, we have found elements 7, ..., %s—1 © kg such that 
log 41 = (£11,..-, &1e) 
log Ls, = (£5141, cy Seis), 


and such that the matrix of signs of the &;; is as follows: 


ee ee 

Let Y;,..., Ys be the column vectors. We must show that the first 
s — 1 are linearly independent over R. Suppose that 

a,Y,+--++as_1Ys_1 = 0, 
not all the coefficients being 0. Say a, > 0 and a; 2 a; for any 7. Then 
looking at the sum just in the first row, we get 

O = a)611 + Gebig + +++ + as_1£1,5-1 

01 £11 + G1 E:2 +++ + 1 £1,5-1 
Qi(f11 + Ero tee + 4,51) 


because £1; is negative for 7 = 2,...,s— 1. By the product formula, 
we must have 


IV 


Ether brant Soe eee 0; 
contradiction. 

For the convenience of the reader, we repeat the proof that a discrete 
subgroup of Euclidean space is a free abelian group. We do this by in- 
duction on the dimension of the subgroup, i.e. the maximal number of 
linearly independent elements over R. 

Let I be our subgroup and £,,..., £ a maximal set of independent 
vectors in T. Let Io be the subgroup of I contained in the subspace 


spanned by &,..., &m—1. By induction, we may assume that any vector 
of To is a linear integral combination of £,..., m—1. 
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Consider the subset 7 of all £ in T of the form 


E= a8) + +++ + QmEm 


with real coefficients a; satisfying 


Os 
Osa, = 1. 


It is a bounded set. Let £, be a vector of T with the smallest a, ~ 0, say 


tn = b1€1) +++ + bmén. 


Starting with any vector & of IT, we can select integral coefficients 
C1,..., Cm in such a way that 
Ei = & — Cm&m — C18) — ++ — Cm bm—1 


lies in 7', and the coefficient of €,, is <b,, and 2 0. This coefficient must 
therefore be 0, and €’ lies in I). From this our result is clear. 


Remark. It is sometimes useful to consider subgroups of finite index in 
the unit group. They may arise in the following way. Let M be an additive 
subgroup of the algebraic integers 0, of finite index. An equivalent condi- 
tion is that M has rank [k:Q]. Let u be a unit in 0. The map 


Lr UL 


is an additive automorphism of 0, which maps M on an additive subgroup 
uM. We have isomorphisms of factor groups, 


0/M = o/uM, 
and hence the same index, 
(o: M) = (o:uM). 
If m = (0: M), then every element of 0/M has period m, and hence 
0>MDmo. 


Since o/mo is finite, we conclude that there is only a finite number of sub- 
groups of 0 lying between 0 and mo. The unit group U is represented in 
the finite group of permutations of such subgroups of 0. We conclude 
that the subgroup Uy consisting of all units u © U such that uM = M 
is a subgroup of finite index in U. 
Let 
r= Try, + Tg — 1. 
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If a € k, we let a be the j-th conjugate of a forj = 1,...,7r1 +12. Let 


{u1,.. +, Ur} 


be a set of generators for the ordinary unit group U, modulo roots of 
unity. The absolute value of the determinant 


(1) 


N, log uP] --- Ny log |u?| 


N, log |u| --- MN, log jul 


is independent of the choice of our generators u;,..., u, and is called the 
regulator Rk; = R of the field k. Since the log vectors of the units are 
linearly independent, it follows that the regulator is not 0. We note that 
this regulator, like all determinants, can be interpreted as a volume of a 
parallelotope in r-space. The regulator occasionally occurs in the form 


1 log |u?| log [us| 
+27-°N R= |: 
1 log|uft?| --+ log jugt? 


To see this, we multiply the 7-th row of the determinant on the right by 
N;, and add the sum of the first r rows to the last row. Then we get N 
in the lower left-hand corner, 0 in the rest of the last row, and our assertion 
is obvious. 

The reason for the regulator appearing in the second form is as follows. 
Let 


G=Rtx.---x Rt 


be the direct product of r; + re copies of the multiplicative group of 
positive reals. Map each unit u into G by 


urs (uM |, 2.2, fut? ]), 
This is a homomorphism of U into G, whose kernel consists of the roots of 


unity. Let V be the image of U in G. Then V is contained in G°, the sub- 
group consisting of all elements 


Y = (Y1,-- +5 Yrga) 
such that 
r+1 
i=] 
Let wi,..., Ur be a set of independent generators for U modulo roots of 


unity, and let 71,..., 7, be their respective images in G. Then we have 
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an isomorphism 
g: Rt xR’ —G 
given by 
g(t, 2) = OI a + + nF 


) 


and the Jacobian matrix of this mapping is 


Ny (108 m1 -++ log a1 
Jacg (Z, z) oa 
1 
Ni log nijr41 °° + log mr,r41 


Hence the Jacobian determinant is 


1 |1 log ur -»» Jog ur 
A, (i, z) = Nt : 
HT tog +P]. tog fui 


from which we see the determinant as indicated above. 
Observe that our map g gives us a natural parametrization of G® in 
terms of a Euclidean space R’. 


§2. Lattice points in parallelotopes 
In this section, we shall give a refinement of Theorem 0. 


Theorem 1. Let k be a number field, [k:Q] = N. Let By be the constant 


2"(2Q7)"? 


B, = ‘[D, {22 ; 


Then, for c ranging over M,-divisors, the number \(c) of elements of L(c) 
is given by 
dc) = Ballelle + O(llelle-"/™), lel > 0. 


In other words, there exist constants b;, bg > 0 depending only on k such 
that for ||c\l, > ba we have 


IN(c) — Bullelle| << b1(\Iclla 7”). 


Proof. We shall first make some remarks concerning M;,-divisors. 
Given an M,-divisor c, there exists a fractional ideal a of 0, such that 
a € aif and only if 


laly S c(v,) 
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for all primes p of 0,. This follows at once from the definitions. Thus 
L(c) consists of those elements of a which satisfy certain inequalities at 
the archimedean absolute values. We call a the fractional ideal associated 
with c. 

Given 8 € k*, we have \(@c) = A(c). Hence to compute A(c), we may 
change c by an element of k*. 

We know that the group of ideal classes of 0, is a finite group. Let 
a;,..., a, be ideal representatives of the elements of this group. Multi- 
plying c by a suitable element of k*, we may assume that the fractional 
ideal a associated with c is equal to one of the a. 

Let c be an M;,-divisor, and a its associated fractional ideal. Then 


sty ctl N, 
lel, = Na peg Cy 


where we write c, instead of c(v) to simplify the notation. 


Lemma 1. Assume that the associated fractional ideal a is equal to one of 


the fixed representatives a;. There exists a unit u of 0% such that we have, 
for allv € Sx, 


e1(k)||clle’” < lucl S co(k)|lclla’, 
where c,(k), co(k) are two constants > 0, depending only on k. 
Proof. Let V = |lcl|, and let c) = ¢,(VNa)~! for allu ES... Then 
TT (ye =1, 


vE Sa 


Consider now the log vector 


log(c’) = (. .., log lleoll, st )vE Se 


Since the log vectors of units form a lattice of maximal rank in the hyper- 
plane of vectors such that the sum of the components is 0, it follows that 
there exists a unit u such that 


llog(c’) — log(u~")| < e3(k) 


for some constant c3(k). The absolute value is the ordinary norm of a 
vector in Euclidean space. From this we conclude that log(uc’) is a vector 
of bounded length, i.e. that there exist constants C4,C5 > 0 such that 


C4 & |uci|, S cs 


for allve S.. We get the assertion of the lemma by substituting the 
definition of ¢’. 
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We let 
Ax( 00) = I] Ky: 


vE Sa 


We can identify this product with R%, because we have a product of r, 
copies of the real numbers, and rz copies of the complex numbers. If » 
is complex, we fix an isomorphism of k, with C. (We have a choice of two 
such isomorphisms. ) 

Each nonzero ideal of o; is a lattice of rank N in this Euclidean space, 
if we view vo; as embedded in the natural way on the diagonal. The 
inequalities imposed by our M,-divisor at absolute values ve S., can be 
viewed as determining a region in this Euclidean space, and our problem 
has therefore been reduced to the following. 

Given a lattice L of rank N in Euclidean N-space, show that under 
certain circumstances, the number of lattice points in a parallelotope is 
approximately equal to the volume of the parallelotope. This is precisely 
what we shall do. | 

Let £1,..., &v be linearly independent vectors in R”. The abelian group 
generated by them is a lattice. By definition, a fundamental domain 
for the lattice is any (measurable) set such that every vector of R” is 
congruent to exactly one vector in the set modulo the lattice. For funda- 
mental domain, we shall always select the set F of points 


tf; +--+: +tvén 


withO $ ¢; < 1. 
If cis an M,-divisor, we denote by P, the set of vectors x in 


IL * = R” 


ve Soa 


such that 
lz) Se forallveS, 


and call P, the parallelotope determined by c (at infinity). . 

Let n(c) be the number of translations F, of F which are contained in 
P. for some x € L. . 

Let m(c) be the number of translations F, of F which intersect P, for 
some x € L. 

Let l(c) be the number of lattice points in the parallelotope P,. Then 
clearly 


n(c) Vol(F) S Vol(P,) S m(c) Vol(F) 


where Vol means volume in Euclidean space. 
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The only lattice point in F, is x itself. Thus 
n(c) S l(c) S m(c). 


We shall now prove a theorem concerning any lattice in R’. 


Theorem 2. Let c range over M,-divisors such that for all v € S. we have 
ce Vol(P,) !* Sc, S e7 Vol(P,)'%, 


with constants cg, cz > 0. Let L be a fixed lattice in RY. Then, whenever 
Vol(P.) > c’, we have 


Vol(P,) 


sae ” 1—1/N 
L(c) = Vol(F) + c’’ Vol(P,) ‘ 


with constants c’, c’’ depending only on cg, c7, and L. 


Proof. It suffices to prove that m(c) — n(c) is bounded by a term of 
order of magnitude B!—'/" if we set B = Vol(P,). 

If a translation Ff’, of our fundamental domain by an element z in L is 
not contained in P, but intersects P,, then it intersects the boundary 
of P,. (Namely, the line segment between a point in F, N P, and a point 
in F, but not in P, is contained in the convex set F, and crosses the 
boundary of P,.) We can write 


Pics Ti, Dy; 


vESa 


where D, is the closed interval or the closed disc of radius c,, according 


as v is real or complex. Then the boundary of D, consists of two points 
or acircle, and 


OP, = U | @Dv. X IT D.|- 


v9E Sa V#VO 


The dimension of the boundary is therefore N — 1. It will now suffice 


to give an upper bound of the desired kind for the number of translations 
F. which intersect each 


dD.,X I] Dy 


V#¥VU 


because there are at most N such terms in the union. This will be done 
by parametrizing the boundary by a map having suitable partial deriva- 
tives. We recall that if ¢ is a differentiable map with derivative ¢’, then 
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for any two vectors y, 2 we have 
ley) — ef2)| S lel ly — al, 

where | | is Euclidean norm, and |¢’| is the maximum of the norm of the 
derivative of yg on the segment between y and z. (This is the mean value 
theorem. ) 

We parametrize P, by a map 

eg: IN > P, 


sending the N-cube with sides of length equal to 1 onto P, as follows. 
If v is real, we map 


tr>2,(é—4), OSt<1 
and if v is complex, we use polar coordinates, and map 


1 
1. 


U 


(u, )) aad (cyu, 276), 6 


IA HA 
IA IIA 


Each partial derivative of go is then bounded by c, times a constant 
(2 or 27), and hence there is a constant cg (= 2m7Nc7) such that 
lo’| S cgBU%. 

The boundary of P, is then parametrized by the (N — 1)-cube J¥—!. 
If we cut each side of JY—! into [B'/"] segments of equal length, we get 
a decomposition of J” —! into 


[Bay = 


small cubes, of diameter < (N — 1)‘/?/[B¥]. The image of such a 


small cube under ¢ has diameter 


1/2 
< (N-1)" 
= [BI 
Cg. 


cg BUN 


IIA 


The number of translations F, (x € L) which meet a region of diameter 
< cg is bounded by a constant c;9 depending only on cg and the diameter 
of F. Thus the image of a small cube under ¢ meets at most cio translates 
F, of F by lattice points. Since we have [B‘“Y—"/%] small cubes, we see 
that o(I%—!) meets at most cio[B ~"] translates of F. The boundary 
of P. consists of at most N pieces, each of which can be parametrized as 
indicated. This proves our theorem. 
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The next lemma determines the volume of the fundamental domain of 
an ideal a of 0; viewed as a lattice in Euclidean space 


R” = [I kh. 


vESa 


Lemma 2. Let a be an ideal of the ring of integers of k, and let F be a 
fundamental domain of a, as lattice in RY. Then 


Vol(F) = 27"*|Dyja(a) |!" = 2-Nav/|Dil. 
Proof. The ideal a has a basis ay,..., aw over Z. 


Let o1,...,0,, be the real embeddings of k. Let 71,...,7,, and their 
conjugates be the complex ones. Each a in k maps on the vector 


(71a, ..., 07,0, 710, ..., Tr @). 


Let us write 


Tja = Xj -- V—l1 Yj) 
where (x;, y;) are real coordinates in the complex numbers C. Thus 
T jy = ty +V—1 yy, y=1,...,N. 


The discriminant of a as a module over Z is the square of the determinant 


O11 oe O1AN 
° . T1 
ir+Yit .-- tint tyin I, 
e e 2 
ti1— Yi... Lin — 1Y1N | 
‘ P To 


Adding the last set of rz rows to the middle rows, and then subtracting 
again, we see that this determinant, up to a sign, is equal to 


O10, ... Gian 
Ore U11 Sas TiN 
Yi1 +++ Yin 


and the determinant obtained here is the determinant of a set of basis 
vectors for a as a lattice in R” having all their components in the direction 
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of the canonical unit vectors of RY. Thus we obtain 


V/|Dijo(a)| = 2" Vol(F) 
as desired. 


We can finally show how Theorem 2 implies Theorem 1. We had seen 
that we could assume our M,-divisor such that the condition of Theorem 2 
was satisfied, and also such that its associated ideal a is one of a finite 


number of representatives of the ideal classes. 
For any M;,-divisor c, we find 


Vol(P:) = TT (eo) TT (aree) = 2%n" TT co 


vrea v complex vESa 
Vol(F) = 2~7Nav/|D,,| 
whence 


Vol(P.) = 227)? 
Vol(F) [Dali lel 


thereby proving Theorem 1. 


§3. A volume computation 


We begin with some remarks on convex bodies in Euclidean space R”. 
We let u be the ordinary measure in R”. 
A subset C of R% is said to be convex if, whenever x, y are points of C, 
then 
te + (1 — Zt)y, Ositsl 


also lies in C’ (in other words, the line segment between x and y lies in C). 
We say that C is symmetric (with respect to the origin) if  € C implies 
—xze€el. 


Theorem 3. Let L be a lattice of dimension N in R%, and let C be a 
closed, convex, symmetric subset of RX. If 


u(C) = 2%n(F), 
where F is a fundamental domain for L, then there exists a lattice point ¥ 0 
nC. 


Proof. We shall first prove the theorem under the assumption 
u(C) > 2%u(F). | _ 

Under this assumption, we contend that there exist two distinct 
elements in }C whose difference is in L. Indeed, if not we have 


ic = UJ (4C 2 F;) (disjoint) 


zEL 
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and 
u(sC) = Do (SC 2 F;) 


2zEL 


= >) u((4C)_2 NF). 
zEL 


But u(4C) = 1/2% -u(C). Hence the sets (4C)_. M F cannot be disjoint 
(otherwise the assumption on the measure of F would be contradicted). 
This means that there exist two vectors y1, ye € C such that 


5Y1 +21 = FY2+ 22 


with suitable x;, x2 in L, and x; ¥ x». This proves our contention. 

This gives $(y1 — yo) EL. But yoEC implies —y2g EC, and so 
3(y1 — Yz2) lies inC by convexity, as desired. 

Suppose that u(C) = 2%u(F). For every e > 0, 


u((1+e)C) > w(C) = 2%u(F), 


and hence there is a lattice point in (1+ 6)C. Letting € tend to 0 shows 
that one of these lattice points must be in C. 
Our next task is to compute a volume. 


Lemma 3. Let 


R” = JJ &,, 


VE So 


where k, ranges over the reals taken r; times, the complex ra times, and 
N = 11+ 2rg. For each number a > 0, let A be the convex region deter- 
mined by the inequality 


>» Nile) < a 
vE Se 
and denote tts volume by V,,,,,(a). Then 


T14— r 1 
Vy ,rg(@) = 24 "2(27r) - N! a. 
Proof. To begin with, it is clear that 


Vry,.7r2(@) == aN V,, (1), 
because 


>: N lz, = lz, Seo ee ae lz,,| 
vESoa 
+ [eral + [Zale ++ + lerare] + [Zp +rel- 


The complex variables z,,41,..., 2r,4r, Will now be replaced by polar 
coordinates. 
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We wish to find V,,,,,(1). Use polar coordinates (u;,6;) with 
0 < 0; S 27 and 0 S u,; to describe z;. We have 


V,,r.(1) 
= ioe °° Uri tre duy,::: dur, AUr, +1 ei dur, +1 dO, 41 aie Abr, 4-499 


the integral being taken over the region 


|w4| + Sih + |u| + QUr 41 + ne hing + 2Ur +15 =. 


Restricting the region of integration so that u; = 0 for all z multiplies the 
integral by 2"1. 
We make the change of variables 2u,=w,, 2du;=dw, for 
my+1sj 8713+ 72. The integral becomes 
27147"2(27r)"2W,,, ,r(1), 
where 


Wy,r9(b) = ie 8 Un tre AU + + Ar +49; 


the integral taken over the region u; 2 0 for all 7, and 


Uy tet Urjare = b. 
But 
Wiro(b) = DYW,,,7,(1). 


We can split off the integral over du, between 0 and 1, and write the 
integral 


1 
W,,,7.(1) = [ W,,—1,7r.(1 nea U1) du, 


1 
—— N W;,-1,7r,(1), 


performing a trivial integration on wu, and using the homogeneity. By 
induction, we get rid of the first set of variables and get 


1 


Wael) = FO) Wont) Wo,r,(1). 


In a similar way, we get 


Worl) = f° 4 — 4)? dW, 1), 
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which, after performing the integration and using induction, 1s 


1 


Wo, o(1) = (2ra)! : 


= Gai )! 
This yields 


1 
W,,,r.(1) = N! 


whence the desired value for V,,,,, drops out. 


84. Minkowski’s constant 


Let k be of degree N over Q and let a be an ideal of the integers oz, 
viewed as a lattice in RY. We select the number a in Lemma 8 such that 
the region of that lemma has volume at least equal to 2” times the volume 
of a fundamental domain for a. We denote by d, the absolute value of 
the discriminant D;,. Then the value of a such that 


N = N14"7-"Ng d}!? 


will achieve our purpose, in view of Lemma 2, §2. By Theorem 3 there 
exists a lattice point in the region of Lemma 3. This means that there 
exists an element a € a, a ¥ 0 such that 


loya| + ---+ onal S a 


The geometric mean being bounded by the arithmetic mean, we get 


ING(a)|2/% < loa zee fs lona| 
— N ) 
whence 
aN NI 
INo(@)| = NN = = Fy 42m "Na dh!?. 


We have a factorization of ideals, 
(a) = ab, 
where 6 is an ideal. Hence 
[N6(e)| = NaNb. 
Canceling Na, we have: 


Theorem 4. In any ideal class, there exists an ideal b such that 


Nb S C,d}’?, 
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where C;, 1s the Minkowski constant: 


N! (4\" 
c= eg) 
Corollary. The absolute value of the discriminant d;, is > 1. There is 


at least one prime ramified in k. 


Proof. We have Nb 2 1 whence 


2r 2N N 2N 
dx = (3 ; NS = a NS , 
— \4 (N!)2 ~ \4/ (N)2 
If N = 2, then we obtain at once d > 23> 1. Our assertion will be 
proved if we show that the sequence of numbers 


a Nt 

4] (N)!2 
is monotone increasing. Taking the ratio of two successive numbers, a 
trivial computation proves what we want. 


I copied the following table of values for the Minkowski constant in 
a course of Artin around 1950. 
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For large N, we see that d, = (1/N)(me?/4)%. 

We conclude by an example of which Artin was very fond. Consider 
the equation f(X) = X° — X +1. The discriminant A of a root of 
X5+ aX + bis 5°b* + 28a°. In this special case, 


A = 2869 = 19- 151. 


Each prime factor occurs to the first power. 

Let a be a root of f(X) and k = Q(a). Then a is integral over Z. Since 
f(X) is irreducible mod 5, it is irreducible over Z (or Q) and k is of degree 5 
over Q. The discriminant of Z[a] as a module over Z has no square factors. 
Hence it must be equal to D(o;), because it differs from D(o,) by a square. 
Hence Z[a] = 0, by Proposition 10 of Chapter ITT, §3. 

It is not difficult to show that the Galois group of the polynomial is the 
full symmetric group. Hence the splitting field K has degree 120 over Q. 

By the Minkowski theorem, every ideal class has an ideal b such that 
Nb < 4 (using the value for the Minkowski constant in the table and 
trivial estimates). Since Nb is an integer, it is either 1, 2, or 3. If Nb = 1, 
the only possibility is that 6 is a prime ideal p with Np = 2 or 3. This 
would mean that the residue class field 0,/p has degree 1 over Z/pZ and 
hence that f has a root mod 2 or mod 3. This is impossible (direct compu- 
tation), and hence the only possibility is that No = 1. But then 6 = (1) 
and (oh miracle!) every ideal is principal. The ring of integers is a prin- 
cipal ideal ring. 

As Artin noticed, it can be shown that the splitting field K is unramified 
over the extension Q(vWA) = Q(V/19 - 151). 

Artin’s example also gives an example of an unramified extension whose 
Galois group is the icosahedral group. As he once pointed out, given any 
Galois extension K of a number field k, with group G, there exist infinitely 
many finite extensions F of k such that K 0 E = k and KE is unramified 
over E. To obtain such £, it suffices to construct an extension which 
absorbs locally all the ramification of K (this puts a finite number of 
conditions on E, which can be realized by the approximation theorem), 
and one must insure that EM K = k. To do this, one can for instance 
use the existence of primes and density theorems proved in a later chapter. 
We leave it as an exercise. 

As a final application of the Minkowski theorem, we shall prove: 


Theorem 5. If k 1s a number field, denote by Nj, and d; the degree [k :Q] 
and absolute value of the discriminant respectively. Then the quotient 
N;./log d; ts bounded for all k # Q. Furthermore, there exists only a finite 
number of fields k having a given value of the discriminant. 


Proof. The first assertion follows from a trivial computation involving 
the inequality of the Corollary to Theorem 4, and the standard estimate 


122 PARALLELOTOPES [V, §4] 


from Stirling’s formula 
N! = NNe™ V/2nN 812N , 0 <0 <1. 


We leave it to the reader. This shows that the degree is bounded when 

the discriminant is bounded. Hence to prove the second assertion, we 

must show that there is only a finite number of number fields k having 

given degree N and given absolute value of the discriminant d. 
Consider Euclidean N-space 


RY = JI k,. 
vESa 


Suppose that there is at least one complex absolute value vo. Consider 
the domain defined by the inequalities 


ES as Zu, = Cyd‘? 
|Z = | < 4 
zo] < 4, v # U9, 


where C’; is a large constant, depending on N. Here we denote by z, an 
element of k, identified with C or R as the case may be. 

Then our domain is convex and symmetric with respect to the origin. 
Consequently it must contain an element a ~ 0 in ox. Since the norm 
of a has absolute value 2 1 (being a non-zero rational integer), it follows 
from the first inequality that the absolute value of the imaginary part of a 
is greater than 1. Hence the two conjugates of a corresponding to vo are 
distinct. Furthermore, a is distinct from any other conjugate, since 
already its absolute value at vo is distinct from its absolute value at 
v ~ vo. Hence a is a generator for k over Q. Its equation over Z has 
coefficients which are elementary symmetric functions of @ and its con- 
jugates, and are therefore bounded as a function of d and N. Hence such 
a can satisfy only a finite number of equations over Z, thereby proving 
our theorem if there is a complex vo. If all absolute values are real, the 
proof is even easier, since we can replace the first pair of conditions 
simply by |z,,| < C,d'” and argue in the same way. 


Corollary (Hermite’s Theorem). Let S be a finite set of primes. There 1s 
only a finite number of fields k of bounded degree over Q, and unramified 
outside S. 


Proof. For each prime p €S there is only a finite number of extensions 
of Q, of bounded degree, and for such extensions, the discriminants are 
bounded. This immediately implies a bound for the global discriminants, 
and we can apply the previous result to conclude the proof. 


CHAPTER VI 
The Ideal Function 


S1. Generalized ideal classes 


Let k be a number field, and let J denote the multiplicative group of 
non-zero fractional ideals. Let P be the subset of principal ideals. If 
a, b are fractional ideals (which we say from now on, instead of non-zero 
ideals, unless otherwise specified), then we write a ~ 6 (a is equivalent to b) 
if there exists aek* such that a = («)b, i.e. ab~! is a principal fractional 
ideal. Then the equivalence classes of fractional ideals form a finite group 
(as we saw in Chapter V, §1), which we call the ideal class group. Its 
order is usually denoted by h, and is called the class number of k. 

We shall now refine the notion of ideal class group. By a cycle (of-k) 
we shall mean a formal product 


= m(v) 

where v ranges over the normalized absolute values of k (inducing the 
ordinary absolute value or a p-adic absolute value on Q), with exponents 
m(v) which are integers = 0, and such that m(v) = 0 for all but a finite 
number of v. Thus we are interested in assigning a multiplicity = 0 to 
each absolute value. Actually, we shall not care about the complex », 
and if v is real, then we only care whether m(v) = 0 or m(v) > 0. Thus 
for our purposes, we could take m(v) = 0 or 1 in case v is real, and leave 
out the complex v altogether. 

From a notational point of view, the literature extends the notation p 
to apply to the archimedean absolute values in M;, and also to say that 
such v are “primes”, or “primes at infinity”. 

We shall avoid this, and reserve p to denote (non-zero) prime ideals 
of o. If v = », for some prime p, we do however also write m(p) instead of 
m(v). We write plc or v|c if m(p) [or m(v)] is > 0, and we also say in that 
case that v (or p) divides c. We call m(v) the multiplicity of vin c. We let 


denote the local v-component of ¢, if p corresponds to ». 
123 
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We denote by co the product 


co TT 9% 
pF V0 
taken over all prime ideals p, and call it the finite part of c. 

We let I(c), or I(k, c), or I,(c), denote the set of fractional ideals rela- 
tively prime to co (or as we shall also say, prime to c). Thus I(c) is the set 
of fractional ideals not divisible by any prime ideal p having a multipli- 
city > Oinc. 

Next, we introduce a subgroup of k* as follows. If a € k*, we define 


a=1 (mod* c) 


to mean that a satisfies the following two conditions: 


(i) If p is a prime ideal with multiplicity m(p) > 0, then a lies in the 
local ring oy, and 


a=1 (mod m,), 


where my, is the maximal ideal of o,. Symbolically, we also write 
this congruence in the form 


a=1 (modo). 


(ii) If » is a real absolute value in M; having multiplicity m(v) > 0 
in c, and a, is the corresponding embedding of k in R, then 


a,a > 0. 


It is clear that those elements of k* satisfying (i) and (ii) form a group, 
and we denote this group by k,. We observe that elements of k, are neces- 
sarily p-units if p is a prime dividing c. [As a matter of notation, we write 
X(c) to denote the subset of X consisting of those elements prime to ¢, 
and X, to denote the subset of X consisting of those elements satisfying 
the congruence relations (i) and (i1).] 

We denote by P, the subgroup of P consisting of those principal frac- 
tional ideals (a) with a € k,. Then it is clear that P, is a subgroup of I(c). 
The factor group I(c)/P, will be called the group of c-ideal classes. We 
shall see in a moment that it is finite, and has the ordinary group of ideal 
classes as factor group. If ¢c = 1, we agree to the convention that I(1) = I 
is the group of fractional ideals, and Py = P. 

First, we observe that every ideal class in I/P has a representative in 
I(c), i.e. has a representative ideal prime to c. To see this, let a be an 
(integral) ideal in a given class mod P. If ord)a = r(p) fora prime ideal 
plc, we solve the congruences 


a= re (mod pn) 
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for plc, using the Chinese remainder theorem. We use the notation 7, for 
an element of order 1 at p. Then a(a~') is prime toc. Again using the 
Chinese remainder theorem, we can multiply a(a—*) by a suitable alge- 
braic integer in k, prime to c, to make it an ideal (i.e. not fractional). Thus 
the inclusions 

Itc) wl 


| | 
PnI(c) ~P 
induce an isomorphism of factor groups 
(1) I(c)/P(c) ~ I/P, 


where P(c) denotes the group of principal fractional ideals prime to c, 
so that 


P(c) = PN Ic). 
We note that P(c) contains P,, and we have the tower of subgroups 
I(c) > P(e) D P.. 
We therefore have a surjective homomorphism 
I(c)/P, > I(c)/P(c) = I/P. 


Its kernel is P(c)/P,, which we shall now analyze. 

We have the surjective homomorphism k* — P, which to each a € k* 
associates the principal fractional ideal (@). Its kernel is the group of units 
U. Similarly, if k(c) denotes the subgroup of k* consisting of those ele- 
ments whose ideal is prime to c, then we have a surjective homomorphism 


k(c) — P(c) 
given by 
at (a). 


The inverse image of P, is precisely the subgroup Uk,, where U denotes 
the group of units of k, thus giving rise to the diagram 


k(c) > P(c) 
| | 
Uk, P, 
and the isomorphism 
(2) k(c)/Uk, = P(c)/P.. 


Let R* denote the multiplicative group of real numbers > 0. If visa 
real absolute value, then k," = Rt, and k¥/k* = {1, —1}. For plco let 
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m(p) be its multiplicity. We consider the map 


(3) k(c) > TI (0,/my)* x T] ke /kt 
Pleo vie 
vreal 


which to each a € k(c) associates its residue class in the corresponding 
factor. If pis a prime ideal, then (o,/m?’®)* is the group of units (invertible 
elements) in the residue class ring 0,/m;'. Using the approximation 
theorem, one sees at once that our map is surjective, and from the defini- 
tions, it follows directly that its kernel is precisely k,. Thus we have a good 
description of the factor group k(c)/k, as a direct product of local factors 
shown in (38). 
As in the rational case, we define the Euler y-function. We let 


yp(Co) = order of the group (0,/m;)* 
and 


o(to) = II %»(Co). 
It is clear that 
vp(Co) = (Np — 1)Np™—?. 
We already see that I(c)/P, is finite, and the order of k(c)/k, is given in 


terms of the Euler function. 
Finally, we have the tower 


k(c) > Uk, D k,, 
and we look at the factor group 
(4) Uk./k, = U/(U nk.) = U/U,, 


where U, consists of those units = 1 (mod* c). In the above manner we 
have unscrewed the group of c-ideal classes into various constituents, 
which in particular allow us to write down a formula for its order. For 
clarity, we write down the diagram of what we have done. 


I(c) > I 


| | 
k(c) ~ P(e) ~ P 


U — Uk. P. 


| | 
Conk, 


Two opposite vertical bars represent isomorphisms of factor groups. For 
each horizontal arrow, the group on the left is the inverse image of the 
group on the right under the corresponding homomorphism. 
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Theorem 1. The group of c-ideal classes I(c)/P, 1s finite. If h is the 
class number of k, and h, is the order of I(c)/P., and s(c) ts the number of 
real v|c, then 
— he(co)2° : 

© (U:U,) 


It is a reasonable convention to define 


o(c) = (co) 2°, 


so as to include the archimedean v into the definition of the Euler function. 
Then we can write 


_ hel. 
he = THUD 


We note that U, being of finite index in U, it has also 


r=7r,+re—l 


independent units, and the additive group of “log vectors” of elements 
of U. is a lattice in R’. 

If {€,,...,€,} are independent units generating U modulo roots of 
unity, and if {n1,...,,} are independent units generating U, modulo 
roots of unity, then the logs of these units respectively generate lattices 


in R’, denoted by log U and log U, respectively. We can define the 
c-regulator Ff, by 


R, = |det(log| ojn.|**)|, 


withi=1,...,randj=1,...,7r. Just as the regulator R can be 
interpreted as the volume of a fundamental domain, so can we interpret 
F, as the volume of a fundamental domain for log U, in R’. 


Example. We conclude this section by an example which is in some 
sense “typical”. Let k = Q. Each prime ideal is represented by a prime 
number p, and we let v,, denote the real absolute value. Let m be an 
integer >1, representing an ideal (m), and let ¢ = mv. Then Uny_ 
consists of 1 alone. The group I(c) consists of those ideals prime to m, 
and Qin», consists of those positive rational numbers « such that 


a=I1 (mod* m). 


Any class of I(mv.)/Pmy,, can be represented by an arithmetic progression 
of positive integers prime to m. The generalized ideal class group is iso- 
morphic to (Z/mZ)*, namely the multiplicative group of integers prime 
to m, mod m. Thus we can view our generalized ideal classes as generaliza- 
trons of arithmetic progressions in number fields. 
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§2. Lattice points in homogeneously expanding 
domains 


By a lattice in R¥, we mean as usual a discrete subgroup of rank N. 
Let L be such a lattice, and let D be a subset of RY. We denote by dD 
the boundary of D (set of points in the closure of D, not lying in the 
interior). We let ¢D denote the set of points tz, for £@ R and x € D. 
Then 0((D) = taD. We are interested in an asymptotic formula for 
the number of points of LintD. To get this, one has to make some assump- 


tion on the smoothness of the boundary, as follows. Let S be a subset of 
some euclidean space. A map 


g:S > RY 


is sald to satisfy a Lipschitz condition if there exists a constant C such 
that for all x, y € S we have 


lo(x) — efy)| S Clix — yl. 


Let I* denote the unit cube in k-space, that is the set of points 
(z1,..., 2x) withO < a; S 1. A subset T of R” is said to be k-Lipschitz 
parametrizable if there exists a finite number of Lipschitz maps 
y;: I* > T whose images cover T. 


Let w1,...,@y be a basis for the lattice L over Z. The set F of all 
points 


tym, +:---+ tyan, (0 St; < 1) 


is a fundamental domain for L. Then the translations F, of F by 
elements /¢ LZ cover R™ and are disjoint. Every element of R* has a 
unique representative in F modulo L. 

We let Vol denote volume in N-space. 


Theorem 2. Let D be a subset of R™ and L a lattice in R%, with funda- 
mental domain F. Assume that the boundary of D is (N — 1)-Lipschitz 
parametrizable. Let X(t) = X(t, D, L) be the number of lattice points 
intD. Then 


Vol(D) N-1 
Vol(F) ¢ + Of), 


A(t) = 


where the constant in O depends on L, N, and the Lipschitz constants. 


Proof. If a point 1 € L lies in tD, then F; intersects tD. Furthermore, 
either F) is contained in the interior of D, or F; intersects the boundary 
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of tD. Let: 


n(t) = number of / € L such that 1 € iD. 
m(£) = number of J € L such that F; C interior of ¢D. 
b() = number of 1 € L such that F; intersects atD. 


Then 
m(t) S n(t) S m(é) + bd), 
and 
m(t) Vol(F) S VoltD S (m(t) + b(t)) Vol(F). 
Hence 


mt) Sve” < mo) +400, 


and to conclude the proof, it suffices to estimate b(t). Let y: JY~! > RY¥ 
be one of the parametrizing maps for a piece of the boundary of D, with 
Lipschitz constant C. Then tg parametrizes a corresponding piece of dtD. 
Let [t] denote the largest integer < t, as usual. Cut up each side of the 
unit cube J” —* into sides of length 1/[t]. We then get [¢}’—! small cubes. 
The image under ¢ of each small cube has diameter S$ C,/[t], and hence 
the image under ty of each small cube has diameter < Cy. The number 
of /€ L such that F; intersects the image of such a small cube under ty 
is then bounded by C’, where C’ is a constant depending only on L and C. 
Hence 
b(t) < CN. 


This proves our theorem. 


§3. The number of ideals in a given class 


Let If be the group of fractional ideals of k, and P the subgroup of 
principal fractional ideals. We are interested in an asymptotic formula 
for the number of ideals a in a given class of J/P such that Na < #, for 
t—> o. More generally, we want such a formula for the ideals in a gen- 
eralized class of I(c)/P, for some cycle c. We begin by sketching the 
argument in the simplest case. We let a, 6 denote ideals (not fractional). 

Let & be a given ideal class mod P, and let 6 be an ideal in the inverse 
class. For each ideal a € &, the ideal ab is then a principal ideal (£) con- 
tained in b (because we took a to be an ideal, soa C 0). We have 


Na S¢t ifandonlyif N(ab) = N(£) S Nb-t. 
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Elements a, 6 of k are called equivalent if there exists a unit uw such that 
a= uf. Let j(R,¢) be the number of ideals a € ® such that Na < t. 
Then j(8, é) is the number of equivalence classes of elements § € b, § ¥ 0, 
such that NE = Nb-?¢. Let U denote the group of units. Then U operates 
on the number field k, but we may also view U as operating on Euclidean 
space 
A,(o) = RY = JI &,. 
ve Sa 

(If » is complex, we fix a definite identification of k, with C.) Namely, if 
u & U, and (a,) is in R’, then 


u(dy) = (ou . Ay), 


where o, is the embedding of k in k, corresponding to v. 

Elements £, 7 of R¥ are said to be in the same orbit of U if there exists 
a unit u such that & = uy. 

We can define the norm on RY = A;(), namely if — = (£,), then we let 


Née= [I él? 


ve Sa 


If &, » are in the same orbit of U, then clearly NE = Ny. For § € Az(o) 
we have 


N(ét) = NE. 


We are of course interested in elements — ~ 0 in J, and hence it is useful 
to deal with the subset of Az(0o) given by 


Jy(o) = JI ko, 


vESn 


consisting of those elements having non-zero coordinates at all v € So. 
Then J;(o) is stable under the operation of U, and we can define the 
notion of a fundamental domain D in J;(o), namely a subset such that 
every orbit of U has a unique element in D. We can then say that 7(, @) 
is the number of elements ~ € b such that 


(1) Nit S Nb: and fe D. 


If Y is a subset of A;,(o) and ¢t > 0, we let Y(t) be the subset of Y con- 
sisting of those elements £ such that NE < ¢t. Assume that we are able to 
construct D such that tD = D for every realt > 0. Then 


Dit) = #/" D(1). 
With this notation, our conditions (1) are equivalent to the condition 


(2) t € D(Nb - 2), 
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and we get the fundamental formula: 


j(®, t) = A((NB- t)*/¥, Dd), 5). 


In other words, the number of ideals a € ® such that Na S ¢ is equal to 
the number of points of the lattice 6 lying in the domain 


(Nb-¢)/* D1) = D(NB- 2d). 


This reduces the problem of computing 7(, #) to Theorem 2, §2, provided 
that we can construct D(1) so as to satisfy the hypothesis of that theorem 
(that is, Lipschitz parametrizable boundary). 

For convenience, it is easier to construct a fundamental domain for a 
free abelian subgroup of the unit group (.e. disregard the roots of unity). 
If we do that, and count the number of points of the lattice 6 in such a 
domain, then we get w : 7(, t), where w is the number of roots of unity in k. 

The whole discussion can be applied more generally to ideal classes of 
I(c)/P, as follows. We shall prove: 


Lemma 1. Let c be a cycle of k. Let V be a free subgroup of U, which 
generates U, modulo roots of unity. Let J,(0,c) be the subset of J, (0) 
consisting of those & such that &, > Oif vis real, v\c. There exists a funda- 
mental domain D for the operation of V on J;(,c) such that tD = D 
if t > 0, and such that D(1) has an (N — 1)-Lipschitz parametrizable 
boundary. 


Let us postpone for a moment the proof of Lemma 1. Let & be an ideal 
class of I(c)/P., and let j(®, t) be the number of ideals a E & such that Na < t. 
Select 6 € R—'. The map 


arab = (£) 


establishes a bijection between ideals of a € R, and U,-equivalence classes 
of elements é satisfying the pair of conditions: 


=1 (mod* oc), £=0O (mod B). 
If w, denotes the number of roots of unity in U,, then we see that: 


W.J(K, t) 1s equal to the number of elements £ satisfying 
feb, 
£ = 1 (mod op), 
E © D(Nb-t) = (Nb: 2)" D(1). 


We wrote = 1 (mod co) rather than £ = 1 (mod* c) because our third 
condition, that & & D, already guarantees that o,¢ > 0 if v is real, v\c, 
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since D is contained in J;,(0,c). The two congruences 
£ = 0 (mod Bb) and £ = 1 (mod ¢g) 


define a translation of the lattice (ideal) beo in RY = A;,(0o), because if 
£9 1s one solution of these congruences, then the map 


Er> —E— ko 


gives a bijection of the set of solutions of these congruences and bro. 
[Note that b, co are relatively prime, and the Chinese remainder theorem 
applies, i.e. z = 0 (mod bcp) if and only if z = 0 (mod b) and x = 0 (mod ¢o).] 
Thus we have shown: 


Lemma 2. Let the notation be as in Lemma 1, and let L be the lattice 
obtained by translating beg by one solution of the two congruences above. 
Then w.j(K, t) is equal to the number of elements of L lying in 


(Nb - t)/" D(1). 


We are therefore in the situation discussed in Chapter V, §2. Observe 
that the volume of a fundamental domain for bcp in R* is the same as the 
volume of a fundamental domain for the translated lattice L. 


Theorem 3. Let c be a cycle of k, and let 8 be a class of I(c) modulo P,. 


Then 
j(®, t) = pt + O(t'~"), 
where 
_ 227)" R, 
S wood, Ne 
and: 


R, ws the c-regulator, 

Ne = 2° Neo, 

s(c) 1s the number of real v\|c, 

w, 1s the number of roots of unity in U,, 

d;, is the absolute value of the discriminant of k. 


In particular, if ® is an ordinary ideal class modulo principal ideals, then 
2 (27) 7h 
wv di 
where R is the regulator, w the number of roots of unity in k, and d; 1s as 

above. 


{(&, t) = p0G), 
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Proof. In Chapter V, §2, we had computed the volume of a fundamental 
domain for the lattice of an ideal beg, and found it equal to 


2—"=NbNeovV dy. 


In view of Lemma 2, there remains only to prove Lemma 1, i.e. construct 
a suitable fundamental domain for V in J;(0,c), and to prove that 


Vol D1) = 2718 areR,, 


We shall essentially follow Hecke to do this. 
We proceed to construct D. Let 
g:Jz(o, 9) ae II R, 


ve Soo 


be the homogenized log map given by 


llEol| 
g(é) = ( ++ log NeW el vere ecke 


As usual, ||é,|| = |&|%». Then we see at once that the image of g is con- 
tained in the hyperplane H consisting of all elements z such that 
>» @y = 2a tee + 247, = 0. 
vE Sea 
Let {11,..., 2} be a set of generators for V and let g(n;) = y;. Then 
{y1;---, Yr} is a basis for a lattice in H, and is the usual image of these 
units under the log mapping, because for any » € V we have Ny = 1. 


We let F be the usual fundamental domain for this lattice in H, namely 
the set of all linear combinations 


C1yi + ee + eryy, O0Sc, <1. 
Let 


D= g"\(F). 


It is immediately verified that D is a fundamental domain for the action 


of V on J;(o,c) and that for any realt > 0 we have tD = D. This last 
condition comes from the fact that 


tell oll 
NCE) NBME 


We note that D(1) is bounded, because for each coordinate &, of an 
element of D, we have 


lé| ss NevNePr 
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where B is a bound for the elements y;. Hence if & € D(1), we have 
[£,| < eB". 


We shall now simultaneously see that the boundary of D(1) is (NV — 1)- 
Lipschitz parametrizable, and compute the volume of D(1). 
For this purpose, we use polar coordinates, namely 


(p:, 43) (@@=1,...,71 +72) 
such that 0 S p; for all 7, and 


é,;= +1 if*7=1,...,7r, but 0; = 1 if v,|¢ 
0s 6; S 27 fi=ry4+1,...,7, +72. 


The inverse image of our domain D(1) in the polar coordinate space is 
described by the conditions 


+72 . 
0< Il pi?’ = 1 
(3) tebe 
log ps — yp log IT pit = Xo eg log long 
i=1 q=1 


with 0 S$ cy < 1 forg=1,...,7. These conditions (3) do not involve 
any of the angles 6;. 

Let us denote by P the set of (p1,..., Pr,4r,) Satisfying 0 < p; and 
also satisfying conditions (3), i.e. the inverse image of D(1) in the polar 
coordinate space. For the Lipschitz parametrizability of the boundary 
of D(1), it will suffice to show that the boundary of P in (r; + r2)-space is 
(r; +r, — 1)-Lipschitz parametrizable. Furthermore, we have 


Vol D(1) = 22m)? f+ [Peta Pritre Pr * Pry tre 


where the integral is taken over P. We change variables, and consider the 


cube S in (r; + 1e)-space with variables (u, ¢1,..., Cr), satisfying the 
inequalities 

<usl 
) Osc, <1. 


We have a bijection f:S — P between this cube S and P, given in one 
direction by 


pj = ull” exp (> Cq log jn) = fj(u, C1, +++ 5 Cr): 
q=1 
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In the other direction, we have 


Ti+T2 re 
Uu= Il pi’, 
=I 


and the numbers c, are uniquely determined by (91, ..., Pr,+r.) because 
the determinant det |o;7_|(j,q = 1,...,7) does not vanish. This deter- 
minant is in fact the R.-regulator, by definition. 

The Jacobian determinant of our map is easily computed. For instance, 
we find 


1 : 
dp;/du = = Ps and 0p;/dcg = p; log |o;74\- 


Hence the Jacobian determinant of f is 


1 1 log loin:| ees log loinr| 


Npr,+1 "** Pritre 1 log \or, 47971 | ate log |Frs-tr9Nrl 


Adding the first r rows to the last after multiplying the j-th row by N;,, 
we find that this Jacobian determinant is equal to 


1 


SD Res 
Pry+1 tee a Pritre 


Hence 


Vol D(1) = 2" (277)? J 2" Ro du = 27 Og” R, 
S 


where p is Lebesgue measure. The volume of the cube S is of course equal 
to 1, and we have computed the volume of D(1) as desired. 

Finally, as to the parametrizability, only the exponent 1/N of u is not 
continuously differentiable. But this is harmless: We just reparametrize 
the cube, letting say u = ul with another variable u,;. We then get a 
continuously differentiable parametrization of the closed cube (compact) 
onto the closure of P, given by 


pj; = Uy exp (> C, log nl) 
q=1 


It follows immediately that the boundary of P is (r; + re — 1)-Lipschitz 
parametrizable, because the boundary of our closed cube trivially has 
this property. This concludes the proof of Lemma 1, and also the proof of 
our main result, Theorem 3. 


CHAPTER VII 
Ideles and Adeles 


In classical number theory, one embeds a number field in the Cartesian 
product of its completions at the archimedean absolute values, i.e. in a 
Euclidean space. In more recent years (more precisely since Chevalley 
introduced ideles in 1936, and Weil gave his adelic proof of the Riemann- 
Roch theorem soon afterwards), it has been found most convenient to 
take the product over the completions at all absolute values, including 
the p-adic ones, with a suitable restriction on the components, to be 
explained below. This chapter merely gives the most elementary facts 
concerning the ideles and adeles (corresponding to a multiplicative and 
additive construction respectively), and their topologies. In each case, 
we prove a certain compactness theorem, and construct a fundamental 
domain. Although we use the existence of fundamental domains later, 
we shall not need any explicit form for them. 

Given any group scheme over the ring of integers »; of a number field, 
one can take its points in the adele ring, and one can try to prove similar 
results. This leads into the arithmetic theory of algebraic groups, and we 
do not deal with it here. Suffice it to say that the ideles turn out to be 
the points of the multiplicative group scheme in the adele ring. 


§1. Restricted direct products 


Let k be a number field. For each absolute value v on k (normalized to 
induce one of the standard absolute values on Q), we have the completion 
k, of k which is one of three types of fields: The reals, the complex, or a 
p-adic field. We call v by the corresponding name. 

The additive group k, (also written k7*) is locally compact, and so is 
the multiplicative group k*. Each one contains a compact subgroup in 
the p-adic case, namely the p-adic integers or the y-adic units which are 
open in ky} and k* respectively. 

We shall now describe a general procedure which allows us to take a 
restricted product of these groups. 

Let {v} be a set of indices, and for each v, let G, be a locally compact 
commutative group. For all but a finite number of », let H, be a compact 
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open subgroup of G,. The restricted direct product of the G, with 
respect to the H, is the subgroup G of the direct product consisting of 
elements all but a finite number of whose components lie in Hy. 

If S is a finite set of indices », including at least all v for which H, is 
not defined, then we denote by Gg that subgroup of G for which all com- 
ponents outside S are in H,. Then 


Gs= [| G.x ][ Z. 


vES vES 


is a direct product of locally compact groups, all but a finite number of 
which are compact. Thus G'g is a locally compact group (product topology), 
and we make G into a locally compact group by decreeing that each such 
Gg 1s an open subgroup. 

Each G, is embedded in G on the v-component, as a closed subgroup. 

The restricted product of the additive groups k, with respect to the 
local integers 9, (defined only when v = », for some p) is called the adele 
group of k and is denoted by A; or simply A. We call Ag the S-adeles. 

The restricted product of the multiplicative groups k* with respect to 
the units U, of 0, is called the idele group of k and is denoted by J;, or 
simply J. (The topology on the idele group is not the topology induced 
on it as a subset of the adeles!) We call J the S-ideles. 

We can embed the number field & in the adeles on the diagonal. Since 
an element a of k is a p-adic integer for all but a finite number of p, and 
since we can view a as embedded in each k,, the vector (a, a,a,...) 18 
an adele. 

Similarly, we can embed the multiplicative group k* in the ideles be- 
cause a non-zero element of k is a p-adic unit for all but a finite number of p. 

We can define the trace on adeles. Let £ be a finite extension of k and 
z an adele of E, zr = (xy), w€ Mg. We define its trace Tr; (x) to have 
v-component 


» Trea): 


wiv 


Then its trace is an adele of k. . 
Similarly, we define the norm of an idele a = (a,) of E to be the idele 
N£(a) whose v-component is 


II N w(aw). 
According to Corollary 3 of Theorem 2, Chapter IT, §1, these definitions 
are consistent with the embedding of k in A and k* in J, and the usual 
definition of norm and trace on field elements. In other words, the fol- 
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lowing diagrams are commutative: 


E> Ag E*> Jz 
Tr | Jj Tr Nn | | MN 
k—> A, k* > Jy 


Theorem 1. The additive group k 1s embedded as a discrete subgroup of 
the adeles A. The multiplicative group k* is embedded as a discrete sub- 
group of J. 


Proof. Leta € k. To say that a is close to 0 in the adele topology means 
that |a|, < 1 for all but a finite number of v and |a|, is very small for a 
finite set of v. By the product formula, this implies that a = 0. Hence 
0 is an isolated element of k in A. It follows that k is discrete in A. The 
same argument applied to an element a of k* close to 1 shows that k* is 
discrete in J. 


S2. Adeles 


We observe that the adeles form a topological ring (with zero divisors) 
if we define multiplication componentwise. If a is an idele and z is an 
adele, then ax is an adele. The map | 


ha: AoA 


given for each idele a by the formula ha(x) = az is a topological linear 
automorphism of the additive group A onto itself. 

Let us denote by S, the set of archimedean absolute values in the 
canonical set of absolute values M;,. 


Theorem 2. We have 
k+Ag, = A. 
The factor group A/k is compact. 


Proof. The first statement means that given any adele x, there exists 
an element a of k such that x — a has integral components at all valua- 
tions v. This is an easy extension of the Chinese remainder theorem, and 
can be done for instance as follows. Given x € A, let m be a rational 
integer such that mz has integral components for all non-archimedean ». 
Let S be the set of primes p of 0, such that p/m. We can find an algebraic 
Integer a in k such that 


mz =a (mod p’) 
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for all p in S and large v, by the ordinary Chinese remainder theorem. 
Then x — a/m will be integral for all p if v is sufficiently large. 
The field k can be viewed as embedded in Euclidean space 


Il ky = R”, 
vESa 
and in that case, the integers 0, form a lattice of rank N = [k:Q] in RY. 
To show that A/k is compact, we observe that given x € A we can 
translate it by an element of k into Ag,. We can then translate an element 
of Ag, by an integer in o, in such a way that the resulting adele has 
bounded components at all v € S, because 0, has maximal rank in RY. 


Hence every element of A/k has a representative in a compact subset of 
As,- This proves that A/k is compact. 


It is in fact easy to construct a fundamental domain for A/k. 


Theorem 3. Let w;,..., wy be a basis for the integers o, of k over Z. 
Let F. be the subset of 


II &. 


vE Sea 


spanned by the vectors Ditjw; withO St; < 1. Then 


i II 0, X Fy 
vE Sa 


as a fundamental domain for A mod k. 


Proof. Given x € A we can bring it into Ag, by translation with an 
element of k, uniquely determined up to an element of 0;,. Restricting the 
components ¢; to lie in the half-open interval as above determines this 


algebraic integer uniquely if we require that the translation have a repre- 
sentative in F. 


S3. Ideles 


In this section we carry out an investigation similar to that of the 
adeles, but applied to the multiplicative ideles. 

We denote by S any finite set of absolute values in M;, containing the 
set S. of archimedean absolute values. 

For each v € Mx, corresponding to a p-adic valuation, we have the 
p-adic integers 0, and the units U, of 0,. Both of these are compact groups. 

Each idele a has components a, € k*, all but a finite number of which 
lie in U,. We define 


llallo = [loll 
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and 


llall = lal = pet al». 


All but a finite number of terms of this product are equal to 1, so the 
product is well defined. Furthermore, the map 
a +> |lal| 
defines a homomorphism 
J—Rt 
of J onto the multiplicative group of positive real numbers. This map is 
obviously continuous, and its kernel is a closed subgroup of J, denoted 
by J°. 
By the product formula, k* is contained in J°, and is a closed discrete 
subgroup of J°. 
There is a natural homomorphism of J onto the fractional ideals of ox. 
Indeed, given an idele a = (a,), each a, lies in ky. If v is p-adic, then we 


can speak of the order of a, at p, namely the integers 7, such that we can 
write 


ay = 7,°U 
with a prime element 7, and a unit uin U,. We let 
ry = ord, a. 


Then r, = 0 for almost all v, and therefore 
Il pordns 
p 
is a fractional ideal, also denoted by (a). The map 


art (a) = IIp"""? 


is a homomorphism of J onto the group of fractional ideals J ky Whose 
kernel is Jg,. | 


Thus we have an isomorphism 
J/k*J 5, ~ I/P, 


where P is the group of principal fractional ideals, and J/P is the group 
of ideal classes. This group is finite, and thus if we enlarge S, to a set S 
which contains enough primes we can find such an S that 


J = k*J 5. 
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An element of k* viewed as an idele is called a principal idele. Its 
associated ideal is a principal ideal. We therefore have an induced homo- 
morphism from J/k* onto the ideal classes. The factor group J/k* will 
be called the group of idele classes and will be denoted by C; (or C if the 
reference to k is clear). It contains the closed subgroup C? = J°/k*. 

Let S be a finite subset of M; containing S,.. Then Jg is an open sub- 
group of J, and J2 is an open subgroup of J°. The intersection 


Js 1 k* 


will be denoted by kg and will be called the group of S-units. It is a 
discrete subgroup of J (obvious), and if S = S,, then kg is simply the 
group of units of the ring of integers o,, namely it is the set of elements 
aék* such that |a|, = 1 for v¢éS,,. The factor group Js/kg is called the 
group of S-idele classes, and is denoted by Cy. We have natural 
inclusions 

Cs > C, c§ > Cc° 


and under these inclusions, the smaller group is mapped onto an open 


and closed subgroup of the larger group. (Immediate verification.) In 
terms of ideles, the first inclusion can be written 


Ig J 
k* Js = ks > k* 
J/kg > J/k* 
and we have a topological and algebraic isomorphism 
J/k*J sg =~ C/Cs. 


If S = S,, then J/k*J gs, is isomorphic to the group of ideal classes (i.e. 
fractional ideal classes), and is finite. Thus for any S, the group 
J/k*J 5 = C/Cg, which is a homomorphic image of C/Cs,, is also finite. 
In particular, k*Js, can be viewed as the kernel of the homomorphism 
of J onto the group of ideal classes. We can interpret k*Js5 in a similar 
way, as the kernel of the homomorphism onto the group of ideal classes 
represented by ideals “relatively prime to S” (in the obvious meaning to 
be attached to these words). 


Theorem 4. The factor group J°/k* = C° is compact. So is J&/kg for 
any finite set S D Sz. 


Proof. Let 
y:J > Rt 


be the map which to each idele a associates y(a) = |la||. Then p(k*) = 1 
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and so w is defined on J/k*. Its kernel is C°. For any real number p > 0, 
we let J?=wW-'(p). Then C® is topologically isomorphic to C°. Indeed, 
if we consider an idele 


ap = (p!%, pie pe 1,1,.. .) 


having component p'/" at allv € S, and 1 otherwise, then ¥(a,) = p and 
c’ — a,C°. It will therefore suffice to prove that C’ is compact for some p. 


Lemma. There exists a constant ci(k) > 0 such that, for p > c, and all 
a & J° there exists an element a € k* such that 


1s |lea|, Sp, allue My. 


Proof. According to Theorem 0 of §1, Chapter V, there exists an element 
a”! € k* such that 


lo~"|, < |al, 


for all v © M;,. This implies 


= |lael|, 
for all v, and also for any 2, 
ie p 
a ol S 4 J 
[low lp = I le aa|| yp 1 == Pp 


as desired. 


If v = », 1s p-adic, then the values ||aa||, are of the form 
, 1/Np, 1, Np, (Np)?,... 


and there is only a finite number of p such that Np S p. We take p > c, 
in the lemma. We can conclude that there is a set S such that 


1 < |laal|, S p, ves 
|jeal|, = 1, v€ 8S. 

Let X be the subset of J defined by these conditions. Then X is of type 
I (annulus in ks) x II U. 


vES 


and each factor is compact. (Each annulus is the annulus between 1 and 
p.) Hence X is compact. In the canonical map 


Se 8 OF 
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the set X maps onto a compact subset of C which contains C’. Hence C?° 
is compact, as was to be shown. The conclusion for J8/kg follows at once. 


We can recover the unit theorem from the compactness of J°/k*, 
without the arguments at the end of §1, Chapter V. We indicate how this 
can be done. 


Given a set S D S,, let s be the number of elements of S. We map 


log: Jg — R® 


by the log mapping, 
(...,@y,.5.) 4 (..., log jlall,, .. oes. 
Then J§ maps into the hyperplane determined by the equation 
Ep tees + & = 0. 


Call this hyperplane H*~'. The group kg maps onto a discrete subgroup 
of R*. Indeed, in a bounded region of R‘, there is only a finite number 
of elements of log(kg). (This is clear, since prescribing a bounded region 
of R* in effect defines bounds on the absolute values of an element of k, 
and hence bounds on the coefficients of the equation which this element 
satisfies over Z.) 


Theorem 5. The image log(kg) 1s a discrete subgroup of rank s — 1 
in H?—}, 


Proof. Note first that H*—' is generated (over R) by log(J8), because 
we can pick s — 1 coordinates in S arbitrarily, and then adjust the last 
coordinate (at an archimedean absolute value v) so that the sum of the 
logs is equal to 0. Let W be the subspace generated by log(kg). We have 
a continuous homomorphism 


J3/ks =? H*—"/W, 


and the image of our homomorphism generates H*—1/W as a vector space 
over R. But this image is the continuous image of a compact set, hence 
is compact. It follows that W = H*—’, thereby proving our assertion. 

The kernel of the log mapping consists exactly of the roots of unity 
in k, because it is a subgroup consisting of elements all of whose absolute 
values are bounded, and hence is a finite subgroup. 

For computational purposes, we shall now describe how to construct a 
fundamental domain for the factor group J/k*. 

We select one absolute value vo in S,, and let S,, be the complement 
of vp in S,. Then the restriction of the log mapping to J§., is denoted by I. 
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We see that 
1: J%, 2 R’ 


maps J2,, onto Euclidean r-space, where r = 7; +72 — 1. The surjec- 
tivity follows from the fact that we can select r components of an idele 
in S, arbitrarily, and then adjust the component at vp so as to get an 
element of J°. 

Let {e;$ (¢ = 1,...,7) be a basis for the group of units modulo roots 
of unity. Then the vectors ((e;) are a basis of R’, and for any b E J%, 
we can write 


with unique real numbers z;. Let P be the parallelotope in r-space spanned 
by the vectors [(e;), that is the set of all vectors 


> 2il (Ex) 


with 0 S z; < 1. Let w be the number of roots of unity in k, and let 


E° = subset of all 6 in 17!(P) such that 0 < arg by, S au 
Let A be the order of the ideal class group, and let b‘?, ... , b™ be elements 


of J° such that their associated ideals represent the distinct ideal classes. 
We then have the following result. 


Theorem 6. The subset E of J° consisting of 
E°p Lise Ey” 
is a fundamental domain for J®° mod k*. 


Proof. Starting with any idele b in J° we can change it into an idele 
which represents a principal ideal by dividing it by a uniquely determined 
b™. Multiplication by a field element brings us to an idele representing 
the unit ideal, and therefore takes the idele into J 8, A change by units 
lands us in J~'(P), and finally multiplication by a root of unity adjusts 
the argument at vp to land us in E°. It is clear that this final representa- 
tive in E° is uniquely determined, thereby proving our theorem. 


$4. Generalized ideal class groups; 
relations with idele classes 


Let ¢ be a cycle of k. If v|c, we may now interpret c, in the completion 
ky, as follows. If v = v, for some prime ideal p, we let m, be the maximal 
ideal in the completion 0, = oy. If v has multiplicity m(v) in c, we let 


— 7M (0) 
Cy — nt, ° 
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Let v = v,. If a Ek, and m(v) > 0, we define a = 1 (mod* c,) to mean 
that a € 0, anda=1 (modc,). If v is real, we define a = 1 (mod* ¢,) to 
mean a > 0. Thus we can extend the notion mod* c to ideles. If a is an 
idele, we define a = 1 (mod* c) to mean that a, = 1 (mod* ¢,), for all v. 

We let J, denote the group of ideles a such that a = 1 (mod* c). Then it 
is clear that k, = J. Nk*. 

For each vic we let W,(v) be the subgroup of k¥ consisting of those 
elements a € k¥ such that a = 1 (mod* c,). If v{c, then we let W,(v) = U,, 
the group of local units. We let 


W. = I] W.v) x [J U.. 
vic vtec 
By convention, if v is real or complex, we let U, = k*. 
Letting IT’ be the restricted product, we can write 
J. = [] W.0) x I ke. 
vie vic 
If v is real, vic, then W,.(v) = R™ is the group of reals > 0. 
If v is complex, then always W,(v) = C*. 
If v is non-archimedean, corresponding to the prime ), and if v has 
multiplicity m > 0 inc, then 


W.(v) = eae my, 


where my, as before is the maximal ideal in the complete local ring 0». We 
may say that W,(v) is a disc of center 1 in the p-adic field. 

It is clear that the collection of W, forms a fundamental system of open 
subgroups of the ideles at the identity. In other words, each W, is open, 
and given an open subgroup of J containing 1, there exists some c such that 
this subgroup contains W,. 

We now consider the relations with idele classes. Any idele class (element 
of J/k*) has a representative idele in J, for any given c. Indeed, given 
aéJ, by the approximation theorem, there exists a €k* such that 
aa EeJ,. (Select a so that a — a is very close to 1 at all v|c, and then 
divide by a.) It follows that we have an isomorphism 


J o/h. = J/k* 


for each c, corresponding to the diagram 
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We have the natural homomorphism 


J. I(c) 


a +> (a) 


_ which to each idele a associates its ideal (a). It is clear that y (= y,) is 
surjective. Furthermore, we have 


UPD) oe kW... 


Indeed, if ac J, and (a) = (a) for some a Ek,, then (a 1a) = (1), 
whence a~'a = bis an idele all of whose components are units. It is clear 
that b = 1 (mod* c), and by definition, b € W,. Thus we have a diagram 


J. & Ic) 


| | 
v”'(P,) =kW,— P.. 


J / KW, ae I(c)/P.. 


Thus the generalized ideal class group has been expressed as an idele class 
group. 

We now consider certain intermediate groups between k,W,. and dis 
corresponding to norm groups of finite extensions. 

Let K/k be a Galois extension. A cycle c of k will be said to be 
admissible for K/k if W.(v) is contained in the group of local norms 
N~Ki for each v and wlv in K. Here we abbreviate 


and an isomorphism 


Nw = Ne 


to be the local norm. Since K/k is Galois, we can also write N, instead of 
N» (because all the w above a given v are conjugate by an element of the 
Galois group). 

If v is archimedean, and wlv in K, we say that w is unramified over v 
if K, = k,. With this convention, if v is any absolute value of M x, and if 
K/k is unramified over v, then every unit in U, is a local norm. This is 
obvious if v is real or complex, and in the non-archimedean case, 1t follows 
from Chapter II, §4, Corollary of Proposition 9. 

We may say that a cycle c is smaller than a cycle ¢’ if c\c’.. There is obvi- 
ously a smallest admissible cycle f for K/k. It is such that for non-archi- 
medean v corresponding to p, the open disc W,(v) is the largest disc in 
U, centered at 1, contained in the local norms at », for all v. Of course, 
if v is unramified, then v / f and this disc is all of U,. 
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Let 9t(c) = N(c, K/k) denote the subgroup of J(c) consisting of all 
norms N*%, where % is a fractional ideal of K, prime to c (i.e. by defini- 
tion, relatively prime to every prime ideal of K lying above some prime 
ideal pic). The subgroup 


Pc) C Lc) 


is of great importance in class field theory. It is useful only if c is admis- 
sible for K/k. In that case, we have: 


Theorem 7. Letc be admissible for K/k, and let { be the smallest admissible 
cycle for K/k. Then the inclusion 


I(c) — If) 
induces an 1somorphism 


I(c) — If) 
I(c)/P Sc) = I(f)/Pis(f). | | 
PI(c) = P,I(F) 


We have PX(f) N I(c) = PMc). If c ts divisible only by the same p 
such that p|f, then POU(f) = PSU). 


Proof. Let a € I(c) be such that a = (a)N{¢b with some 6 in I(f, K) 
prime to f, and some a € k* such that a = 1 (mod* f). We express a as a 
local norm at all v|f, say 


K 
a= Nx,’ Yw 


for wlv, v|f. We can take Y, to be a unit. By the approximation theorem, 
there exists Y € K such that N#7 is very close to a at all v|f. (For instance, 
take Y close to Y,,, for one wo|v, and ¥ close to 1 for the other w\v, and each 
vif.) We can also select ¥ such that ordg Y = —ordg 6 for all B\p, ple, pif. 
Then 


aNEy-} 


is close to 1 at all v|f, Yb is prime to c, and 


a= (aNEY~")Né ((7)8). 


Since a is prime to c, it follows that aN Ky—1 is a v-unit at all vic. We use 
the approximation theorem again, and the fact that every v-unit is a norm 
if vlc but v{f to find an element 7; in K such that 7, is a v-unit for all 
vic, and | 
a, = oNfY NET" 
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is very close to 1 at all v|c, specifically a; = 1 (mod*c). Then 
= (01)Ne ((171)8), 
so that a © PIU(c), thereby proving both assertions of the theorem. 


We are interested also in representing the factor group I(c)/P,3(c) as 
a factor group of the ideles. We have a diagram 


Jo = > Ie) 
| | 
y~*(PI(c)) > P(e) 
| | 
kW so le 
Let Jx(1,c) denote the subgroup of K-ideles consisting of those ideles 
A E€Jx having component A, = 1 at all wlv, and v\c. We contend that 


y—* (Pao) = kW Ned x(1, c). 


To see this, let a be an idele in J, such that (a) = (a)N/Y for some a E k, 
and some ideal 2 of K relatively prime to c. Let A € Jx have component 
A» = 1 for all wlv and o|c, for all archimedean w, and for all wg such that 
$ is relatively prime to Y%. If $ occurs in the factorization of %, we let 
Awg have the same order at ¥ as itself. Then from the definitions, we 
see that 


(NEA) = NEM. 


Therefore (aN A) = (a), and hence aN<A differs from a by an element 
of W.. This proves one inclusion of our contention, and the reverse inclu- 
sion is obvious. We obtain an isomorphism 


J /kW NET KC, () = I(c)/PSU(c). 


On the other hand, corresponding to the inclusion J, C J , we contend 


that 
"NES x NM J ¢ = y—"(PI(c)), 


so that we have the diagram 


J nee» J 
| | 

y~* (PIU) > k*NETK 
| | 


kW. > We. 
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The verification uses the same type of trivial technique as above, and the 
assumption that W. C NiéJx. We leave it to the reader. We then obtain 


an isomorphism of the corresponding factor groups, which we summarize 
in a theorem. 


Theorem 8. Let K/k be a Galois extension. Let ¢ be admissible for K/k. 
Then we have an 1somorphism 
J/K*NEJK = I(c)/PR(). 
The tsomorphism ts induced by the tsomorphism 
J /k, = J/k*, 
followed by the ideal map b +> (b) of J, onto Ic). 


Thus in Theorem 8, to each idele a we first select an idele b in the same 
coset mod k* such that b E J,. We then map b on its ideal (b). We have 
(b) € P9U(c) if and only if ae k*NEJx. In this manner we have repre- 
sented the idele factor group J/k*N¢Jx as an ideal class factor group. 
Observe that the norm map applies to the idele classes, and that 


C,/NECK = Jy,/k*NEJ x. 


Thus the factor group in Theorem 8 can also be viewed as an idele class 
group. We shall study it especially in the class field theory, and we shall 
find that if K/k is abelian, then the Galois group G(K/k) is isomorphic 
to this factor group. We shall also exhibit the isomorphism explicitly. 


Example. If we reconsider the example given at the end of Chapter VI, 
§1, we take k = Q and let K = Q({,,,) be the field obtained by adjoining 
a primitive m-th root of unity to Q. Let c = mv... Then it is easily verified 
that P.dt(c) is simply the unit class in (Z/mZ)*, i.e. is represented by the 
arithmetic progression of positive integers = 1 (mod m). To see this, let p 
be a prime number, p{m, so that p is unramified in K. Let 

(p) = fi... Ds 


be the factorization in K, with p = p,;. Let G, be the decomposition group 
of pin G. Then G, is cyclic, generated by the automorphism o such that 


ga=a? (modp), (a E 0x) 
and o is determined by its effect on {,,, which is 
7 Sm > Fine 


Thus the order of o is the order of p (mod m) in (Z/mZ)*. If f is the local 
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degree, so that Np = p’, then 
fs = o(m) = [K:QI, 
and f is precisely equal to this order. In particular, 
p’ =1 (mod™m), 


thus showing that the norms of ideals prime to c lie in the unit class. 


§5. Embedding of k; in the idele classes 


We consider the idele class group C, = J;/k*. We had embedded the 
multiplicative group of positive reals R* in J = Jx, in §3. Let 
N = [k: Q]. If p © R*, we denote by a, the idele 


a, = (pN, care gps 1, 1, a .) 
or its idele class (to be made clear by the context). The map 
A ie RT e< Cr —C; 


such that 
(p, b) +> a,b 


is then an algebraic isomorphism of the product onto C;, and it is obvi- 
ously continuous. In fact, it is also bicontinuous. This is essentially trivial. 
If an idele class @ is close to 1 in Cy, then it can be represented by an idele 
a close to 1 at a large set of absolute values, and in particular at allv € S,.. 
Thus if ||a|| = p, then a, is close to 1, and a~'@ is close to 1 also, thus 
proving that the inverse of our isomorphism is continuous at 1, whence 
continuous. 

Let v be an absolute value on k. We can embed k* in the ideles, on the 
v-component, namely if c € k¥, then we identify c with the idele 


c=(...,1,1,¢,11,...) 


having c at the v-component, and 1 at all other components. The composite 
map 


ky > J > J/k* = Cy 


is then obviously a continuous injective homomorphism of k* into C,. 
It 1s again verified easily that it is a topological embedding, i.e. is bicontinuous. 
In fact let v be p-adic. We can write k* as a direct product 


cs in} xX Us; 


where {7} is the cyclic group generated by a prime element 7 in ky, and 
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U, is the group of local units in k,. The cyclic group {7} has the discrete 
topology, so that 


ke = ZX Uy. 


If the idele class of an element 7”u (uc U,) is close to 1 in Cy 
then ||7”u|| = ||a”wl|, must be close to 1, and this proves the bicontinuity 
at 1, whence everywhere since our composite map is an algebraic iso- 
morphism between k* and its image in Cx. 

Under the isomorphism of C, with Rt x C?, we see that {7} corre- 
sponds to a discrete cyclic subgroup of Rt, namely the subgroup generated 
by Np, and U, corresponds to a subgroup of C?. Recall that both U, 
and C? are compact. Thus k* is embedded as a closed subgroup of C'y. 

The situation when v is archimedean is similar. If, say, v is complex, 
we write 


ky = C* = R*+x Ci, 


where C, is the multiplicative group of complex numbers of absolute 
value 1. The argument proceeds as before. 

Warning. If S is a finite set of absolute values on k, then one obtains 
similarly a continuous injective map 


II ke — Ck, 


vES 


but this map is not bicontinuous, i.e. is not a topological embedding if 
S has more than one element. 


§6. Galois operation on ideles and idele classes 
Let k be a number field as before, and let 


o:k—-ok 


be an isomorphism. Each v € M; is then mapped on an absolute value 
ov © Mgr, defined by 


ogee eee co x ek, 
or 
pee Yes y Gok. 


Then o induces an isomorphism on the completions, uniquely determined 
by continuity, and again denoted by o, namely 


CO: ee = (ck) oy. 


[VII, §6] GALOIS OPERATION ON IDELES AND IDELES CLASSES 153 


We shall apply this to the case of a finite extension E/k. Consider the 


product 
[J £. 


wiv 


which occurs as a partial product in the adeles of #. (Putting a star on 
E would give the same discussion for ideles.) Ifo is an isomorphism of E 
over k, 1.e. leaving k fixed, then o operates on the above product in a 
natural way, namely if 


A= {Av} wiv Il Ey, 
wiv 
then 
(A) ow = g(a»), 


and thus o induces an isomorphism 


II By ae I] (CE) w’, 
wiv w' |v 
where w’ ranges over those elements of M,z such that w’|v. 
In particular, suppose that K is Galois over k and leto € G(K/k) = G. 
Then o permutes those w € Mx such that wl|v, and hence o induces an 


automorphism 
]] K. - [| Ko. 
wiv wiv 
The group G permutes the factors K, transitively, because the elements 


of G permute the absolute values w|v transitively. The same applies to 
other products taken for w|v, for instance the product 


I] v., 


where U,, is the group of local units in Ky, in the case when » is p-adic. 
This product in that case can also be written 


II Vs. 
Bly 
We shall study this type of operation in greater detail in Chapter IX, §1. 
In the operation of G on such a product as 


Il K Ww) 

wiv 
the subgroup of G leaving one factor K,, invariant is the subgroup Gy, 
1.e. the decomposition group of w, consisting of all ¢ € G such that 
ow = w. We had already considered that subgroup in the context of 
prime ideals, Chapter I, §5. 
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The above discussion applies to ideles, because the ideles of K are the 
unions of the subgroups 


IT «ux I ILU., 


vES wlv v9ES wiv 


where S ranges over finite subsets of M;, and each partial factor taken 
over w|v is G-invariant. 

Finally, we note that G leaves K* invariant, and hence induces an 
automorphism of the idele class group Jx/K*. Since the operation of an 
element o € G on Jx is obviously bicontinuous, it follows that the auto- 
morphism induced by o on Cx is also a topological isomorphism. 

We have natural embeddings A, > Ay and J; —> Jz corresponding to 
inclusions k, < E,,, for w|v. We leave to the reader the verification that 


A& = A, and J% = J;,. For each finite extension E of k we have natural 
homomorphisms 


A,/k > Ag/E and J, /k* = C, ~ J z/E* = Cp. 


Both of these homomorphisms are injective, i.e. are embeddings. Perhaps 
the easiest way to see this is to use the beginning of the exact sequence 
for the cohomology of groups as follows. Without loss of generality we 
may assume that EF = K is Galois over k. Say for the map A;/k > Ag/K, 
the short exact sequence 


0-K-—-Az-Az/K—-0 
gives rise to the exact cohomology sequence 
0 > H°(K) > H(Ax) > H°(Ax/K) ~ H"(K). 


But H'(K) = 0 because K has a normal basis and the representation of 
the Galois group G on K is semilocal, with trivial local component so we 
can apply Lemma 2 of Chapter IX, §1. Since H°(K) = k and H°(Ax) = Ay 
we obtain the isomorphism 


A,/k = (Ag/K)°, 
and in particular we obtain the injection of A, /k into Ax/K. The proof for 
Ji /k =C, > Ch 


follows exactly the same pattern, after using Hilbert’s Theorem 90, i.e. 
the triviality of H'(K*) instead of the triviality of H'(K). 


CHAPTER VIII 


Elementary Properties of the Zeta 


Function and L-series 


§1. Lemmas on Dirichlet series 
We recall the formula for summation by parts. If {a,} and {b,} are 
sequences of complex numbers, and if we let 
Assay ed, and Bo = Bye 0, 
be the partial sums, then 


N 


N-—1 
>»: Andn == Awybn ae > An (bn has bn+1)- 


n=1 n=1 


We shall consider series 


where {an} is a sequence of complex numbers, and s is a complex variable. 
We write s = o + it witha, t real. 


Theorem 1. If the Dirichlet series S\a,/n* converges for some s = 8, 


then it converges for any s with Re(s) > oo = Re(so), uniformly on any 
compact subset of this region. 


Proof. Write n° = n°on“~*o, and sum the following series by parts: 


a 1 
Do ea 


nen 


If Pr(so) = So7,=1 Am/m®, then the tail ends of this Dirichlet series are 
given for n > m by 


sy HL Pals) EE 1 Prn(80) 
15s = “E P85 ee ee 
ae KS Ks—8o ms — so x ral 0) ks- So (k + Le =| (m ea 1)§-%0 
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We have 


1 1 ks 
oe eee ae eget ee ee eee 
i—80 (ke + 1)*—*e (s so) gi —sotl L 


which we estimate easily in absolute value. If 6 > 0 and Re(s) 2 a9 + 64, 
then we conclude that our tail end is small uniformly if |s — so] is bounded. 
This proves the theorem. 


Assuming that the Dirichlet series converges for some s, if oo is the 
smallest real number such that the series converges for Re(s) > go, then 
we call go the abscissa of convergence, and we see that the series con- 
verges in the half plane to the right of the line o = oo, but does not 
converge for any s witha < do. 

If the Dirichlet series converges for s; = 0; + 7¢;, then we must have 


Qn = O(n") 


because the n-th term of the series a,,/n* tends to 0. It follows in particular 


that the Dirichlet series converges absolutely and uniformly or compacts 
for 


Re(s) 2 6, +1-+ 4, 


if 5 > 0. This is immediately seen by comparison with the series )-1/n!*°. 
We shall now derive a similar criterion using an estimate for the partial 
sums of the coefficients of the series. 


Theorem 2. Assume that there exists a number C and o, = 0 such that 
|An| = la, +---+a,]| < Cn"1 


for alln. Then the abscissa of convergence of Dia,/n* 1s S 04. 


Proof. Summing by parts, we find for n 2 m, 


1 
P,(s) — Pm(s) = An “+ e> A.| 2 = 


=m+1 


1 k+1 1 
“+ S Aus | pen O- 


k=m+1 


Let 6 > O and let Re(s) 2 ao; + 6. Then 


k+1 1 k+1 1 
—_—_ ad 
Ax J ce ar C ] rc 


IIA 
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whence taking the sum from k = m+ 1 to o we find 


C [s| 1 
This proves our theorem. 


Let 
t(s)= > -. 


Applying Theorem 2 shows that ¢(s) is analytic in s, defined by the series 
for Re(s) > 1. Namely we have a; = 1 in this case. Furthermore, we 
have for s real > 1: 


I sf taste sit ! 
1 


x8 s—l 


This follows immediately by comparing the infinite sum with the integral. 
Hence for s > 1, we have 


1S (s— 1)¢(s) Ss. 


We shall prove in a moment that ¢ can be continued analytically to the 
line o = 0, and that it is analytic except possibly for a singularity at 
s= 1. The preceding estimate then implies that ¢ has a simple pole 
at s = 1, with residue equal to 1. 

To get the analytic continuation, we use a simple trick, namely we 
consider the alternating zeta function 


oe ee eee 
fo(s) = 1 98 38 


The partial sum of the coefficients of this Dirichlet series are equal to 0 
or 1, and therefore are bounded. Theorem 2 shows that f2(s) is analytic 
for Re(s) > 0. But 


5 ¢(s) + fa(s) = £(6), 


and therefore 
ta(6) = (1 — gr) 10. 


By analytic continuation, this already gives an analytic continuation of ¢ 
to the line o = 0, and we must still show that there are no poles except at 
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s = 1. This is easily done by considering 


—~i,j1 1 (2D) 1 
f(s) = Pree Gay a | Ga pee 
with r = 2, 3,.... Then just as for r = 2, we see that the partial sums 


of the coefficients of £, are bounded by 7, whence ¢, is analytic for 
Re(s) > 0. Furthermore, by a similar argument as before, we get 


es) = gets) 


rs—l1 


From the expression with f), we see that the only possible poles (other 
than at s = 1) occur when 2°~* = 1, or equivalently, when 


for some integer n. Using £3, we see in the same way that the only such 
poles occur at 


gem 271m 
log 3 


= a 


At any such pole we have 3” = 2”, which shows m = n = 0. This proves: 


Theorem 3. The zeta function C(s) 1s analytic for Re(s) > 0 except for a 
simple pole at s = 1, with residue 1. If 6 > 0, the series }'1/n® converges 
uniformly on compacts and absolutely in the region Re(s) => 1+ 6. 


For applications to the L-series, we consider a special case of Theorem 2, 
in which the hypothesis is made more precise. 


Theorem 4. Let {a,,} be a sequence of complex numbers, with partial sums 
A,-. Let 0<o, <1, and assume that there is a complex number p, and 
C > 0 such that for all n we have 


|An — np| = Cn", 
or in other words, An = np + O(n"). Then the function 


f(s) = Lan/n* 


defined by the Dirichlet series for Re(s) > 1 has an analytic continuation 
to Re(s) > o1 where it is analytic except for a simple pole with residue p 
ats = 1. 


Proof. The proof is obtained by considering f(s) — p(s), and applying 
Theorems 2 and 8 directly. 
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§2. Zeta function of a number field 


We have for Re(s) > 1: 


the product being taken over all prime numbers p. To see this, recall 
that if z is a complex number with |z| < 1, then log(1 + z) is defined by 
the usual series. Thus the sum 


Ee (1— 5) 


converges absolutely for Re(s) > 1, and the infinite product converges 
likewise. Expanding out the series for the log, and reordering the terms, 
we find that ¢(s) is given by the infinite product, using the unique fac- 
torization of a positive integer into prime powers. Furthermore, we have 
the expression 


log ¢(s) = DO — 


ae eee 
p.m mpms 


the sum being taken over all prime numbers p and all integers m = 1. 
Observe that the sum 


1 


p.im22 mpms 


converges uniformly and absolutely for Re(s) 2 4+ 6, > 0. Hence 
only the sum 


re 


p P 


contributes to the singularity at s = 1. 


We use the notation f(s) ~ g(s) to mean that two functions which have 
a singularity at 1 differ by a function which is analytic at 1. With this 
notation, we have 


] 
SS Salas ie 
and 


1 1 
log ¢(s) ~ 2X ps ~ log > ° 
Next consider a number field k with [k:Q] = N. If p is a prime ideal 


of k and p|p, and if Np = p/> where f, = deg p is the degree of the residue 
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class field extension, then we have 


Diy SN. 
plp 
We define the Dedekind zeta function 
1 
o.(s) = Il ne 
Py 
Nps 


The sum of the logarithms of the terms yields formally 


1 
log f(s) = DU mNpns 


p,m 


For Re(s) = a > 1, this sum is dominated by 


N 
— = N log ¢(o). 
amp 
Consequently the sum for the logarithms of the terms of the infinite 
product for ¢;,(s) converges absolutely and uniformly foro = 1-+ 6, just 
like the case of {9 = ¢. We can then exponentiate and multiply out the 
product. We find the additive expression 


nn) = Oye 


taken over all nonzero ideals a of k. Just as with f9(s), we also find 
1 
lo s) ~ ——_. 
£ ran ) oe Nps 


So far, we have used only the analytic and very simple statements of 
§1. We shall use the somewhat more refined results of Chapter VI, §3, 
Theorem 3. For every ideal class ® of the ideal class group I[/P we define 


] 


f(s, R) = awa 
Then 

(8s) = 2 f(s, &). 
If we write 

i(s,@) = Di: 


then the partial sum A, = a; +----+ ay is equal to 7(R, n), the number 
of ideals in ® with Na < n. Combining the result of Chapter VI, §3, 
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Theorem 3 and Theorem 4 of the preceding section, we find: 


Theorem 5. Let k be a number field, [k:Q] = N, and let & be an ideal 
class. Then {(s, ®) 1s analytic for Re(s) > 1 — 1/N, except for a simple 
pole at s = 1, with residue p, given by 


i= 2°27)? R 
wr/ di, 
The same holds for {,(s), except that the residue is equal to hp, where h is 
the class number. 


Similarly, using the estimates for the number of ideals in a generalized 
ideal class, we obtain: 


Theorem 5c. Let c be a cycle of k, and let R be a class of I(c) mod P,. 
Then §(s, &) 1s analytic for Re(s) > 1 — 1/N, except for a simple pole 
at s = 1 with residue p, given in Theorem 3, Chapter VI, §3, depending 
only on c but not on ®. 


With a notation which will not be misleading because of the choice of 
letters, we can define 


f2(s, 9) or Ds = 


(a,c)=1 
with the sum taken over those ideals prime to ¢. Then 


gx(s, 9) = —s 


pic oe 
1 Nps 


the product taken over those prime ideals p not dividing c. We have 


ox(s, c) a D3 f(s, RX), 


RET (c)/P¢ 
and this yields immediately: 
Corollary. The function £(s,c) is analytic for Re(s) > 1 — 1/N, 


except for a simple pole at s = 1 with residue h.p,, where h, is the order of 
the group I(c)/P.. 


The product for ¢;(s, c) differs from the product for ¢%(s) by only a 
finite number of factors, corresponding to those p|c. This yields a relation 
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between p and p,, namely 


Furthermore, this finite product does not affect the singularity of the 
logarithm at s = 1, and hence we get: 


Theorem 6. The equivalence ~ denoting the property of differing by a 
function analytic at s = 1, we have log (,(s) ~ log €;(s, c) and 


1 


1 1 
oo oe 2 Nps a Nps 


S3. The L-series 


Let G be a finite abelian group. The character group G consists of all 
homomorphisms of G into the multiplicative group of roots of unity. If 
X is a character of G, then 


_ Jj 0 fx Al 
D*O=leEn)  ifxa 1 


This is trivially seen: If X = 1, the statement is clear. If xX ¥ 1, then 
for some y € G we have X(y) # 1. Then 


XG) = 2d, x(yx) = x(y) xX X(z). 


xEG 


Our assertion follows. [We note that the proof applies to a compact 
abelian group, the sum being replaced by an integral, and the Haar mea- 
sure being normalized so that u(G) = 1.] 

We shall apply this to the finite abelian group G = I/P of ideal classes 
in a number field k. More generally, we select a cycle c, and apply this to 
the finite group G(c) = I(c)/P, of generalized ideal classes. For each 
character X of G(c), we have the value x(a) for any ideala € I(c). We 
define the L-series 

1 
L,(s, X) = IT xO) 
Nps 


It is clear that the infinite product converges absolutely and uniformly 
in the same manner as the product for the zeta function ¢;(s), and that we 
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have for Re(s) > 1, 


x(p)™ 
Ty x)= : 
log (s ) p> : mNypms 


As before, from the point of view of convergence to Re(s) > 1/2, we can 
do away with the terms having m 2 2, so that 


X(p) 
log L.(s, Xx) od 2X Nps ) 
and this holds whether we sum over all p, or merely over all those p such 
that deg p = 1. We also have obviously the Dirichlet series representation 


Loan. 5.22 


’ 
(a,c)=1 Nas 


and immediately from the definitions, collecting terms, 
L,(s, X) = 2 X(K)F(s, K), 


taking the sum over the classes & of I(c)/P.. 
Using Theorem 3 of Chapter VI, §3, we can now prove one fact about 
the L-series L,(s, X) which distinguishes it from the zeta function if x ~ 1. 


Theorem 7. The Dirichlet series for L.(s,X) ts convergent in the half 
plane Re(s) > 1 — 1/N if X #1, and represents L,(s,X), which is 
analytic in that half plane. 


Proof. By Theorem 3 loc. cit. we know that the number of ideals a in 
a given class ® such that Na < n is equal to the same number p,.n, with 
an error term O(n'—"/"). Using the remark at the beginning of the section, 
concerning the sum of a non-trivial character over the elements of a finite 
abelian group, we conclude that the partial sum of the coefficients of the 
Dirichlet series satisfies the estimate 


dy 2, X(a) = O(n"). 
K aEcK 


NasSn 


We can therefore apply Theorem 4 of §1 (with p = 0!) to conclude the 
proof. 


We shall apply the L-series to study the decomposition of primes in 
abelian extensions. In general, we recall that in a finite extension E/k, 
a prime » of k is said to split completely if there are exactly [E : k] distinct 
primes [3 of E lying above p. For each such §, it follows that the extension 
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of the residue class field has degree f(®|p) = 1. We let Sz), be the set of 
primes of k which split completely in £. 


Let K/k be Galois, and let c be a cycle of k divisible by all the ramified 
primes. (That’s all we are going to need for the rest of this section, but 
what matters is in fact that c is admissible in the sense of Chapter VII, 
§4.) Consider the intermediate group 


I(c) D PMc) D P,, 


where 9(c) is the group of norms of fractional ideals of K, prime to c. 
For any p of k and |p in K, we have 
NEB = pf, 


Thus p splits completely in K if and only if p is a norm from K, and p is 
unramified. 


The factor group 
I(c)/P O(c) 


will be of fundamental importance in class field theory, and we shall use 
especially its order 


(I(c) : PSU(c)) 


(called the norm index) in various technical steps in the proofs of the 
class field theory. Using what we already know about L-series, we can 
state and prove a basic result about this order. 


Universal Norm Index Inequality. Let ¢ be divisible by the ramified 
primes of K/k. Then 


(I(c):PQ(c)) S$ [K:k). 


In other words, the norm index is at most equal to the degree of the extension. 


Proof. Let H = PMc) and let h = (I(c):H). Let x be a non-trivial 
character of the factor group [(c)/H. Then xX may also be viewed as a 
character of I(c)/P,. Let m(X) be the order of the zero of L,(s, X) at s = 1. 
Then m(x) 2 0. (We shall see in a moment that m(xX) = 0.) Write 


L,(s,X) = (s — 1)™%9(s, X). 


Then 


1 
log L.(s, x) ~ m(x) log (s = 1) = —m/(x) log s—]1 
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For Re(s) > 1 and any character x of I(c)/H, we can write 


] 
log Le(s,x)~ Dy X(R) De Ripe’ 


El(ce)/H pe 


Take the sum over all characters X of I(c)/H. We find 
1 
+ log L,(s, X) ~ x(® at 
log £x(s) >» og L,(s, x) LX 2 (®) », Noe 


Consider only real values of s > 1, let s — 1, and use the sign > to mean 

that the right-hand side is less than or equal to the left-hand side plus 

some constant, in a neighborhood of 1. For each p € Sx; there are exactly 
= [K:k] primes § of K lying above p. Thus we find: 


F — pa m0) log FZ wh >, = Ti 


pCH 
>and 1 
PESK/& Nps 


Pd 


eae 
N*s—1 
From this we conclude that m(x) = 0 for all x # 1, and the inequality 
heN 
falls out at the same time. This concludes the proof. 


In view of Theorem 8, Chapter VII, §4 we can formulate our inequality 
for ideles and idele classes. 


Corollary. Let K/k be a Galois extension of degree N. Then 
(Jp ik*NEJx) S and =6© (Cx: NFCx) € 


It will be a consequence of class field theory that in fact, the norm index 
is equal to the degree of the maximal abelian subfield of K. 

Assuming results of class field theory, we shall indicate in the next 
section how the same argument which was used to prove our universal 
inequality can also be used to prove a more general density statement for 
primes in certain ideal class groups. Conversely, inserting the next section 
here also serves as motivation for the theorems of class field theory. In 
fact, historically, this is precisely how one was led to them. 
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$4. Density of primes in arithmetic progressions 


Let c be a cycle of k. The class field theory will show that given any 
intermediate group 


Ic) DHDP,, 
there exists an abelian extension K/k such that 
H = P(e, K/k). 


In particular, this holds for P, itself, and therefore the conclusion that 
m(X) = 0 holds for all characters x # 1 of I(c)/P,. We state this as a 
theorem. 


Theorem 8. Let ¢ be a cycle of k, and let x be a character of I(c)/P,, 
X £1. Then 


L.(1, x) # 0. 


Using the same argument that we did to get our universal inequality, 
we now obtain a density statement. 


Corollary. Let h, = (I(c): P.) and let &o be a fixed ideal class of 
I(c) modulo P,, in other words an element of G(c) = I(c)/P,. Then for 
s real,s > 1,8 — 1, we have 


1 1 
log —— p™ he 2 Nps 


Proof. We return to the relation 


log Le(s,x) ~ Sy x(@) E re 


EG(c) pER 


Multiply the relation by X(@&p ') and sum over all x. We get 
a 1 
log f(s) ~ 2 DL x(RRo") LU We 
RK x pen NP 
The sum over X yields 0 unless #9 ° is the unit class, and therefore 


| 1 1 
log Gy ~ he De Np:’ 


pENo 


as was to be proved. 
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If M is a set of primes of k, it is convenient to speak of the limit 
1 
lim ea NO 


s—1+ log 


s—l 


as the Dirichlet density of M (if it exists). The corollary of Theorem 8 
shows that an ideal class of I(c)/P, always has such a density, and that 
this density is precisely 1/h,. We can view this as stating that the primes 
are equidistributed over the ideal classes. 


Example. Without any class field theory, we have proved an equi- 
distribution statement in a special case which is already of interest. Indeed, 
let m > 1 be an integer, and let c= mv,. Then the field Q({m) = K 
obtained by adjoining a primitive m-th root of unity to Q has the property 
that P, is precisely its norm class group, as we already mentioned in 
Chapter VIT, §4. Thus we find Dirichlet’s theorem that there are infinitely 
many primes in an ordinary arithmetic progression as a special case of 
our corollary. We also have a Dirichlet density for these primes, namely 
1/y(m), where ¢ is the Euler function. 


It is customary, following Artin, to view classes mod P, in an arbitrary 
number field to be generalizations of arithmetic progressions, whence the 
title of this section. 

Finally, we note that one can define another notion of density (in 
some sense, the usual one according to probabilistic practice), namely 
for any set of primes M, it is the limit 


lim Number of p € M with Np < n 
no Number of p with Np S n 


if it exists. It is a simple exercise to show that if the ordinary density 
exists, then the Dirichlet density also exists and the two densities are 
equal. (The converse is not always true.) To prove that the ordinary 
density exists for our ideal classes requires additional arguments. For 
results without error terms, we shall carry out these arguments in 
Chapter XV. 

We can obtain a characterization of Galois extensions by means of the 
set of primes splitting completely in the extension. Let S, T be sets of 
primes in k. We shall write 


S<T 
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if there exists a set of Z of primes of Dirichlet density 0, contained in S, 
such that S — Z CT. Thus S is contained in T except for a set of primes 
of density 0. Observe that we can always take for Z the subset of those 
primes of S which have degree > 1 (over Q, i.e. the absolute degree). 
Let K/k be a Galois extension and let Sx; be the set of primes of k 


which split completely in K. If L > K is another Galois extension of k, 
then trivially, Sij,C Sxjx. Tf 


Sxik < Srp, 
then L = K. Indeed, Sz,/, has density 1/[L:k] and hence 
[L:k] S [K:k], 


so L = K. From this we get: 


Theorem 9. Let K/k be a Galois extension and E a finite extension of k. 
Then Sxizk < Sze, tf and only if E CK. 


Proof. A prime » of k splits completely in EF if and only if it splits com- 
pletely in the smallest Galois extension L of k containing E, because this 
condition is equivalent to every conjugate of EH over k being contained in 
the completion k,. Hence we may assume without loss of generality that 
E = Lis Galois over k. If L C K, then Sx;z, < Sz, so this direction is 
obvious. Conversely, assume that Sx), < Sz. Then KLD> K and KL 
is Galois over k. But 


Sxiuk = Sty 0 SxKye- 
Hence 


Skit < SKL/k, 


and we can apply the remark preceding the theorem to conclude that 
KL = K, whence L C K, thus proving our theorem. 


We conclude this chapter by pointing out a non-abelian generalization 
of the density statements. We assume that the reader knows the class 
field theory, and more specifically the Artin reciprocity law, which says 
that we have an isomorphism 


I(c)/H — G, 


where H is a subgroup of ideals containing P,, and G is the Galois group 
of an abelian extension K of k, class field to H. This isomorphism is given 
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on primes p by the Artin symbol 
pr (p, K/k), 


and is extended to all fractional ideals by multiplicativity. 
Given a Galois extension K/k with group G, and o € G, we ask for the 
density of those primes p in k for which there exists |p in K such that 


o = (f, K/k), 


i.e. is the Frobenius automorphism of % in K. The prime » in k actually 
determines the conjugacy class of o in G, since all the primes in K lying 
above ) are conjugate. 


Theorem 10. (Tchebotarev). Let K/k be Galois uith group G. Let 
ao EG. Let |K:k|] = N, and let c be the number of elements in the con- 
jugacy class of gin G. Then those primes » of k which are unramified in 
K and for which there exists Bip such that 


o = (f, K/k) 


have a density, and this density is equal to c/N. 


Proof. The simple argument which follows is due to Deuring (Math. 
Ann. 110, 1934). Leto have order f. Let Z be the fixed field of ¢. Then 
K/Z is cyclic of degree f, and therefore a class field. If ¢ is an admissible 
cycle for K/Z, then we have the Artin isomorphism 


I(c)/H — G(K/Z), 


where H is a subgroup of J(c) containing P,. Let S be the set of primes 
p of k satisfying the condition of the theorem, and prime toc. Let Sx.¢ 
be the set of $ in K such that Pp for p € S, and (®, K/k) =o. Let Blq 
for qin Z. Then Sx,, is in bijection with the set Sz of q in Z which lie in 
a given class mod H, and which divide » splitting completely in Z. How- 
ever, the density depends only on those primes of degree 1 over Q. Hence 
Sz has density 1/f, by the density statement for abelian, or even cyclic 
extensions. On the other hand, for a fixed p, the number of § in K lying 
above » and such that 


og = (f, K/k) 
1s equal to 
(G,:1) 
(Gg : 1) 
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where G, is the subgroup of elements of G commuting with a, and Gg is 
the decomposition group of %. Since (G:G,) = c, we find that this num- 
ber is equal to N/cf. The density of S is thus equal to 1/f divided by 
N/cf, which gives us c/N, and proves the theorem. 


Tor historical comments on the density theorem, cf. the introductory 
remarks to the next part. Let us add here only that when one has certain 
error terms in the density statements, Artin showed, using the formalism 
of the non-abelian L-series (which we discuss later), how to give the 
Tchebotarev density with similar error terms, formally using induced 
characters. We refer the reader to the original paper in Artin’s collected 
works. For our purposes here, the simple argument of Deuring was sufh- 
ciently appropriate. 

As an application of Tchebotarev density, we prove: 


Corollary. Let E be a finite extension of k. If all primes in k except a 
set of Dirichlet density zero split completely in E, then E=k. More 
generally, let f be an irreducible polynomial over k. If f has at least one 


root in k, for all primes p except for a set of Dirichlet density zero, then 
f has degree 1. 


Proof. Let « be a root of f and let E=k(a). Let K be the 
smallest Galois extension of k containing E. Let G = Gal(K/k) and 
H = Gal(K/E). The hypothesis on f implies that for almost all p, and a 
prime ¥ in K above p, the conjugacy class of ($3, K/k) in G intersects 
H, and so Gis the union of the conjugates of H. If H isa proper subgroup, 
this is impossible. [The number of conjugates of H is < (G:H), and 


+ (G) = +(H)(G: A), 


while all the conjugates of H have the unit element in common, so G 
cannot be covered by all the conjugates of H.] Hence H = G, EF = K, and 
almost all primes of k split completely in K, contradicting Tchebotarev’s 
theorem. 


$5. Faltings’ finiteness theorem 


In this section we give a beautifully simple finiteness result discovered 
by Faltings for use in his proof of the Mordell conjecture. We assume 
that the reader is acquainted with elementary facts about semisimple 
representations. We let / be a prime number, and we let V be a finite 
dimensional vector space over the I-adic numbers Q;. Let F be a number 
field, Gr = G(F*/F) the Galois group of the algebraic closure over F' (so 
G, is infinite), and let 

o:Gp— Aut(V) 
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be a continuous homomorphism, also called a representation of Gp in V, 
or an /-adic representation. The kernel of p is a closed normal subgroup, 
whose fixed field is a possibly infinite Galois extension K of F. Toa prime 
py of F, as in the finite case, there is a prime 8 of F* lying above p, and 
all such primes $ are conjugate by elements of Gy. Also as in the finite 
case, we have the decomposition group Gy consisting of all o¢ Gp such 
that oP = P. We let Tp be the inertia group, consisting of all g € Gp such 
that o induces the identity on the residue class field extension. We say that 
p is unramified at P if Tx is contained in the kernel of p for some $$ above 
p. Then it follows that Ty is contained in the kernel of p for all $|p because 
all the inertia groups of primes above p are conjugate. As in the finite case, 
if p is unramified at p we have a Frobenius element og for each P|p, and 
such elements are all conjugate. We let o, denote og for any [P|p. 


Theorem 11 (Faltings). Let F be a number field and let d be a positive 
integer. Let S be a finite set of primes of F. For each prime p of F, and 
p¢sS, let Z, be a finite set of elements of Q;. Up to isomorphism, there 
exists only a finite number of semisimple representations of Gp of dimen- 
ston d over Q;, unramified outside S, and such that for p ¢S, the traces of 
Frobenius elements tr p(c,) le in Z,. 


The proof of Theorem 11 is based on the following lemma. 


Lemma. Given a finite set S of primes of F, there exists a finite set S’ of 
primes disjoint from | and S, such that uf p, p’ are two semisimple l-adic 
representations of dimension d of Gr, unramified outside S, and if 


tr p(oy) = tr p'(cy) forall peS’, 
then p 18 Gp-tsomorphic to p’. 


Proof. Since Gp is compact, in the l-adic spaces V and V’ of p and p’, 
there exist l-adic lattices Min V and M’ in V’ which are Gr-stable. (An 
l-adic lattice is a free Z;-module of rank d.) Let R be the Z,-algebra 
generated by the image of Gp in | 


End,,(M) x End;,(M’). 
Then dim,,(R) < 8d*. We have a natural homomorphism 
Gr (R/IR)*, 


and #(R/IR) <I%™*, Hence the cardinality of R/IR is bounded. Further- 
more, by Nakayama’s lemma, representatives of R/IR generate R over 
Z,, and R/lF is itself generated over Z,/IZ, by the images of the elements 
of Grin (R/IR)*. The representation of G; in the finite group (R/IR)* is 
unramified outside S. By Hermite’s theorem, there exists only a finite 
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number of extensions of a number field of bounded degree, unramified 
outside S. Thus in fact, there is a subgroup H which is closed and of 
finite index in Gr such that for all representations p, p’ as in the lemma, 
the kernel contains H, and we are actually representing the finite group 
G/H in (R/IR)*. Now by Tchebotarev’s theorem, there exists a finite set 
S' of absolute values such that the Frobenius elements c, for p ¢S' have 
images which cover the image of Gr in (R/IR)*. If 


tr p(o,) = tr p(y) forall peS’, 


then we obtain tr p(«) = tr p’(«) for all ae R, whence p is Gp-isomorphic 


to p’ since the representations are assumed semisimple. This proves the 
lemma. 


If we now apply the hypothesis that the traces of Frobenius elements 
are bounded, in the sense that they can take only a finite number of 
values for each v, then Theorem 11 follows directly from the lemma. 


PART TWO 


CLASS FIELD THEORY 


The fact that there exist relations between ideal class groups and 
abelian extensions of a number field was observed during the end of the 
nineteenth century. At first, only the fact that the primes in the unit 
class are precisely those which split completely in a suitable extension was 
taken to be the defining relation of a class field by Hilbert, who defined 
what 1s now called the Hilbert class field, namely the maximal unramified 
abelian extension, and conjectured its principal properties. He proved 
them in special cases, and general proofs were given by Furtwangler. 

Weber defined the generalized ideal classes, and proved the uniqueness 
of the class field corresponding to them, conjecturing the existence, and 
pointing out that the existence of infinitely many primes in a generalized 
ideal class would follow from the existence of the class field (precisely the 
method we have adopted in this book). 

Finally, in 1920, Takagi extended the Weber and Hilbert-Furtwangler 
theorems to the most general case, especially proving the existence theorem 
for abelian extensions corresponding to generalized ideal class groups, and 
showing that the Galois group of such an extension was isomorphic to the 
corresponding ideal class group. However, during all this period, both the 
splitting laws and the isomorphism were obtained essentially from the 
numerical invariants, that is the numbers e, f for the splitting case, and 
the order of the ideal class group for the isomorphism. Since a cyclic group 
is determined (up to isomorphism) by its order, and since a finite abelian 
group is a product of cyclic groups, the isomorphism between the Galois 
group of an abelian extension K/k and the ideal class group I(c)/P,9U(c) 
could be obtained just by counting, and a reduction to the cyclic case. 

On the other hand, Frobenius had associated a conjugacy class of 
elements in the Galois group of a Galois extension to a prime in the ground 
field, and conjectured that set of primes having a given conjugacy class 
has the obvious density. He could prove only a weaker result, corre- 
sponding to a coarser decomposition of the group into larger classes. 
In 1923, Artin defined his non-abelian L-series, and conjectured that in 
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the abelian case, the isomorphism of class field theory was induced by the 
Frobenius automorphism 


pr (p, K/k). 


In 1926, Tchebotarev proved the Frobenius conjecture by using cyclo- 
tomic fields, and Artin, recognizing the connection with his reciprocity 
law, succeeded in proving his conjecture in 1927, thus completing the basic 
statements of class field theory. (A more detailed history with references 
is given in Hasse’s Bericht “Uber neuere Untersuchungen und Probleme der 
algebraischen Zahlkorper’’, reprinted by Physica-Verlag, Wurzburg, Wien, 
1965. See also Hasse’s talk at the Brighton Conference, [CaF 68].) 

Thus in this period, from about 1880 to 1927, we see the class field theory 
developing from three themes: the decomposition of primes, abelian 
extensions, and ideal class groups. 

In 1936, Chevalley introduced the ideles in order to formulate the class 
field theory for infinite extensions. [Shortly afterwards, Weil introduced 
adeles, and gave his adelic proof of the Riemann-Roch theorem.] The 
ideles are very useful technically (among other things) because every 
generalized ideal class group is a homomorphiec image of the idele class 
group J/k*. Thus expositions of class field theory making greater use of 
the ideles were given by Artin in seminars in the late forties. The treat- 
ment which I give in this book follows roughly one of these seminars, 
with some exceptions: I have still made use of the generalized ideal class 
groups because when the Artin symbol is given for unramified p, these 
ideal groups occur naturally and I think it obscures matters deliberately 
to disregard them. More importantly, I have used the oldest proof for 
the universal norm inequality (Weber’s proof) both because it is more 
natural than the “purely algebraic” proof of Chevalley (reproduced in 
Artin-Tate), and also because it motivates the whole approach to class 
field theory through the density of primes in arithmetic progressions, and 
the splitting laws. The proof of the reciprocity law is a simplification by 
Artin himself of his original 1927 proof. 

There is another approach to the class field theory, first started in the 
early thirties by Hasse, namely through the theory of simple algebras, 
centering around the fundamental theorem that a simple algebra over k 
splits over k if and only if it splits locally everywhere (Albert-Hasse- 
Brauer-Noether). Hasse also shows how to associate invariants with a 
division algebra, and how the reciprocity law has a formulation in terms 
of the sum of the invariants being equal to 0 (Math. Ann., 1932). Hoch- 
schild in 1950 pointed out that one could express the class field theory 
only in terms of cohomology; the simple algebras were unnecessary if one 
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used only the 2-cocycle used to define them. At about this time, Weil 
also emphasized the cohomology, by discovering the fundamental 2-cocycle 
of idele classes. The Artin-Tate notes give a complete systematic treat- 
ment from the point of view of cohomology. This approach, which shows 
that the second cohomology group of the idele classes (for the algebraic 
closure) is isomorphic to Q/Z, provides a good background for theories 
where this result is used to obtain pairings, e.g. some diophantine questions 
related to abelian varieties over p-adic fields or number fields as in the 
work of Tate. In this direction, the simple algebras do not appear. This 
second cohomology group is used as a receiver of character values. 

On the other hand, starting from the functional equation of the zeta 
function of a division algebra (obtained by Hey, unpublished thesis, 
Hamburg 1929, cf. Deuring’s Algebren), Zorn showed how the fundamental 
theorem on simple algebras over number fields could easily be obtained 
as a corollary, thus providing still another alternative approach to the 
class field theory (Hamburg Abh., 1933). After a slumber of thirty years, 
this approach has again become important because of the recent advances 
in the arithmetic theory of semisimple Lie groups, and it is the one selected 
by Weil in his Bastc Number Theory. 

A fourth way of describing the class field theory, and in many ways the 
most exciting, originated with Kronecker, and consists in giving “natural” 
generators for class fields as values of transcendental functions, and 
obtaining an explicit reciprocity law in terms of them. As of now, this 
program (Kronecker’s Jugendtraum) has succeeded only for a limited 
number of class fields, essentially those over totally imaginary quadratic 
extensions of totally real fields, in excess of the class fields over the totally 
real subfield. 

The analogy between number fields and function fields in one variable 
has been a prime source of motivation ever since the nineteenth century 
(passing through Hensel-Landsberg, Artin’s thesis, etc.). Both Artin-Tate 
and Weil axiomatize the class field theory so that it applies as well to the 
function fields over finite constant fields. However, once the analogy has 
been understood, there are some reasons for giving alternative expositions 
for the two cases. First, certain aspects of number fields are still shrouded 
in mystery while the corresponding aspects of the function field case are 
cleared up. Thus a certain emphasis on the peculiarities of number fields 
is not out of place. Secondly, one can give an exposition of the class field 
theory in the function field case making use of the generalized Jacobians 
of Rosenlicht, by a method which was new even in the simplest case of 
unramified extensions of elliptic function fields, independently of these 
generalized Jacobians. I did this in two articles (Annals of M ath., 1956 
and Bulletin de la Société Mathématique de France, 1956), as a by-product 
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of showing how to formulate class field theoretic results for higher dimen- 
sional varieties. The essential idea is to map the variety into a commuta- 
tive algebraic group, obtain explicit coverings for the group defined over 
the finite field with q elements (e.g. the covering defined by the formula 
rt>z — x), verify trivially the reciprocity law for these coverings, and 
then pull them back to the variety. In the case of curves, Rosenlicht’s 
universal mapping theorem for his generalized Jacobians gives a convenient 
family of mappings, cofinal with the family of all maps into all commu- 
tative algebraic groups. The generalized Jacobians correspond to the 
generalized ideal class groups of Weber (history comes around full circle). 
In the “geometric case”, this approach allows one to have a much clearer 
insight into the whole class field theory, since the existence theorem and 
the reciprocity law become obvious once the machinery of algebraic 
geometry is available. For these reasons, I have limited myself in the 
present book to an exposition of the class field theory over number fields. 
With only minor modifications, though, proofs are also seen to apply to 
the function field case. (Only exception: the existence theorem for 
p-extensions, p equal to the characteristic. ) 

If there is one moral which deserves emphasis, however, it is that no 
one piece of insight which has been evolved since the beginning of the 
subject has ever been “superseded” by subsequent pieces of insight. They 
may have moved through various stages of fashionability, and various 
authors may have claimed to give so-called “modern” treatments. You 
should be warned that acquaintance with only one of the approaches will 
deprive you of techniques and understandings reflected by the other 
approaches, and you should not interpret my choosing one method as 
anything but a means of making easily available an exposition which had 
fallen out of fashion for twenty years. 


Note 


The first chapter of this part is quite technical. The reader is advised 
to read immediately the beginning of Chapter X, i.e. the description of the 
reciprocity law isomorphism, and the statements of the main results of 
class field theory in Chapter X, §2 and §3. 


CHAPTER IX 


Norm Index Computations 


§1. Algebraic preliminaries 


The Herbrand quotient 


We begin by considerations of general abelian groups, which will be 
used both in the local and global case. We recall the index relation 


(A:B) = (A’:B’)(A;: By), 
if A > B are abelian groups, f is a homomorphism of A. This was already 
used in Chapter II, §3. 
Let f, g be homomorphisms of A into itself such that 
fog = geof=0. 
Then we define the Herbrand quotient 


(Ay : A’) 


Q(A) = Qy,9(A) = (A,: Af)’ 


if the indices in the numerator and denominator are finite. 


Lemma 1. If B is a subgroup of A which ts mapped into itself by f and 


g, so that f, g may be viewed also as endomorphisms of the factor group 
A/B, then 


Q(A) = Q(B)Q(A/B), 


in the sense that if two of the quotients are defined, so is the third and the 
relation holds. Furthermore, if A is finite, then 


Q(A) = 1. 


Proof. One may view the quotient Q as an Euler-Poincaré character- 
istic of a complex of length 2 (ef. my book Algebra, Chapter IV), and 
apply a general result, of an elementary nature, to deduce the multi- 
plicativity property. We shall reproduce a sketch of the proof below in 
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our special case. First, we give a proof for the simpler case when B is of 
finite index in A. We have 
SN a PAP Pras PGE i NOISE): 
(A:B) = (A’:B’)(Ay: B;) = (A’ : B’) (B,:B) 
= wyfephi qe ney 4A) 
= (A’: B’)(A*: BY’) (By: BY ’ 
whence 
(A: B) _ (Az: A®) 
(Af: Bf)(A%:B% ~~ (By: b% © 


The left-hand side is symmetric in f and g, so that 


(Ay: A% (Ag: AY) 
(B;: B) (B,: Bf) 


This proves that Q(A) = Q(B). The reader can verify for himself that 
all the steps were legitimate (i.e. under the assumption that Q(A) or Q(B) 
is finite, then we never divided by zero or infinity.) 

Now for the general case. We have a sequence 


0O—-B-A-C—-—0 
where C = A/B. We define 
H(A) = A;s/A® and  4Hy(A) = A,/A’. 


And similarly for B and C. We construct a diagram 


H(A) — H(C) 

7 \? 
H(B) H,(B) 
\ / 
H,(C) — H,(A) 


which is exact, ie. such that the image of each arrow is the kernel of the 
next arrow. Going from B to A, and A to C, the arrows are simply the 
natural homomorphisms induced by the inclusion B — A and the canonical 
map A— A/B=C. The maps 5 are defined as follows. Let ¢ EC; 
represent an element of Ho(C). Then fe = 0. There exists a € A such 
that c = ja, if 7: A —C is the canonical homomorphism. Then 


jfa = fja = 0, 


so that fa € B, and in fact fa € B,. It is immediate to verify that the 
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association 
c+ class of fa mod Bf 


is a well defined homomorphism, whose kernel contains C%, and hence 
defines a homomorphism 


§:H)(C) — A, (B). 


The map from H,(C) to Ho(B) is defined similarly. It is a routine matter 
to prove that with these definitions, the hexagon is exact. 

If the quotient Q is defined for two out of three of A, B, C we see from 
the hexagon and the exactness that it must be defined for the third. Under 
this condition, we order our six groups in the diagram clockwise, starting 
say with H,(A), and denote them by M; (¢ = 1,...,6 mod 6). Let k, 
be the order of the kernel of the arrow leaving MM, and let m; be the order 
of the image of the arrow arriving at M,;. Then 


ord M; = mikiz1. 
Furthermore m; = k; by exactness. Hence 
Mim3gMskeoka4k,g = momamekyksks. 
Dividing suitably yields the relation Q(A) = Q(B)Q(C), thus proving 
the multiplicativity of Q. 


We shall next give the proof for the second statement, Q(A) = 1 if A 
is finite. We have the following lattice of subgroups: 


wv % 
AP | 
\ y* 


Under the map g we have an isomorphism A/A, ~ A® and similarly 
with f replacing g. Thus opposite slanting sides of the hexagon are equal. 
It follows that the vertical sides are also equal, thus proving what we 
want. (Equality here means that the corresponding factor groups have 
the same order. As an abuse of language, it is very much less obnoxious 
than the corresponding abuse in plane geometry . . .) 


The preceding lemma will be referred to as the Q-machine. It will 
be used in the following context. Let G be a cyclic group operating on an 


182 NORM INDEX COMPUTATIONS (IX, §1] 
abelian group A. Leto be a generator of G. Let 
f=1—oe0 and g=1+oa+4---+o"! 


where n is the order of G. Let A% be the subgroup Aj_., i.e. the subgroup 
of A consisting of those elements fixed by G. Note that 


lt+to+---+o"!= Trg 


is a “trace” map, which in multiplicative notation would be denoted by 
anorm map. Thus our quotient in this case is 


G, 
Q(G, A) = QA) = Ga. 


The numerator is the trace index (norm index in multiplicative notation). 
If G operates with trivial action on Z (or any infinite cyclic group, 


then we have 
Q(G, Z) = (G:1) 


i.e. the Herbrand quotient is equal to the order of G. This follows because 
Z? — Z, Tr(Z) = nZ (where n is the order of G), and Zr, = 0. 

Let G be an arbitrary finite group operating on an abelian group A. 
We associate with (G, A) two abelian groups 


H°(G, A) = A°/TrgA and H7\(G, A) = Az,/IgA, 


where Ig is the ideal of the group ring Z[G] consisting of all Z-linear 
combinations of (1 — c)forageG. It isan ideal, because for t € G we have 


T—TO = 7T—1-+1— Te. 


Thus IgA by definition consists of the G-submodule generated by the 
elements a — ga, witha € A ando € G. If Gis cyclic, anda is a generator 
of G, then 


IgA aad (1 = o)A, 
because 1 — o* = (1 —o)(1+---+o'7'). 


In homological terminology, we see that the numerator and denominator 
of the Herbrand quotient are simply orders of cohomology groups, namely 
the orders of H® and H~ respectively. 
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Semilocal representations 


We shall now prove some lemmas which are useful in computing these 
orders in a situation which arises all the time. We consider a finite group 
G operating on the abelian group A. Assume that A is given as a direct 
sum of subgroups, 

8 
A= J] A,, 
i=l 
and that G permutes these subgroups A; transitively. When that occurs, 
we say that the operation of Gis semilocal. Let G, be the decomposition 
group of A, (i.e. the subgroup of elements o © G such that aA, = Aj). 


We call (G,, A;) its local component. Each element a € A can be written 
uniquely 


8 
a= > ay, 
t=1 


with a; € A;. Furthermore, let 


G = U o;Gy (7; = 1) 
Y= 1 


‘= 


be a left coset decomposition of G. We can choose the indices 7 in such a 
way that o;A,=A,. In that case, each element a;¢ A; can be written 
as o,a; for a uniquely determined element ajc A). 

Lemma 2. The projection 7: A — A, induces an isomorphism 


H"(G, A) ~ H°(Gy, Aj). 


Proof. We first observe that A® consists of all elements of the form 
$s 
>) 104, with a, © A,™ 
i=l 


Namely, it is clear that such an element is fixed under G. On the other 
hand, if 


8 
a= > oa; (a, © Aj) 
i=1 
is fixed under G, then for a fixed index j we apply g; ' and see that 


a; = 0; ‘a;a; is the A,-component of o; ‘a =a. Hence aj = a} for all j, 
thus proving our assertion. In particular, an element of A®@ is uniquely 
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determined by its first component, and thus the projection gives an 
isomorphism 


Ao SAM, 


On the other hand, for a fixed 7 and a, € A, we have 


Tr¢(oja1) = >> oa, = DL; Tr¢, (a1). 
i=l 


c&G 


This shows that Trg(A) consists precisely of those elements of the form 
2. 9 Tre, (a1), a,€ A}. 
Thus it is clear that A°/TrgA ~ A%1/Trg,(A), and the lemma is proved. 


Lemma 3. There is an isomorphism (to be described in the proof) 


H-'(G, A) oa H-"(G,, A). 
Proof. Let 


8 
a= > CG ;Qj;, a, € Aj. 
i=1 
Then 


Tre(a) = d o; Tr¢,(a, +--+ + ai). 
j= 
Hence Trg(a) = 0 if and only if Trg,(a; +---+a,) = 0. The map 


array+:--+as3 
is therefore a homomorphism 


\: Ker Trg — Ker Trg,, 
which is obviously surjective (take a = a, in Ker Tr¢,). We show that 


i} maps IgA into Ig,A;. Ifo € G, then there is a permutation 7 of the 
indices 7 such that 


O07; = Ox(i)T r(2) 


with some T,,,, € Gi. Hence 
s§ 
A(oa a a) = > (Tx 10h =— at), 
i=1 


thus proving our assertion. To conclude the proof, it will suffice to show 
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that if \(a) = O thena €JgA. But if a; +----+ a; = 0 we can write 
a= sz (oa; i. ai), 
i=l 


and soa € IgA. This proves our lemma. 


Remark. The two lemmas are frequently used in case G; = {1}, and 
in that case, we see that H°(G, A) = H~'(G, A) = 0. This occurs in 
the case of the “regular” representation of G, of which the following is an 
important case. Let K/k be a Galois extension with group G. It is known 
from elementary algebra that there exists a normal basis for K/k, i.e. a 
basis consisting of elements {w,},eq such that for any rT © G we have 
TW = W;,. In that case, G permutes the 1-dimensional k-spaces k - w, 
transitively, and each decomposition group is trivial. Thus we get 


H°(G, K) = H7\(G, K) = 0. 
If K/k is cyclic, then we always have 
H~1(G, K*) = 1. 


This is nothing but Hilbert’s Theorem 90. 


§2. Exponential and logarithm functions 


Let k be a p-adic field, and let || = ||». The series 
2 3 
log(1 +2) = 2 — oe Shee 


converges for all x € k such that |z| < 1. To see this, let 


Then 
ord, x"/n = n- ord, x — ordyn = n-ordyx — 1, 
and the right-hand side tends to infinity with n. 


For sufficiently small x, we shall see that log(1 -+ x) and x have the same 
order at p. Precisely, we shall prove that if n = 2 and 


ord, x > =a or equivalently, el <p ee? 
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then |z"/n| < |x|. Namely, we have 
logy |z"/n| — logy |x| = (n — 1) log, |z| — log, |n| 
n—l 
o—1 
This shows that log, |z”/n| < log, |x|, whence |xz”/n| < |z|. Hence for 


such 2x, we find that the series of log(1 -++ x) is dominated by its first term z 
(remember that the absolute value is non-archimedean!) so that 


ord, log(1 + x) = ord, x 


whenever ord, x > e/(p — 1). 
The functional equation 


+r<cx 0. 


log(aB) = log a + log B 
holds whenever a and 6 are = 1 (mod p), and we define 
log a = log(1 — (1 — a)). 


Indeed, it is true as a formal power series relation, and the series involved 
converge. 


The series 
7 2° 
exp % = L+atojteto: 


converges for all x such that ord, x > e/(p — 1), that is in the same disc that 
the log series behaves well, and in that disc, we have the same type of relation 
as for the log, namely 


ord, x = ord,(exp x — 1). 


In fact, for n = 2, and z in that disc, we have again |x"/n!| < |]. 


To prove this, we meet a slightly more difficult situation than for the 
log, because the factorials are more divisible and thus tend to zero more 
strongly than the mere n of the log series. We write 


n= aA +ayp+-+:+a,p" 
with rational integers a; satisfying 0 S a; S p — 1. Then 
[n/p] = a; + agp + +++ + a,p"™" 
In/p]= ag $e + ap 


[n/ p'| = Pg 
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Hence 
ord, n! = a; + (p+ Lag +--+ + (p"*4+---+ 1a, 


and 


(p — 1) ord, n! = (p — 1)a, + (p? — l)ag +--+ + (p" — 1)a, 
=n — (do t-::+a,). 


Consequently, we find for n = 2, 


logy |x"/n}| = n- logy |x| — log, |n!| 
1 
<n og, |x| + a 
and also 
logy |z"/n!| — logy |x| = (m — 1) logy |x| — log, |n!| 
| n—1 1 
vee = nae < 


This shows both that x"/n! — 0 as n — oo (for the p-adic topology), and 
also shows that for n = 2, we have |x”/n!| < |z|, thus proving all our 
assertions. 

In the dise |x| < p~'/'?—), we conclude that 


exp log1+27)=14+2 and log exp x = &. 


Namely, this is a formal power series identity, and all the series converge. 
In particular, for smaJl 6 > 0, and this is all that we shall need in the rest 
of class field theory, we see that 5-neighborhoods of 1 and 0 are mapped 
isomorphically onto each other by the log and exp respectively. We shall 
not need the exact maximal domain in which this is true. 


$3. The local norm index 


Let k be a p-adic field. Let K/k be a cyclic extension of degree N, with 
group G, and let o be a generator. Let U; be the group of units in k, and Ux 
the group of units in K. We let e be the ramification index and f the residue 
class degree as usual. 


The Galois group G operates on Ux and K*. We are interested in 


H°(G, K*) = k*/NEK*, 
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or less precisely in the index (k*: NfK*). We shall prove: 


Lemma 4. Hypotheses being as above, we have 


Q(G, K*) = (k*: NEK*) = [K:k], 
(Up:NEUx) =e, Q(G,Ux) =1. 


Proof. We use the Q-machine. By Hilbert’s Theorem 90 we know that 
H~'(G, K*) = 1. Hence 


Q(K") = (k*:NeK") 


is our norm index. We have K*/Ux ~ Z (with trivial action, because 
|oa| = |a| for all a € K*), whence 


[K: k] = Q(Z) = Q(K*)/Q(Ux) 


provided that we can show that Q(Ux) is defined. In fact, we shall prove 
that it 1s equal to 1. 


Let {w,} be a normal basis of K over k. After multiplying the elements 
of this basis by a high power of a prime element 7 in k, we can assume 
that they have small absolute value. Let 


M= > 0W,, 


TEG 


where 0 is the ring of integers in k. Then G acts on M semilocally, with 
trivial decomposition group. Furthermore, exp M = V is G-isomorphic to 
M (the inverse is given by the log), and V is an open subgroup of the units, 
whence of finite index in Ux. Therefore we find that 


1= Q(V) = Q(Ux) 
as desired. 
Finally, we note that 
_ Uni NeUr) | 


Q(Ux) HUE) 


where H is the kernel of the norm in Ux. Using Hilbert’s Theorem 90 
again, together with the fact that |oa| = |a| for all a € K*, we see that 
H = K*'~*. Hence the denominator of Q(Ux) is given by 


(H:UK*) = (K*** UK) = (KU x)™) 
— (K*:k*Ux) 
(Ki_o: (k"Ux)1—») 


€ 


~ (eke) 
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This shows that (U;: N{Ux) = e, and concludes the proof of the lemma. 


Observe that we have recovered the result that if K/k 1s unramified, then 
every unit in k is a norm of a unit in K, because e = 1. 


Remark. If k is the real or complex field, then the result of Lemma 4 
holds also, and the verification is trivial. We must interpret the “units” 
then to mean the whole multiplicative group of the field, and e = [K:k] 
is equal to 2 or 1. | 

In the local class field theory, we shall see that the factor group k*/NEK* 
is isomorphic to G, and not only in the cyclic case but also in the abelian 
case. 

Finally, we remark that the divisabrlrty 


(k*: N&K*)|[K 3k] 


follows easily for an arbitrary abelian extension K/k. To see this, consider 
a tower 
KDEDK. 


Assume that the divisibility is proved for each step of the tower, namely 
K/E and E/k. We have 
k* > NEE* > NEK* 
because Nf = NE oN*. Therefore 
(k" :NEK*) = (k* :NEE*)(NEE* : NER*). 
But 
(Ne E*:NENEK*) divides (E*:NEK*), 


Since the degree of an extension is multiplicative in towers, we see that 
if the norm index divisibility holds in each step of the tower, then it holds 
for K/k. This reduces the divisibility to cyclic steps, in which case we 
apply Lemma 4. 


Sumilarly, for any abelian extension K/k we have (U;,: NEUx) |e so in 
particular 


(Uz:NEUxK) Se. 


Local class field theory will ultimately show that we have an equality in 
these index relations. 


We may now formulate an application to number fields. 


Lemma 5. Let K/k be a finite abelian extension of a number field k. Then 
any admissible cycle ¢ is divisible by all ramified absolute values. 
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Proof. Let v be ramified. If v is archimedean, and w|v in K, then K,, 
is complex, k, is real and N,,K,, = R*, so v|c. Suppose v = », corresponds 
to a prime ideal p. Since K is a composite of cyclic extensions, it follows 
that p is ramified in some cyclic extension LE, and by Lemma 4, we know 


that N,,Ug, 4 U;,,. Hence N,,U, 4 U,, whence v|c. This proves the 
lemma. 


S4. A theorem on units 


We turn to the global case, and throughout this section we let k be a number 
field. Then Uj, denotes the group of units in k. 


Under a log mapping, we can embed the units (modulo roots of unity) 
into a Euclidean space R®*. If K/k is a Galois extension with group G, then 
one can define an operation of G on R*® which makes this a G-embedding, 
in a natural way, and allows us to visualize the operation of G on the units 
somewhat more clearly. This is done as follows. 

Let S be a finite set of absolute values on k containing all archimedean 
ones, and let Sx be the set of absolute values w on K such that wlv for 
some v ES. For each w € Sx we select a symbol X,, and let E® be the 
s-dimensional real space having {X,,} as basis, for w © Sx. Thus s is the 
number of elements of Sx. Ifo € G, we define 


OX y= Xoo 


and extend ¢ to all of E* by linearity. Then G operates on E’. 

By a lattice in H* we mean, as usual, a free abelian subgroup of rank s, 
such that a Z-basis for this subgroup is also an R-basis for E*. The next 
theorem is taken from Artin-Tate. 


Theorem 1. Let M be a lattice in E*® which is invariant under G (i.e. 
oM CM forallao €G). Then there exists a sublattice M’ of finite index 
in M which is invariant under G, and has a Z-basis {Y~}, (w € Sx), 
such that 

OY = J gs: 


Proof. We take the sup norm on E* with respect to the coordinates 
relative to the basis {X,}. Since M is a lattice, there exists a number b 
such that for any X € E*, there exists some Z € M such that 


|X — Z| < 6. 


For each v € S, let 5 be a fixed element of Sx such that a|v. Take ¢ real 
and large positive, and find some Z; € M such that 


|¢x; — Z;| < b. 
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For w\v, let 
Y 5 = > oZ;. 


ov=W 


The sum is taken over allo € G such that oo = w. We contend that the 
family {Y,,} is a basis for a sublattice M’ satisfying our requirements. 
First the action of G is the desired one, because for r € G, 


TY, = >, T0Z;= D> pls = Yrw. 


ov=w pv=TWw 


The second sum is taken over those elements p € G such that pi = rw, 
making the transformation p = ta. This proves our first assertion. 

We must now show that the vectors {Y,,} are linearly independent over 
R. Suppose that 


> CwYy = 0 


with real c,. If not all c, = 0, we may assume that |c,,| S 1 for all w, 
and also cy = 1 for some w. Let 


Z; = tX; + B; 
with a vector B; such that |B;| < b. Then 


Y= > oZ; = t >, Xoz + Bi 


where |B;,| <= Nb, and N = order of G. Hence 
YS AmMsex oe B, 
if my is the number of o € G such that o5 = w. Thus we obtain 


0 = » Ci Vag = i> CyMyX yw + B’, 


where |B’| S sNb. Looking at that w such that c,, = 1, we see that if t 


was selected sufficiently large then we have a contradiction, thus proving 
our theorem. 


We observe that M’ is G-isomorphic to the lattice having {X,} as a 
basis. We can decompose M’ into a direct sum 


M'= [|] J] ZY, 
vES wiv 
and each subgroup 


M: = [[ ZY, 


wiv 
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is semilocal (i.e. G permutes the factors ZY, transitively), with decomposi- 
tion group G, for each w, acting trivially on the local component ZY,, 
which is G,,-isomorphic to Z itself. 

We can now apply the semilocal theory, and the Q-machine. 


Corollary 1. Let G be cyclic of order N. Then 


Q(G, M) = Q(G, M’) = I] N,, 


vES 
where N, 1s the order of the decomposition group G,, for any w|v. 


Proof. We have 
Q(G, M’) = JJ Q(G, Mt) = II (Gs, ZY3) 
vES vES 


and Q(Gy, Z) = Ny, so that our corollary follows because (MM: M’) is 
finite. 


Corollary 2. Let K/k be cyclic of order N and let Kg be the S-units in K. 
Then 


QG, Ks) = x II Ne. 


Proof. The map 


L:Ksg — E 
given by 
L(t) = Qo log lléllwXw, (w € Sx) 
wESK 


is a G-homomorphism of Kg into E*, whose image is a lattice in a hyper- 
plane of E*, and whose kernel is finite. Let Xo be the vector 


Xo= Dd Xv. 


wESK 


Then X> and L(Kg) generate a lattice M in E* to which we can apply 
Theorem 1. The Q-machine gives: 


Q(Ks) = Q(L(Ks)), 
and since ZXq is G-isomorphic to Z, 
Q(M’) = Q(M) = Q(L(Ks) )Q(Z). 


But Q(Z) = N. This proves our corollary. 
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§5. The global cyclic norm index 
In this section, we prove: 


If K/k ts cyclic of degree N, then 


(Jn k*NETR) = (Ch: NECx) = N. 


Remark. The class field theory ultimately shows that the same relation 
holds if K/k is abelian. However, for an arbitrary finite extension E’/k, 
the group k*NiJg is equal to k*NEJx where K is the maximal abelian 
subextension of H. Thus the fact that the index is equal to the degree in 
the abelian case is a non-trivial global fact, requiring some sort of global 
argument. 


Considering the lemmas proved in the preceding sections, the proof 
will not be hard. We know by the finiteness of the class number that there 
exists a finite set of absolute values S in K such that 


Jn = K*J3x.9 = K*J 5. 


We always assume that S contains all the archimedean absolute values, 
and we enlarge S so that S is invariant under G, ie. ifo EC GandweS 
then ow € S also. We also enlarge S so that S contains all w which are 
ramified. 

We use the Q-machine, and find: 


Q(Ck) = QU x/K*) = Q(K*J 5/K*) = QJ s/Ks) = Q(Js)/Q(Ks). 


We already know of course that Q(K gs) is defined, and we have computed 
it in the preceding section. It is easy to see that Q(J 3s) is also defined and 
to compute it. Let S; be the set of absolute values v of k which are induced 
by elements of S = Sx. We can write 


Joe WL (2) TT (1 0.): 


wiv wiv 


By Lemma 4 of §3, and the assumption that any v € S; is unramified in 
K, we conclude that 


H°(Gn, Uw) = H~ (Gy, Uw) = 1. 


By the semilocal theory, and the fact that each factor 


II v. 


wiv 
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is G-invariant, we conclude that if V denotes the product 


V= Il LLG, 


vES,_ wiv 
then 


H°(G, V) = H~*(G,V) = 1, 


and hence Q(V) = 1. Therefore by the semilocal theory, and Lemma 4 
of §3, 


Qs) = II Q(Gy, Ki) = I] N», 


where N, is the local degree [K,,:k,] for any w|v. Combining this with 
the value of Q(K gs) found in Corollary 2, §4 we see that 


Q(Ckx) = N. 
But 


C.: NEC 
Q(Cx) = Ce Ne Cx) ; 
af 
where h_, is the order of H~!(G,Cx). Hence (Cy: N&Cx) is divisible by 
N. In view of the universal norm index inequality, we now conclude that 
equality must hold, thus proving what we wanted. 


Remark. Because of this equality, we also find as a by-product that 
H~*(G,Cx) = 1. 


See the next section for an application of this. 
As an application of our index result, we can prove: 


Let K/k be cyclic of degree > 1. Then infinitely many primes of k do 
not split completely in K. 


Proof. Suppose that all but a finite number of v in k split completely in 
K. Let S be a finite set of absolute values of k containing those which do 
not (i.e. for which Ky ¥ ky if v ¢ S). We shall prove that J, = k*NeJx, 
which will be a contradiction. Leta € Jy. By the approximation theorem, 
there exists some a € k* such that aa is very close to 1 at all v ES, and 
hence a local norm at allv € S. Forv ¢ S, aa is trivially a local norm since 
K, = ky. Hence aa = NFA for some idele A €CJx. Hence 


Jy C k*NG Sk. 
This proves our assertion. 


This result will be used in the next chapter to show that the reciprocity 
law mapping is surjective. 
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§6. Applications 


This section will not be used in the rest of the book and may be omitted. 
It deals with cohomological applications of the results obtained so far. 
We assume that the reader is acquainted with a little bit of cohomology 
of groups, but nothing worse than H—', H°, H’, H? and the exact sequence 
connecting them. Let K/k be cyclic. Corresponding to the exact sequence 


0— K* ~Jx -Cxk— 0 
we have an exact sequence 
1= H-\(G,Cx) — HG, K*) > HG, Jx), 


whence the map on the right is injective. If the reader looks at the defini- 
tions, he will see that this injection is nothing but 


Hasse’s Theorem. Let K/k be a cyclic extension. If an element a € k* 
as a local norm everywhere, then it 1s a global norm. 


Note. This is true in general only in the cyclic case. The variance from 
this precise relation in, say, abelian extensions, is determined by higher 
cohomology (3-cohomology, in fact). 


Next, consider another piece of the exact sequence, 
1 = H'(G,Cx) > H7(G, K*) > H?(G, Jx). 


Again, we have an injective map on the right. But H? is nothing but the 
Brauer group, and the injection is nothing but the fundamental theorem 
of Albert-Hasse-Brauer-Noether: 


A 2-cocycle (or simple algebra) splits globally if and only if it splits locally 
everywhere. 


This last statement has seemingly been proved only in the cyclic case, 
but it is an easy technical matter to see that it holds for any Galois exten- 
sion, i.e. that H'(G,Cx) = 1 if K/k is Galois. Our purpose is not to go 
into this part of theory here, so we let the reader look it up elsewhere 
(e.g. Artin-Tate). 


CHAPTER X 


The Artin Symbol, Reciprocity Law, 
and Class Field Theory 


§1. Formalism of the Artin symbol 


Let K/k be an abelian extension, and let » be a prime of k which is 
unramified in K. We had seen in Chapter I, §5 that there exists a unique 
element o of the Galois group G, lying in the decomposition group Gg 
(for any $|p, they all coincide in the abelian case) having the effect 


oa =a (mod §), aE Ox. 


This element o depends only on p, is denoted by (p, K/k), and will be 
called the Artin symbol of » in G. 
We extend the map 


pt» (p, K/k) 


to the subgroup J(d) of fractional ideals prime to the discriminant of 
K/k, by multiplicativity. In other words, if a is prime to d, and 


ie [I p”, 


then we define 
(a, K/k) = TJ (p, K/k)”. 
We call again (a, K/k) the Artin symbol of a, and the map 
at> (a, K/k) 
is a homomorphism 
w:I(d) — G(K/k), 


which will also be called the reciprocity law map, or the Artin map. 
Its kernel will be called the reciprocity law kernel, or Artin kernel @. 
The Artin symbol satisfies the following formal properties, which are 
immediate consequences of its definition. 
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Al. Leta: K — cK be an isomorphism (not necessarily equal to the identity 
on k). Then 


(oa, 0K /ok) = o(a, K/k)o™!. 
Proof. Obvious. 
A2. Let K’D> K Dk bea bigger abelian extension. Then 
resx(a, K’/k) = (a, K/k). 


For this statement, any prime entering in the factorization of a must be 
unramified in K’. The statement is obvious for prime ideals, and thus 
follows for any a. It is called the consistency property. 


A3. Let K/k be abelian and let E/k be finite. Let p be a prime in k unrami- 
fied in K and let q be a prime of E lying above ». Then 


resx(q, KE/E) = (p, K/k)? 


where f is the residue class degree, f = [oz/q:0z/p] = f(alp). 
The lattice of fields is as follows: 


fo 
NO 


| 
k 


For a 2€0xp/Q (where Q is a prime of KE lying above q) and 
o =(q, KE/E) we have ox = 28°. But Nq=Np’. Thus our property 
is obvious. We also see another formulation, namely: 


A4, Let K, E be as above, and let 6 be a fractional ideal of E such that tf q 
occurs in the factorization of b, and q\p with p in k, then p 1s unramified 
in K. Then 


resx (b, KE/E) = (Nib, K/k). 
In particular, if K > ED k, then 
(b, K/E) = (Nx 6, K/k). 


The next property is neither trivial nor formal, and is a corollary of 
the cyclic norm index equality. 
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Theorem 1. Let K/k be abelian. Then the reciprocity law map 
ar (a, K/k) is surjective, as a map of I(c) into the Galois group, for any 
cycle c (divisible by all the ramified primes). 


Proof. Let ¢ be a fixed cycle of k, divisible by the ramified primes, and 
let H be the subgroup of G which is the image of the reciprocity law 
mapping. Let F be the fixed field of H. We must show that F = k. Any 
p € I(c) must split completely in Ff, otherwise (p, F/k) ¥ 1, and (p, F/k) 
is the restriction of (p, K/k), thus contradicting the fact that F is the fixed 
field of H. Thus all but a finite number of primes of k split completely in 
F. If F #k, then F contains a subfield Fg which is cyclic over k, of 
degree > 1, and all but a finite number of primes of k split completely in 
Fy. This contradicts the result of Chapter IX, §5 (essentially, the global 
norm index equality), and proves our theorem. 


Our main task now is to prove that there exists some admissible cycle 
c divisible by all the ramified primes such that P, is contained in the 
kernel of the Artin map. Such c is called a conductor for the Artin map. 
This is the crux of the present approach to class field theory, and is a 
remarkable fact. Indeed, the Artin map is defined for each p (unramified) 
and extended formally to fractional ideals. There is a priori no connec- 
tion between this definition and the definition of P, (which is very global). 

Property A4 shows that the norm group of ideals is contained in the 
kernel of the Artin map, that is if 9 is a fractional ideal of K relatively 
prime to the ramified primes, then 


(Ne U, K/k) = 1. 


Therefore if ¢ is a conductor, then the group which we denoted by PI(c) 
is contained in the Artin kernel @. But we know the universal inequality 


(I(c) : P(e) < [K:k] = (4:1). 


In view of Theorem 1, the surjectivity of the Artin map, it follows that 
P,M(c) is the precise kernel, and we get an isomorphism 


w:l(c)/PI(c) ~ G 


from the Artin map. This is the Artin reciprocity law. 


Example: Cyclotomic extensions. 


We conclude this section by our usual example of cyclotomic extensions, 
not only because of its special interest, but also because it will be used in 
the general proofs later. 


200 ARTIN SYMBOL, RECIPROCITY LAW, CLASS FIELD THEORY [X, §2] 


Let m be an integer > 1. Let K = Q({») be the extension obtained by 
adjoining a primitive m-th root of unity to Q. Then only primes p dividing 
m ramify in K (cf. for instance Proposition 8, Chapter III, §2, together 
with the fact that ¢,, is a root of X” — 1 = 0). Let p bea prime number, 
p{m. Then the definitions show that ((p), Q(¢m)/Q) has the effect 


ee 


on ¢ = {m. Hence if a is a positive rational number prime to m, and 
a = d (mod* m) for any positive integer d, then 


((a), Q(Sm)/Q) : 5 g4. 
In particular, ((a), Q(¢m)/Q) = 1 if and only if a = 1 (mod* m). 


Next, let k be any number field, andk < K <k(C,,). There exists a cycle 
c of k divisible only by p|m and archimedean v such that if wek* and 


a = 1 (mod* oc), 


then (a) ts in the kernel of the Artin map, 1.e. P, is contained in @. 


Proof. This follows easily from the formal properties of the Artin 
symbol. By consistency, it suffices to prove our assertion when K = k(¢,,). 
By the continuity of the local norms, there exists c such that if a € k* 
and a = 1(mod*c), then Néa = 1 (mod* m) and is positive. At the 
archimedean absolute values, we simply impose the condition that a@ is 
totally positive. Then 


resgc,,) ((a), K/k) = (Nola), Q(km)/Q) = 1. 


The effect of an element of G(k(¢m)/k) is determined by its effect on {m. 
This concludes the proof that the Artin map has a conductor in cyclotomic 
extensions, and that we can take this conductor divisible only by p|m or 
archimedean v. 


§2. Existence of a conductor for the Artin symbol 


We shall need auxiliary cyclotomic fields, and to construct these, we 
need prime numbers satisfying certain properties. Artin’s original proof 
for the existence of these prime numbers used fancy existence theorems. 
Van der Waerden observed that one could get them easily and in a very 
elementary manner, and the proofs of Lemmas 1 and 2 are due to him. 


Lemma 1. Leta, r be integers > 1. Let q be a prime number. Then there 
exists a prime number p such that a has order q’ (mod p). 
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Proof. We consider the positive number 


Then 
T = (av _ 1)27! ate g(a? = 1)3-? + be ae ote q. 


Let p be a prime dividing 7. If p also divides a? s 1, then p = gq. 
Otherwise, p serves our purposes. If q divides 7 then q also divides 
at” —1. If q > 2, then g — 1 > 1, and hence gq? does not divide i. 
But T > q,so that there exists a prime p ¥ qdividing Tandnota? — 1, 


which serves our purposes. Finally, if g = 2, then 
r—-1 
T= (a? on 1) + 2, 


and is not divisible by 2? so that again there exists p|T but p does not 
divide a? — 1, thus concluding the proof. 


Let qn be an integer > 1. Integers a, b > 0 are said to be independent 
mod m if they generate cyclic groups in (Z/mZ)* which are independent, 
1.e. whose intersection is 1. 


Lemma 2. Let 


n= qi oo ve de qs? 
be a positive integer factorized into powers of primes q;. Let a be an 
unteger > 1. There exists an integer 


m= Pi'*:DsPi-°* Ds, 


with distinct primes p;, p; such that a has order (mod m) divisible by n, 
and there exists a positive integer b whose order (mod m) is divisible by n, 
and such that a, b are independent mod m. The primes p,, pcan be ahosen 
arbitrarily Lae satisfying these conditions. 


Proof. By letting r — o0, we see that in Lemma 1, we can find arbi- 
trarily large primes p such that a has order (mod p) divisible by a fixed 
power of g. We therefore first find large distinct a P1,-++, Ds Such 
that a has order gf " (mod pi) with a positive integer r* > r,;. Next we find 
still larger primes pj,..., Dsy distinct from p,,..., ps and from each 
other, such that a has order gi! (mod p;) with a positive integer r, > r* 
We let m= pi--- psp, -++p. Then certainly a has order (mod in 
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divisible by n. Let b be a positive integer such that 
b =a (mod py ---: Ds) and = 1 (mod p{ --- p35). 
Then b has order (mod m) divisible by n. Finally, suppose that 
a’b* = 1 (mod m) 
with positive integers v, wu. Then a” = 1 (mod p; --- p;), whence 
geeks qi" divides v. 


This implies that a’ = 1 (mod p; +--+ p,), and hence that a’ = 1 (mod m). 
Therefore 6” = 1 (mod m), thereby finishing the proof of the lemma. 


We interpret the lemma in terms of cyclotomic extensions. In an 
abelian group G, we say that two elements o, 7 are independent if they 
generate cyclic groups whose intersection is 1. 


Lemma 3. Let K be an abelian extension of the number field k, and let 
S be a finite set of prime numbers. Let n = [K:k]. Let p be a prime of 
k which is unramified in K. Then there exists an integer m relatively prime 
to the numbers in S and to », such that: 
(i) The Artin symbol (p, k({m)/k) has order divisible by n. 

(ii) KOK Sm) = k. 

(iii) There exists an automorphism 7 of k({m) over k, independent of 

(p, k(&m)/k), and whose order is divisible by n. 


Pruof. We apply Lemma 2 with a = Np. We can take m divisible only 
by arbitrarily large primes, so that K MN Q(ém) = Q and (ii) is satisfied. 
Leto = (p, k({m)/k). Then 


oom = Cas 


and (i) is satisfied. Finally select 6 as in Lemma 2, and define t by 
C3 e= ¢°. Then (iii) is satisfied. This proves the lemma. 


Artin’s Lemma. Let k be a number field, K a finite cyclic extension, and 
S a finite set of prime numbers. Let p be a prime of k unramified in K. 
Then there exists an integer m relatively prime to all numbers in S, and a 
finite extension E of k such that: 


(1) KnNHE=k. 
(2) Km) = E(fm) and K NKkm) = k. 
(3) p splits completely in E. 
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Proof. The lattice of fields is as follows: 
E(s) = KC) 


Choose m as in the preceding lemma and let ¢ = {». The Galois group of 
K(¢) over k is the product of the group G of K over k and the group 
of k(¢) over k. Leto be a generator of G. Let 7 be as in the preceding 
lemma, and let H be the subgroup of K(¢) over k generated by o X 7 and 


(p, K/k) X (p, k(S)/k). 


This second condition guarantees that H contains (p, K(¢)/k), and hence 
by definition, the decomposition group of p in K(¢). If £ is the fixed 
field of H, then p splits completely in F. Since o x te H, condition (1) is 
satisfied. On the other, hand, it is clear that the intersection of H and 
G x lis the identity. But G x 1is the subgroup of K(C) leaving k(C) fixed. 
Hence k(¢)EH = E(¢) must be all of K(f). This proves Artin’s lemma. 


The lemma will be applied in a moment to a situation where we deal 


with a finite number of primes p,,...,p, in k. For each p; (¢ = 1,...,7r) 
we construct an auxiliary field #; with a root of unity ¢£,,, as in the lemma, 
selecting successively the integers m,,..., m, such that they are divisible 


by large primes, and are relatively prime to each other. Then 
K (Sm +++) §m,)/k has group Gx G,x-:-xXG,, 


where G; is the Galois group of Q(¢m,)/Q. Each E; is the fixed field of the 
group 


HiX Gi Xe X GX XG, 


where the roof means that G; is omitted, and H; is the subgroup of G x G; 
generated by 


oXt: and — (pi, K/k) X (pi, b(tm,)/h). 
As before, o is a fixed generator of G. 


Contention: The field HF = E,--- I, (compositum of all E;) is such that 
K QE = k, and hence G(K/k) ~ G(KE/E). 
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Proof. The field E is the fixed field of the intersection of all groups 
G(KE/E,;), which contains 


OKT KP OK Te 


“, 
NT 


Hence K ¢ Eis left fixed byo X 1 X --+ X 1, and is therefore equal to k, 
thus proving the contention. 


Furthermore, K is left fixed by 


1X71 X °° X Tp. 


Theorem 2. Let K/k be acyclic extension. Then there exists an admissible 
cycle ¢ divisible only by ramified » in K such that the kernel of the Artin 
map in I(c) ts equal to PSU(c). 


Proof. We shall prove that there exists c such that the kernel of the 
Artin map is contained in P,9U(c), i-e. 


By the cyclic norm index inequality, and Theorem 1, which implies 
(I():@) = [K:, 


we then conclude that @ = PQ (c). 

Let f be the smallest admissible cycle for K/k, and let a € I(f) be such 
that (a, K/k) = 1. We know that only ramified primes p can divide f. 
We have to prove that a € P,t(f). Factorize a into prime powers: 


For each p; construct the auxiliary extension H; by means of a root of 
unity {m, as described above, and form the compositum 


HK= £,---E#,. 


We have the diagram: KE 
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By hypothesis, if we let o be a generator of G, and 
(pi, K/k) = 0% 
for some integer d; = 0, then (a, K/k) = [J] 0% = 07% = 1. Hence 
>> d; = dn, 


where n = [K:k], that is n divides ) d;. Select a fractional ideal bg in E, 
prime to f, and to all integers m;, such that 


(bz, KE/E) =o. 
This can be done by Theorem 1. We identify here G(K/k) with G(KE/E). 
Let b, = Nizbz. Then 
(b;, K/k) =o. 
We note that pjib; % is a norm from E;. This is true of a power of p; because 


p; splits completely in E;, and b; is a norm by the transitivity of the norm. 
Write 


piibp = NEY, 


with some %; prime to f and all m;. Since (p7b, 2, K/k) = 1, it follows 
that (WU, KE,;/E;) = 1. But KE;,/E; is cyclotomic, and we can apply 
the theorem for cyclotomic extensions. We write 


Us = (6)N EPR; 


for some &; prime to f and all m;, and 8; = 1 (mod* mc) for some cycle 
¢; in E;, which we can select highly divisible by all primes dividing f, and 
archimedean absolute values. Taking the norm from E; to k, we get 


pbs? = (NFB) NE (NEF R,), 


and N;i8; = 1 (mod* f). Taking the product over all 7 shows that 
ab," © Pav). But n= ([K :k], so that 6,2?” is also a norm. Hence 
a & Pf), thereby concluding the proof of the theorem. 


Although the next result is a corollary of the cyclic result just proved, 
we state it as a theorem. It is the central theorem of class field theory. 


Theorem 3. Let K/k be an abelian extension. Let c be any admissible 
cycle for K/k. Then the Artin map 


I(c) — G(K/k) 
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has kernel equal to PSU(c), and thus induces an isomorphism 
T(c)/PI(c) > G. 


Proof. Let f be the smallest admissible cycle for K/k. If ¢ is divisible 
only by the same »v that divide f, then we know from Theorem 7 of Chap- 
ter VII, §4 that Pv(f) = P.dU(f). We express K/k as a compositum of 
cyclic extensions. For each such cyclic extension, we can find a conductor 
divisible only by v such that v|f, using Theorem 2. An elemento € G(K/k) 
is equal to 1 if and only if its restriction to each cyclic extension is equal to 
1. Hence by Theorem 2, we can find some admissible c such that the kernel 
of the Artin map contains P., and we know trivially that the kernel of the 
Artin map contains 9t(f). Hence 


Pf) C @. 


As pointed out already, using the universal norm index inequality, we 


obtain @ = P(f). For an arbitrary admissible c, the result follows 
immediately, because 


PMc) = PHF) N Ic). 


We have proved the fundamental theorem of class field theory. 


We shall formulate the result in terms of ideles in the next section, and 


prove the other theorems of class field theory, which are now mere 
corollaries. 


83. Class fields 


Let K/k be an abelian extension. For any admissible cycle c, we have 
an isomorphism 


J/k*NEI KR = I(c)/PRX(c) 


described in Chapter VII, §4. This isomorphism allows us therefore to 
define the Artin map for ideles, and we get a map 


widz —? G(K/k), 
also denoted by 
at> (a, K/k), 


which we may once more describe explicitly as follows. We select a € k* 
such that aa = 1 (mod*c). If ais the associated ideal of aa, then 


(a, K/k) = (a, K/k). 
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This is well defined. Observe that from our definition, we get 
(a, K/k) = 1 


for alla €k*. Thus the Artin map on ideles may be viewed as defined 
on the idele classes, and yields an isomorphism 


C,/NECK ~ G(K/k). 


If a is an idele, and a, its v-component for v € M;,, then we identify a, 
with the idele whose v-component is a,, and having component 1 at all 
v’ € My, vo’ ¥ v. Thus we have the correspondence 


GCs Gy TA, a 3) 


for ay € k¥. If ais an idele, then a, is a unit for almost all v. Let S bea 
finite set of absolute values on k containing the archimedean ones and all 
v which are ramified in K. Let S also contain those v at which a, is not a 
unit. If v ¢ S, then a, is a local norm, and hence the idele 


Se 


ve S 


is in NEJx. Hence (a8, K/k) = 1, and 
(a, K/k) = II (ay, K/k). 


Since (a@,, K/k) = 1 for all but a finite number of v, we may summarize 
the preceding discussion in a theorem as follows. 


Theorem 4. Let K/k be abelian. The Artin map a+ (a, K/k) induces 
an tsomor phism 


Ci /NECK = J/k*NET x = G(K/k), 


and for any idele a, we have 


(a, K/k) = gf (ay, K/k). 


Next we have formal properties of the symbol (a, K/k), similar to the 
symbol for ideals. 


Al. Leta: K — cK bean isomorphism (not necessarily equal to the identity 
on k). Then 


(oa, cK /ck) = o(a, K/k)o—?. 
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A2. Let K’ > K Dk bea bigger abelian extension. Then 
resx (a, K’/k) = (a, K/k). 
A3. Let K/k be abelian and let E'/k be finite. Letb EG Jpg. Then 


resx (b, KE/E) = (NED, K/k). 


These properties are immediate from the corresponding properties for the 
ideal map. 


If E/k is a finite extension, then N?Jz is an open subgroup of Jy. 
Indeed, if v is unramified in E, then every unit in k, is a local norm. Even 
if v is ramified, the group of local norms contains an open neighborhood 
of 1, which is of finite index in the group of units. Hence the group of 
local norms is open. Hence NiJ xz is open. Thus the group k*NZJz is 
an open subgroup of J;, containing k*. There is a bijection between open 
subgroups of J; containing k* and open subgroups of C;, = J;/k*. If H 
is an open subgroup of J; containing k*, we say that H belongs to the 
abelian extension K/k if H = k*N{Jx. And similarly if H is an open 
subgroup of Cz, we say that it belongs to K/k if H = N*&Cx. We shall 
also say that K is the class field belonging to H. We also say that H 
is the class group belonging to K. 

If K is the class field belonging to H, anda: K — oK is an isomorphism 
(not necessarily identity on k), then it is clear from the basic definitions 
that cK is class field (over ok) to oH. 


Theorem 5. The map K — NiCx (resp. K > k*N*¥J x) establishes a 
bejectton between finite abelian extensions of k and open subgroups of Cy 
(resp. of J, containing k*). If K belongs to H and K’ belongs to H’, then 
K CK’ af and only if H > H’. Furthermore, KK’ belongs to H N H’, and 
KK’ belongs to HH’. 


Proof. Suppose that H belongs to K and H’ belongs to K’. The kernel 
of the Artin map 


Cy, — G(KK'/k) 
is H N H’, because of the consistency property A2Z. Hence H nN H’ belongs 


to KK’. If KCK’, it follows from the transitivity of the norm that 
H >Hi’. Conversely, if H > H’, then H N H’ = H’, and 


(Cy: H’) = [K’:k] = [KK’:k]. 


Since k C K’ C KK’, we conclude that KK’ = K’, whence K C K’. This 
proves our theorem, except for the fact that every open subgroup of C;, 
belongs to an abelian extension. This will be proved in the next chapter. 
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Corollary 1. Let K/k be class field to H and let H, > H. Then H, has a 
class field, which is the fixed field of (H,, K/k). 


Proof. Let K, be the fixed field of (H,, K/k). By the consistency prop- 
erty of the Artin map, we see at once that H, is the kernel of the map 
C;, — G(K;/k), so K, is the class field belonging to A. 


Corollary 2. Let K/k be an abelian extension and let c be a cycle of k, 
admissible for K/k. Let W, be the neighborhood of 1 in Jy, defined in 
Chapter VII, §4. If k*W, belongs to the class field K./k, then K C K,. 


Proof. Let H belong to K. As we saw in Chapter VII, §4, we have the 
inclusion H > k*W,. Hence our assertion is now obvious. 


The class field to k*W,. (whose existence will be proved in general in the 
next chapter) is called a ray class field (Strahl Klassenkérper). 


Example. Let K = Q(¢m). We shall prove that K is the ray class field 
to the cycle mv., thus belonging to Q*Wny,. 


Proof. We first consider the case when m = p’ is a prime power. Let 
u be a local unit at p,i.e.u € Up. We identify u with the idele 


having component 1 at all v ¥ v,, and component u at p. Let c= p"o, 
be an admissible cycle for K/Q, with » = v. Let a be a positive integer 
such that 


au = 1 (mod p*). 
Then 
au = (...,@,@,au,a,a,...) 


is an idele such that 


au = 1 (mod* p*v,). 
If 
o = (u, Q(Sp)/Q) = (au, Q(Fp»)/Q), 
then from the definition of the Artin map for ideles, we find that 
C=C". 


However, ¢* depends only on the residue class of a (mod p”). We conclude 
that if u © Up and u = 1 (mod p”), then 


(u, QSp»)/Q) = 1. 
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This implies that if m = p’, and H,, is the class group belonging to Q(¢,), 
then 


W nv C Hm. 


For an arbitrary unit u in U,, we can write symbolically 
(u, Q(5p»)/Q) or ae 


exponentiation by u—' meaning exponentiation by any positive integer a 
such that au = 1 (mod p’). 


For composite m, we see at once that Wmv. © Hm, using the multi- 
plicativity of the Artin symbol for ideles. However, we have an isomor- 
phism J/Q* Wmv, = (Z/mZ)* under the ideal map, as in Chapter VII, 


§4, and thus the index relation 
(J: Q* Wine) = [QSm):Q] = J: Hn). 
Hence 
OW mon = Han; 


thus proving our assertion. 


Corollary 3. Let K/Q be an abelian extension of the rationals. Then K 
as cyclotomic, i.e. there exists a root of unity ¢ such that K C Q(¢). 


Proof. Let mv. be an admissible cycle for K/Q, and let H be the class 
group of K. Then 


Hm = Q*Winv, CA, 
whence K C Q({m) by Theorem 5. 


Corollary 3 is known as Kronecker’s theorem. According to some 
critical modern appraisals, Kronecker stated the theorem, but the first 
complete proof seems to have been given by Weber. For a proof depend- 
ing on higher ramification theory, but not on class field theory, cf. Speiser, 
J. Reine Angew. Math., 1919. See also Neumann, J. Reine Angew. Math., 
323, 1981, pp. 105-126 for a discussion of Kronecker’s and Weber’s proofs. 


Theorem 6. Let K/k be the class field of H, and let E/k be finite. Then 
KE/E is the class field of Nz/,(H). 


Proof. The kernel of the Artin map 


is precisely equal to N ey/e(H ) because for b € Cg we have 


resx (b, KE/E) = (Nib, K/h), 
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and an automorphism of KE/E is determined by its effect on K. This 
proves our theorem. 


To prove the next theorem, we shall use the fact that given an open sub- 
group Hf of Jy containing k*, there exists an abelian extension K/k such 
that H = k*NiJx. This is the existence theorem which will be proved 
in the next chapter. 


Theorem 7. Let E/k be a finite extension, and let H = N¥Cr. Then H 
belongs to the maximal abelian subextension of E. 


Proof. Let K/k be the class field belonging to H. For any b €Cg we 
have Nib € H, and hence 


1 = (Nib, K/k) = resx (b, KE/E). 


Hence KE is the class field to all of Cz, whence KE = EF and K CE. 
It is then clear that K is maximal abelian in EL, thus proving the theorem. 


Corollary. We have [E :k] = (Cy :N{C xz) if and only if E/k tis abelian. 
Proof. Clear. 


From the consistency property, we can define the Artin map for infinite 
abelian extensions. Let A be the maximal abelian extension of k (i.e. 
compositum of all finite abelian extensions). Given a € C; we define an 
automorphism (a, k) on A to be (a, K/k) on each subextension K of A, 
finite over k. The consistency property shows that this is well defined, 
and from the definition of the (Krull) topology on G(A/k), which is 
compact totally disconnected group, we obtain a continuous map 


Cy — G(A/k). 


This map, which we again call the Artin map, has an image which is 
everywhere dense in G(A/k), because of the surjectivity in finite exten- 
sions. We can write C;, as a product 


C,= Rx cf 


both algebraically and topologically, and the positive reals R*™ are in- 
finitely divisible (i.e. every element is an n-th power for all n). Hence our 
infinite Artin map is given by its restriction to C°?, which is compact 
(Theorem 4, Chapter VII, §3). Since the continuous ‘nage of a compact 


set is compact, it Follows. that the Artin map is surjective, i.e. maps C? 
onto G(A/k). 
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‘Similarly, if K is any infinite abelian extension, we obtain a continuous 
surjective homomorphism 


WK/k ‘Cj = G(K/k). 


An open subgroup H of C;, is of finite index, and hence closed (it is the 
complement of the union of a finite number of cosets). The kernel of 
WK) 1S the intersection 


Hx= [) Hr 
FCK 
of all groups Hr belonging to finite subextensions F of K. Actually, it is 
better to look at wx,, as defined on C?, because of the compactness. We 
can then write the kernel of wx; in C? as the intersection 


Hk = [{) H3, 
FCK 
where Hy = Hy C{, and Hj, is open, of finite index in C2. This kernel 
is then compact, and we have an algebraic and topological isomorphism 


Ce/Hk = G(K/k). 


We then obtain a bijection between closed subgroups of C, containing 
Hy, and (possibly infinite) abelian extensions of k, given by 


Kw Akg. 


In the other direction, if H is a closed subgroup of C;, containing H 4, 
then its class field K is the fixed field of (H, A/k) = (H,k). As in the 
finite case, the association K +» Hx reverses inclusion relations. We call 
K the elass field to Hx as before. The group H, will be called the group 
of universal norms. It is the intersection in C; of all the norm groups 
from finite extensions (or finite abelian extensions, same thing). Using 
the existence theorem, we shall prove a structure theorem for it later 
(Theorem 6, in Chapter 11, §6). 


CHAPTER XI 


The Existence Theorem and 


Local Class Field Theory 


S1. Reduction to Kummer extensions 


We must prove that any open subgroup H of J; containing k* belongs 
to some abelian extension. Thus at some point, we have to start exhibiting 
abelian extensions of k. There are not that many ways of doing this. 
One general way is to make cyclotomic extensions, and when the n-th 
roots of unity are in k, to make Kummer extensions, i.e. adjoining n-th 
roots of elements of k. We shall prove the existence theorem by this 
method. Deeper methods involving the values of certain transcendental 
functions are more significant, but lead into directions which require a 
whole book to themselves. We first start with the reduction lemma. 


Lemma. Let F/k be a cyclic extension, and let H be an open subgroup 
of J, containing k*. Let Hp = N ri(H). Lf Hp has a class field (over F) 
then so does H (over k). 


Proof. Let K/F be the class field of H pr. We shall prove that 
K is Galois over k. Let K’ be the smallest Galois extension of 
k containing K. Leto be an automorphism of K’ over k. Then 
oHr = Hy. ButcoK is class field to gH Fr. Hencecok = K 
and K is Galois over k, so K = K’. We shall actually prove 
that K is abelian over k. Let o@ be an automorphism of K 
over k whose restriction to F generates G(F/k). Let 7 be any 
automorphism of K/F. It will suffice to prove that o com- 
mutes with 7. Let b € Jr be such that 


ay 


tT = (b, K/F). 
Then 


ota’ = (ab, ¢K/cF) = (0b, K/F). 
However, Ni(ab/b) = 1, so that ob/b € Hr. Hence 
(ob, K/F) = (6, K/F), 
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and oto’ = t, thus proving that K/k is abelian. Since k*N{iJx < H, and 
by Corollary 1 of Theorem 5, Chapter X, §3, we conclude that H has a 
class field. This proves the lemma. 


The lemma will be applied in the following situation. An abelian exten- 
sion K/k is said to have exponent n if o” = 1 for allo € G(K/k). We 
make the same definition for an abelian group A (say multiplicative), 
and say that A has exponent nif a” = 1 for alla © A. Let H be an open 
subgroup of J; containing k*, such that J;,/H has exponent n. We want 
to prove that there exists a class field to H. Let F = k(¢,) be the field 


obtained from k by adjoining a primitive n-th root of unity ¢,. We can 
construct a cyclic tower 


KCF,CFeC:::CFr,=F 


such that each F;,,/F; is cyclic. Let Hp = N r(H ), and similarly 
H; = Ny,7,(H). If we can prove that Hp has a class field, then we come 
down stepwise in the tower applying the lemma, to conclude that H has 
a class field. When J;/H has exponent n, this reduces the existence theo- 
rem to the case when k contains the n-th roots of unity. 

We now recall some easy facts about abelian extensions of k, of exponent 
n, when ¢, lies in k. Such extensions correspond to subgroups of k* con- 
taining k*” as follows. 

Let k*¥ > DD k*”, and assume (D:k*”) finite for simplicity. Let 


Kp = k(D"") 


be the field obtained from k by adjoining all n-th roots of elements of D. 
If ay, ..., &m are representatives in D of the factor group D/k*”, then we 
clearly have 


Kp = k(ay!”, coe on). 


so that Kp is finite. It is trivial to verify that Kp is abelian over k, of 
exponent 7. 

Conversely, let K/k be abelian of exponent n. Then K is a composite 
of cyclic extensions, and each cyclic extension can be written in the form 
k(a'!") for some a € k, using Hilbert’s Theorem 90, Lagrange resolvants, 
or whatnot. (Cf. books on Algebra, e.g. mine.) Thus K = Kp for some D. 

There is a duality between G(K/k) and D/k*” as follows. Let K = Kp. 
For each ¢ € G(K/k) = G, and each a € D, select A EK such that 
A™ =a. ThengA/A is independent of the choice of A, and is an n-th 
root of unity, which we denote by (a, a). The map 


Gx D— C* 
given by 
(g,a)> (,a) =cA/A 
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is then trivially verified to be bimultiplicative, i.e. a pairing. It is clear 
that this pairing depends only on the class of a modulo k*”, and thus 
induces a pairing 


GX D/k*" 3 C*. 


We contend that the orthogonal subgroup to G in D is precisely k*”, 
and that the orthogonal subgroup to D in G is 1. Proof: Let a € D be 
orthogonal to allo € G. ThengA/A = 1 for allo & G, whence a!” Ek. 
Hence a € k*”. On the other side, suppose that ¢ € G is orthogonal to all 
of D. For any a € D and A such that A” = a wehaveoA = A. Hencego 
leaves fixed a set of generators for Kp over k, and hencego = 1. This 
proves our assertion, and we conclude that the pairing | 


GX D/k*” — C* 


induces an isomorphism of each one of the groups G, D/k*" with the dual 
group of the other. In particular, we find: 


[Kp :k] = (D:k*"). 


The facts which we have just summarized are referred to as Kummer 
theory. The field Kp is called the Kummer field belonging to D. Note 
that the Kummer theory establishes a duality between the Galois group 
and a certain group associated with the ground field, whereas the class 
field theory establishes an isomorphism, depending on a much more subtle 
construction, through the Artin symbol. 


§2. Proof of the existence theorem 


Existence Theorem. Let H be an open subgroup of Ji, containing k*. 
Then there exists a class field to H. 


Proof. As mentioned in the preceeding section, we are reduced to the 
case when J;,/H has exponent n, and k contains all n-th roots of unity, 
which we assume from now on. Without loss of generality, n > 2. 


Theorem 1. Let S be a finite set of absolute values of k containing all the 


archimedean ones, all p such that p\n, and enough absolute values such that 
gf k= k*J S- Let 


B= [I k’x [I U.. 
vES ve S 
Then k*B has a class field K, which is equal to k(k3!"), i.e. is obtained by 
adjoining to k all n-th roots of S-units. I f s as the number of elements 
of S, then [K:k] = n’. Finally, k* A B= ké. 
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Proof. Let K = k(ki"). Observe that kg N k*" = k& (trivially), and 
that we have an isomorphism 


kgk*"/k*" = ks/(ks Ak*") = kg/k. 


Thus K is the Kummer field belonging to kgk*". Since ks modulo roots 


of unity is a free abelian group on s — 1 generators (where s = number of 
elements of S'), we conclude that 


(kg: k's) = n° = [(K:k]. 


Note that K/k is unramified outside S by the usual criterion. Namely, 
K is obtained by adjoining roots of equations 


f(X) = X" —a=0), 


with a E ks. If A is a root, then f’(A) is divisible only by primes of S. 
We shall prove that k*B = k*N KJ x. First we prove the inclusion 


k*BCKNE J x. 


Since K/k has exponent n, any element of k*” for v E S (viewed as idele 
with component 1 outside v) is in the kernel of the Artin map, and hence 
contained in k*NiJx. (This could also be proved in a very elementary 
way, using the approximation theorem.) An element of 


[Lv 


vES 


is contained in N*Jx because for v € S, every local unit is a local norm. 
This proves the first inclusion. 

Conversely, it will suffice to prove that (J,:k*B) =n’. Let 
kp = k* NB. We have: 


(J, :k*B) = (k*J 5: k*B) 
_ (J 5 :B) __ 
~ (Jg nkt: Bn k*) 
*. L*N 
II eat, ) nes 


vES 


~  (ksike)— (kstke) 


(We used the index computed in Chapter II, §3, and the product formula.) 
There remains to be proved that kg = k%. It is clear that kg D ks. Con- 
versely, let a @kg. Then a is a local n-th power at all v ES, so that v 
splits completely in k(a!/”) for allv ES. Furthermore, if v € S, then o 
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is unramified in k(al/"). Let K’ = k(a"). Then Jg C Ni JK, whence 


J = k*J 3 Ch*NE JK. 


Class field theory shows that K’ = k, and hence a Ek. This concludes 
the proof of Theorem 1. 


The existence theorem is now only a corollary of Theorem 1. Given an 
open subgroup H of Jz, containing k*, such that J/H has exponent n, 
and assuming that the n-th roots of unity are in k, we find a set S as in the 
theorem, and enlarge S still further, to contain all those v such that U, 
is not contained in H. Then B C H, and since k*B has a class field, we con- 
clude by Corollary 1 of Theorem 5 in the preceding chapter that H has a 
class field. 


Remark. We shall see later that v is unramified in an abelian extension 
F/k if and only if U, is contained in the group H to which F belongs. 
From this, we see that in Theorem 1, the class field to k*B is the maximal 
abelian extension of exponent n, unramified outside S, because if F'/k is 
abelian, of exponent n, unramified outside S, and class field to H, then 
BCH whence F C K, where K is class field to k*B, as in the theorem. 


$3. The complete splitting theorem 


The decomposition of a given absolute value v in an abelian extension 
K/k is reflected already in the group H to which K belongs. 


Theorem 2. Let K/k be class field to H. Let v be an absolute value on k. 
Then v splits completely in K if and only if k* C H. 


Proof. If v splits completely, then k* C H because every element of k* 
is a local norm. We shall prove the converse. In this section, we prove it 
only when J;/H has exponent n, and the n-th roots of unity are contained 
in k. We shall complete the proof in the next section. 

Let therefore v9 be a fixed absolute value on k such that k* C H, and 
let S be a finite set of absolute values containing vo, satisfying the condi- 
tions of Theorem 1, that is containing all archimedean », all pin, and enough 
v such that J = k*Jg. Assume also that S contains all vy which are rami- 
fied in K. Let: 


By = kx [I kx J] v, 


vES vES 
v=vg 

Bo = ki" x [J kex TI] V,. 
vES vES 


218 EXISTENCE THEOREM AND LOCAL CLASS FIELD THEORY [XI, §3] 


Then B, Bz = B, where B is the group mentioned in Theorem 1. 
Also B, C H. We shall construct the class field K, to k*B,, and we shall 


see that vo splits completely in this class field. It then follows that v9 
splits completely in K, because K C Ky. 
Let D, =." M B, and De ee ts M Bo. Then 


ks CDi, Nk*"* CBQk*" = kg 


by what we proved in §2. Hence D, nk*" = k&, and similarly, 
Do Q k*" = kis. 


Let K, = k(D4") and Ky = k(D}!"). (The reversal of indices is not 
accidental.) Then by Kummer theory, 


[K,:k] = (Dok*" :k*") = (Do: De Nk*") = (De: k5s), 


and similarly, reversing 1 and 2. 
[Ko: k] = (D,k*": Ke) = (D,: D, M k*”) — (Dy: OR 


Let K, and Ke be class fields to H,; and Hz respectively. Then Kj, 
Ky are unramified outside S, and if v € S, v ¥ v9 then v splits completely 
in Ky, while vg splits completely in K,. Hence 


B,C, and BoC He. 
Therefore we obtain inequalities: 


[K,:k]) S (J :k*By) = (k* dg: k* By) 
_ (Js: By) 
(kg: k* 0 B,) 
TL ct: 48) 
vES 
= vero ____ (k* A By 2k) 
(ks :ks) 
TT (es: 


vES 


Be Lene) ee 


ns 
Similarly, we find 


(ko, i kag 


nN 


[Ko:k] S (J :k*Be) = [K, :k}. 
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Multiplying on the right and on the left, we get 
[Ki :k][Ko:k] < (J:k*By)(J:k*Bo) S [Ky :k][Ko:kl. 


Hence equality must hold everywhere in what precedes. In particular, 
we find that k*B, = H,. We know by construction that vo splits com- 
pletely in Ky, and thus finally, we conclude that vo splits completely in 
K, thus proving what we wanted in the Kummer case. 


Remark 1. The technique used here (due to Herbrand) can also be used 
to give the “algebraic proof” of the universal norm index inequality, as 
was done by Chevalley. Cf. Artin-Tate. 


Remark 2. It did not really matter that we selected one vp from S. 
We could split S into two disjoint sets S; and Se, and argue in a similar 
way. For the present application, however, what we needed was just for 
the study of a single v9. 


§4. Local class field theory and the 
ramification theorem 


In this section, we conclude the proof of the complete splitting theorem, 
and derive local class field theory, describing the effect of the Artin map 
on the local component k* for a fixed »v. 


Theorem 3. Let K/k be abelian. The Artin map restricted to k*¥, namely 
at> (a, K/k), ack* 


maps ky into the decomposition group Gy (= Gy for any wlv), has kernel 
N»K%, and induces an isomorphism 


ki/N»K* = Gy, 
where N. ts the local norm from Ky to ky. 


Proof. We know that the group of local norms is contained in the kernel, 
since it lies in N¢Jx. Hence our theorem follows from the local norm 
index inequality, Chapter IX, §3, once we have proved that the image of 
ky is contained in the decomposition group G,, and is equal to the whole 
decomposition group (this being the local analogue to the global sur- 
jectivity theorem of the Artin map). 

Let Z be the fixed field of G,. Then v splits completely in Z, and hence 
k* C NiJz. Ifa ek*, then a = NZb for some local idele b € Zw, so that 


(a, K/k) = (b, K/Z), 
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whence (a, K/k) lies in G,. This proves that the image of k* under the 
Artin map is contained in G,. 

Next we prove that the map is surjective. Without loss of generality, 
we may assume that k = Z. Let S = (k*, K/k) be the image of k* and 
let E be the fixed field of S. If EH ¥ k, then E contains a subfield F which 
is cyclic over k, of prime degree p. Let k’ = k(¢,) where 
fp 1s a primitive p-th root of unity, and let 


F’ 
F’ = Fk’ = F(fp). we 7 


Let v’ be an absolute value of k’ such that v’|v. The i JF 
whole local group k* is contained in the kernel of the k 
Artin map 
ki — G,(P/k), 
and hence k/{* is contained in the kernel of the Artin map 
kyr — Gy (F’/k’). 


By the Kummer result of the preceding section, this implies that v’ splits 
completely in F’. However, [k’:k] divides » — 1, and is relatively prime 
to p = [F:k]. Since the ramification index and residue class degree are 
multiplicative in towers, it follows that v splits completely in F. Since we 
assumed that k = Z, this gives a contradiction which proves our theorem. 


The argument which we have just given also concludes the proof of 
Theorem 2. Indeed, let K be class field to H, and assume that k¥ C H. 
Then (k*, K/k) = 1, and we know that 


(ks, K/k) = Gy. 
It follows that G, = 1, i.e. v splits completely. 
Corollary. Let K/k be class field to H. Then 


Honk} = NiKo and Hn U,= Nww. 


Theorem 4. Let K/k be abelian, class field to H. An absolute value v on 
k is unramified in K if and only if Uy CH. More generally, (Uy, K/k) ws 
equal to the inertia group Ty (= Ty for any wv). 


Proof. If v is unramified in K, then every local unit is a local norm, so 
U, CH. Conversely, assume that U, CH. By the preceding corollary, 
we know that every unit in U, is a local norm. By Chapter IX, §3, it 
follows that v is unramified in every cyclic subfield of K, and hence is 
unramified in K. To see that (U,, K/k) = T, in general, we may assume 
without loss of generality that the Galois group G(K/k) is equal to the 
decomposition group Gy. (If Z is the fixed field of G,, then v splits completely 
in Z, and so we may use Z as ground field instead of k.) Let F be the 
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maximal subfield of K in which v is unramified. Then T, is the Galois 
group of K/F. If w|v in F, then by the norm property of the Artin symbol, 
we have (Uy, K/F) = (Uy, K/k). In the non-archimedean case, there 
exists a prime element 7 in F, which is a local norm from K. Hence 
(7, K/F) = 1. But 


i= {1} X Uy 


(where {7} is the cyclic group generated by 7), and (F*, K/F) = T),. 
Hence (U,, K/F) = T,, thus proving our result in general. The archi- 
medean case is equally clear. 


In view of Theorem 4, it is natural to define » unramified in H if 
U, CH. With this terminology, we see that v is unramified in A if and 
only if v is unramified in the class field belonging to H. Furthermore, if 
K 1s class field to H, then the class field to HU, is the maximal subexten- 
sion of K in which v is unramified. 


Corollary. Let K/k be an abelian extension. For any v on k, and wiv 
in K, we have 


(Uy Naa) =e, 
and the Artin map induces an isomorphism U,/N »Uy ~ Ty. 
Proof. Immediate from the corollary of Theorem 3. 


Let F' be a local field, i.e. the completion of a number field at an 
absolute value. Let L be an abelian extension with Galois group G. There 
exists a number field k and an abelian extension K, with absolute value 
v, such that 


Fk, and Bak. 


For instance, let EF be a number field dense in L. Let K be the composite 
of cE for alloeG. Then K is stable under G and we let k be the fixed 
field of G. It is immediate that k, = F, and of course K, = L. 

Note that the local Artin map k} G(Kk,/k,) is induced by the global 
map. The consistency property of the global symbol implies that the 
local map is independent of the global extension K over k chosen such 
that K, = L and k, = F. Hence by Theorem 3, the Artin map gives an 
isomorphism 


F*/NEL* & G(L/F). 


Theorem 5. Let F be a local field. The Artin map defined for abelian 
extensions L of F satisfies the same formalism as the global map, when 
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viewed as defined on the multiplicative growp of the local field. The 
association 


Li NEL* 


establishes a bijection between finite abelian extensions of F, and open 
subgroups of finite index in F*, which reverses the inclusion relations. 


Proof. In the first edition, I asserted that the proof is the ‘‘same as 
in the global case”’, but I used the additional property that given an 
abelian extension L of k,, there exists an abelian extension K of k such 
that Kk, = L. I based this assertion on the property that since k* is 


embedded in C;, an open subgroup H, of K* can be written as an 
intersection 


A= AA 


for some open subgroup H of C;. Lenstra pointed out to me that this 
step was not properly justified, and that this property can be bypassed 
by the remarks preceding the theorem and the following argument. 
Indeed, by those remarks, the association 


Lr NEL* 


gives an injection of the family of abelian extension to open subgroups 
of F*. Thus the only thing to prove is the surjection, i.e. every open 
subgroup is the norm group of some abelian extension, in other words, 
we have to prove the existence theorem. The arguments given in §1 in 
the global case apply equally well in the local case. Thus given the 
subgroup H,, if the factor group F*/H, has exponent n, then by these 
arguments, we may assume without loss of generality that the n-th roots 
of unity lie in the ground field F. But then we may use Kummer theory. 
Let L = F(F") be the abelian extension obtained by adjoining all n-th 
roots of elements in F*. Then 


Oe? da 2 Oe ep 


and F*” is contained in the kernel of the Artin map. By Theorem 3 (the 
norm index relation for abelian extensions) it follows that 


Fe" — NEL‘, 


Since F*" < H, < F*, it now follows immediately that H, is the norm 
group of some subextension of L, thus proving Theorem 5. 

It becomes a problem to define the local Artin map purely locally in 
the ramified case (in the unramified case, the Artin symbol locally can 
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be defined in the same manner as the global one). Chevalley was the first 
to do it, using the simple algebras. What mattered, however, were the 
cocycles defining the algebras, so that a purely cohomological treatment 
could be given as was done first by Hochschild. In fact, the local and global 
cohomology for this can be axiomatized into the “class formations”, for 
which we refer to Artin-Tate. 

When asking for a global abelian extension K of k such that Kk, = k’ 
is a given local abelian extension, one can ask if K can be so chosen that 
[K :k] = [k’:k,], especially in the cyclic case. The answer is yes, except 
in one special case. This is the Grunwald-Wang theorem, which even does 
this for a finite set S of absolute values. Observe that for such a set, the 
finite product 

I] ke 


veES 


is embedded algebraically in the idele classes C, (that is the natural map 
into Ci, is injective), but not topologically, in distinction to the case when 
S has only one element. For a complete treatment of the Grunwald-Wang 
theorem, which has nothing to do with cohomology, we refer to Artin- 
Tate. 

A related question is the following: If a € k* is an n-th power locally 
at every v € M;,, is a also an n-th power in k? The answer is yes, except 
in a special case which can be described completely. Cf. Artin-Tate for 
that too. 

As in the global case, the local existence theorem allows us to see that 
if E'/k, is a finite extension, then N ‘, E* is the local norm group to the 
maximal abelian subextension of /. The proof is the same as in the global 
case. 

Using the consistency property, we can define the local Artin map for 
the maximal abelian extension A of k,, thus obtaining a homomorphism 


yi ky— G(A/k,), 


whose image is everywhere dense. Let us assume that » is p-adic. Since 
the intersection of all open subgroups of finite index in kx is obviously 
equal to 1 (this is now different from the global situation), we conclude 
that the kernel of the infinite map is trivial. In the local case, however, 
the map is not surjective any more. In fact, we can write kxas a product 


where {7} is the cyclic group generated by a prime element z in k,. The 


map w, is not only continuous for the product topology, but also for 
the topology in which subgroups of finite index form a fundamental 
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system of neighborhoods of 1 in kt. The restriction of this topology to 
Z is the “ideal topology”. Following Artin, we can then complete Z 
under this topology, and using the Chinese remainder theorem we see 
that the completion Z is the compact group equal to the direct product 
of all p-adic integers for all p. Extending the map w, by continuity, we 
obtain an isomorphism, 


kt = ZX U, = G(A/ky) 


which is both algebraic and topological. This gives a rather good model 
for the Galois group G(A/k,). For instance, we see that G(A/k,) has a 
unique subgroup of order 2 (which one?), and hence that there exists a 
unique subfield of A containing k,, which is of degree 2 under A. 

Finally, we mention that Theorem 4 admits a substantial refinement. 
Let k denote a p-adic field until the end of the section. Then k has a 
filtration 


k* = U_1D Up D U1 D U2D°:+DU;D=-, 
where Uy = U, and U; consists of those elements x € U such that 
xz = 1 (mod py’). 


Correspondingly, let K/k be a Galois extension with group G (equal to 
the decomposition group since we assumed that k is local), inertial group 
T. We can define a sequence of subgroups V; (called the higher ramifica- 
tion groups) by the condition that o € V; if and only if 


oa = a (mod $'t?) 
for alla E€ ox. Thus Vo = T. 


Theorem. If K/k ts abelian, and k is p-adic, then the reciprocity law 
map k* — G(K/k) maps U; onto V; (a’ depending on 1). 


The proof requires a refined look at the higher ramification, and is 
carried out in detail, for instance in Artin-Tate. Our purpose is not to 
rewrite or copy Artin-Tate here, and we refer the reader to it. The discus- 
sion is arithmetic, and independent of cohomology. The local theory thus 
obtained also yields a description of the local conductor in terms of the 
higher ramification groups, and into a description of the precise relations 
existing between the (local) different and the conductor. 


§5. The Hilbert class field and the 
principal ideal theorem 


The ramification theorem (Theorem 4) and the existence theorem have 
an interesting global application. The group 


H = k*Js, 
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has a class field K which by Theorem 4 is unramified everywhere (includ- 
ing the archimedean absolute values). Furthermore 


J/k*J 5, ~ 1/P 


is isomorphic to the ideal class group of k, under the ideal map. This 
class field K is called the Hilbert class field. We see that its Galois group 
is isomorphic under the Artin map to the ordinary ideal class group. It 
becomes a problem to exhibit K explicitly. Complex multiplication and 
its generalizations do this in special cases, by transcendental methods, 
outside the scope of this book. 

Hilbert had conjectured that an ideal of k becomes principal in the Hilbert 
class field. This was reduced by Artin to a statement of finite group theory 
by means of the reciprocity law as follows. 

Let k be the number field, K the Hilbert class field 
over k, and L the Hilbert class field over K. It is clear 
that L is Galois over k: If \ is any isomorphism of L over 
k, then AK = K and XL is unramified over \K, whence L 
AL CL, so AL = L. Let G be the Galois group of L/k | r 
and S the Galois group of L/K. Then G/S is the Galois K 
group of K/k. From the definition of the Hilbert class | 
field, it is clear that K is maximal abelian in L, and hence k 
translating this in terms of the Galois groups, we con- 
clude that G/S is the maximal abelian factor group of 
G, whence S = G*° is the commutator subgroup of G. 

Let p be a prime of k. We must prove that (p, L/K) = 1, identifying 
p with po,. Let 


p= q1°'''G, 


be the factorization of p in distinct primes of K. Then 
(p, L/K) = JJ (qi, L/K). 
i=l 


Let q be any one of the primes of K dividing p, and let o; € G/S be one 
of the automorphisms of K/k such that o.q = qi. Extend a; to all of L. 
Then 

(q:, L/K) = (o49, L/K) = (0.9, 0;L/0;K) = o;(q, L/K)o7". 


Thus we obtain 


(», L/K) = I oq, L/K)oz". 
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If we can prove that the product on the right is equal to 1, then we con- 
clude that p is principal, by the reciprocity law! 

A complicated group theoretic proof was given by Furtwangler. A 
much simpler proof was given shortly thereafter by Iyanaga, following 
a suggestion of Artin concerning a group-theoretical map, the transfer, 
which shows that a product like the above is always equal to 1. We refer 
the reader to Artin-Tate, Chapter XIII, §4, for the self-contained proof 
(and definition of the transfer in general), having to do only with group 
theory, but nothing to do with ideal theory. In this connection, it had 
been an unsolved problem for a long time whether the tower which is 
constructed by taking successive Hilbert class fields can ever become 
infinite. In his talk at the International Congress in 1962, Shafarevich 
showed how this question could be reduced to a group theoretic statement, 
involving certain bounds forthe number of generators of certain groups. 
Shortly afterwards, he and Golod succeeded in giving examples when the 
tower is infinite, and showing that in some sense, this is a very frequent 
occurrence. For this we refer the reader to the original paper of Golod 


and Shafarevich (On class field towers, AMS translations 48) or the exposi- 
tion by Roquette in [CaF 68]. 


$6. Infinite divisibility of the universal norms 


Theorem 6. The group of universal norms in Cy, ts infinitely divisible. 
In other words, if a EC, 1s a universal norm, and n 1s a positive integer, 
then there exists a universal norm b such thata = 6”. 


Proof. We shall first need a lemma, whose proof goes back to the tech- 
nique of the existence theorem. 


Lemma. Let n be a positive integer, assume that the n-th roots of unity 
lie in k, and let a be a universal norm. Then a € Cj. 


Proof. We construct a large set S as in Theorem 1, §2, and also we 
construct the group 


B=-JT[ ex] vU.. 
vES ve S 
Let K be the class field belonging to k*B. Then a is a norm from K, so 
there exists b ¢ B in the same idele class as a. Let S’ be any finite set of 
absolute values such as that S’ > S, and form the group 


B=JT[ ex TI utx [I U.. 
vES fae vES' 
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Then a also has a representative idele b’ in B’, and there exists B € k* 
such that b = Bb’. Then B ©€k* 1 B= kg by Theorem 1, §2. Hence 
b, is an n-th power for all v € 8S’. We can take S’ arbitrarily large. This 
proves that b, is an n-th power for all v, i.e. b = c” for some idele c, thus 
proving our lemma. 


We shall now prove Theorem 6, as in Artin-Tate. We let D;, be the group 
of universal norms in Cy. We first prove that for any finite extension E£/k 
we have 


D, = NEDg 


From the transitivity of the norm, one has trivially NZ Dg C Dz. Con- 
versely, let a € Dy. For each finite extension K containing £ let 


Xx = NECK ONE} (a). 


By Theorem 4 of Chapter VII, §3, it follows at once that Nzi,(a) is com- 
pact. Hence Xx is compact, and is not empty by the transitivity of the 
norm. The family {Xx} for all finite extensions K containing EF has the 
finite intersection property, because if K,,...,K, is a finite number of 
such extensions, and K contains each K; (i = 1,...,r) then Xx C Xx, 
for all z. It follows that there exists b © Xx for all K. Then a = Nb 
and b is a universal norm in Cg. This proves that D, = N?Dz. 

Given an integer n, and a € Dy, to prove that a € D7 we let E = k(¢,). 
Let a = Nfb with bE Dg. It will suffice to prove that be Dy. This 
reduces our proof to the case when k contains the n-th roots of unity, 
which we assume for the rest of the proof. 

By the lemma, we have for each finite (Galois, if you wish) K, 


Dy = NE Dx CNE(CR) = (NECx)”. 
Let 


Ye = NECK M gilt 


where a’ means the set of all b €C, such that b” = a. Then a!/” is 
closed in C;, and is compact by the same Theorem 4 of Chapter VII, §3. 
We have just seen that Yx is not empty, and the transitivity of the norm 
shows that the family {Y x} for all finite K/k has the finite intersection 
property. Hence there exists b € Yx for all K. This b is a universal 
norm, and b” = a, thereby concluding the proof of Theorem 6. 


We refer to Artin-Tate for the proof that D, is the connected component 
of C ke 


CHAPTER XII 


L-Series Again 


§1. The proper abelian L-series 


Let X be a character of the idele classes Cy, (or equivalently, of J;, 
vanishing on k*), that is a continuous homomorphism 


J ./k* aes Cc 


and assume in addition throughout this section that X has finite period. Then 
the kernel H, of X is a closed subgroup of finite index, which is therefore 
open, and has a class field denoted by Ky. 


A prime » is said to be unramified for X, or X is said to be unramified at 
p, 1f the group of local units U, is contained in H,. (Cf. Theorem 4 of 
Chapter XI, §4.) If that is the case, and 7 is an element of order 1 in ky, 
we view 7 as an idele, 


We Sig Ay ee ck a2) 
as usual, corresponding to the embedding of k, in J, and we define 
X(p) = X(7). 


This is well defined, and is independent of the choice of 7, since any other 
element 7; of order 1 differs from 7 by a unit, i.e. 7, = um, ue U,, and 
x(u) = 1 since U, cH,. If x is ramified at p, we define y¥(p) =0. 

If c is an admissible cycle for K ,/k, then we could interpret J/H asa 
generalized ideal class group, we could interpret xy as a character of this 
group, and y(p) would be the value of this character, viewing p as an 
element of an ideal class as in Chapter VII, §4. 

Let H be an open subgroup of J; containing k*. By the conductor 
for H we shall mean the smallest cycle f such that the group W; of Chap- 
ter VII, §4 is contained in H. The conductor of H, will also be called the 
conductor of X, and will be denoted by f,. In general, a cycle c is said to be 
admissible for H if W.C H. The conductor for H is thus its smallest 
admissible cycle. The ramification theorem (Theorem 4 of Chapter XI, 
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§4) shows that the conductor for x is divisible precisely by those primes p 
which are ramified in Ky. 


Let X be a character as above. We define the L-series 


1 1 

Le k= Ty aay 

60 = 3m 7 Ht 1 _ X@) 
Nps Nps 


The convergence theorems proved in Chapter VIII, §3, apply to this 
L-series, which differs from L,(s,x) only by a finite number of factors, 
if fic. It is clear that 


L(s, 1) = f(s). 


Theorem 1. Let K/k be an abelian extension, class field to the class group 
H CdJy. Then 


fx(s) = JT] L(s,x) = &(s) I L(s, x) 


xX(H)=1 


where the second product is taken over those characters X which are trivial 
on H, butx # 1. 


Proof. It suffices to prove that for each prime p» of k, we have 


I we) 
1-—)= io); 
8 ( i) wk, ( Nps 


Let p split in K as 
p= (PB, furs P,)°. 
Then efr = N = [K:k], and NQ = Np’. Change variable, let u = Np~°. 
It suffices to prove that 
(*) (lQ—w)"= JT (1— x(p)u). 
X(H)=1 
We have a trivial identity 
1—w= Tl a — cu), 
g 


where the product is taken over all f-th roots of unity ¢. We shall first 
prove formula (*) under the assumption that p is unramified, i.e. e = 1. 
We then have to show that the values X(p) are simply the values 1, 
Cee ce repeated r times, where ¢, is a primitive f-th root of 1. 
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Let Hk¥ = H,>H. By the complete splitting theorem, H, is the class 
group to the maximal subfield of K in which p splits completely, i.e. the 
fixed field of the decomposition group Gy. Hence 


(H,:H) = f. 


Let 1 = ¥y,..., Wy be the distinct characters of H,/H, which is cyclic, 
generated by a prime element 7. Extend these characters to characters 
of J/H, denoted by the same letters. Let 1 = X1,...,X; be the distinct 
characters of J/H,. Then 


{xi;} @Q@=1,...,75j=1,...,f) 
are the characters of J/H. But a has order f mod H. Hence the values 


¥i(7), eos » Wy (1r) 


are precisely the values 1, ¢;,..., ¢/ 1. This proves what we wanted 
if X is unramified at p. 
We now deal with the general case, where p may be ramified. We have 


(HU,:H) = (U,:U,N H) = e 


by Theorem 4 of Chapter XI, §4, and its corollary. Let 1 = W,...,¥- 
be the distinct characters of HU,/H, and extend them to characters of 
J/H. Let 1 = X1,...,X,, be the characters of J/HU,. Then » is unrami- 
fied for all X;,2 = 1,..., fr, and the characters 


Yet @=1,...,fr;7=1,...,¢) 


are all the characters of J/H. If 7 ¥ 1, so ¥; #1, then ¥;(p) = 0 by 
definition. Hence the only characters x of J/H which are not 0 on p are 
precisely the characters x; for which » is unramified. This reduces the 
general case to the unramified case, which has already been dealt w ith, 
and concludes the proof of our eeorein: 


From the factorization of the zeta function into a product of L-series, 
and the evaluation at s = 1, one gets a formula relating the class amber 
regulator, and aiseriminant. We don’t go into this here, but refer the 
reader to Borevich-Shafarevich [BoS 66], or Hasse’s Uber die Klassenzahl 
abelscher Zahlkorper, Akademie Verlag, Berlin, 1952. The reader should 
also look at Leopoldt’s results on the p-adic analogue, for instance his 
paper Uber Fermatquotienten von Kreiseinheiten und Klassenzahlformeln 
modulo p, Rendiconti del Circolo di Palermo, 1960, pp. 1-12. 


232 L-SERIES AGAIN [XII, §2] 


§2. Artin (non-abelian) L-series 


All results used here from the elementary theory of group representa- 
tions and characters can be found in my book Algebra. 

Throughout this section and the next, I follow Artin (cf. his collected 
works). 

Let K/k be a Galois extension with group G. If » is a prime of k, then 
p splits in K into a product 


ae (B1 ee De)*, 


and efr = [K :k], where f is the degree of the residue class field extension. 
For any $|p in K, we have NQ = Np’. We have a Frobenius automor- 
phism ¢ = (f, K/k) in the decomposition group Gg characterized by the 
fact that 


ga = a? (mod $) 


for a € ox. This o is determined only in the coset of the inertia group 
T's, which consists of all 7 € Gg inducing the identity automorphism on 
the residue class field extension. 

If S is a subset of G and X is the character of a representation of G 
(in a finite dimensional space over an algebraically closed field of charac- 
teristic zero), we define 


x(S) = oy x(r). 


We may therefore view S as the element in the group ring equal to the 
sum of all elements of S. 
Let m be an integer 2 1. Ifo = (%, K/k), we define 


x(p") = 4 x(o"T5). 


This can also be viewed as the value of X on the element 


: >, oT. 

€ TET 
Since 7g is normal in Gg, it follows that our value for X(p™) is independent 
of the choice of o in the coset of 7g. Since Frobenius automorphisms cor- 
responding to different $,|p are conjugate in G, and since the inertia 
groups 7'g, are also conjugate in G, it follows that this value is independent 
of the choice of B|p, and that our notation involving only p in X(p”) is 
justified. 
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We now define the L-series L(s, X, K/k) by its logarithm, namely 


x(p”’) 
K/k) = Y.-L. 
log L(s, xX, K/k) 2a aaNpme 


The L-series is then the exponent of this logarithm. Trivial bounds in 
terms of the degree of the representation, and the order of G, show that 
this series converges absolutely and uniformly for the usual 


Re(s) 2 14+ 6, 6 >0 
by comparison with the ordinary zeta function. 
The L-series satisfy the following formalism. 
Ll. We have L(s, 1, K/k) = ¢;(s). 


L2. If X1, X2 are characters of G, then 
L(s, » Xe; K/k) cae L(s, X1, K/k)L(s, Xa, K/k). 


L3. If K'> K Dk is a bigger Galois extension, and X is a character of 
G(K/k), also viewed as character of G(K’/k), then 


L(s, xX, K/k) = L(s, x, K'/k). 


L4, Let kk CF CK be an intermediate field, and let y be a character of 


G(K/F). Let xy be the induced character of G(K/k). (We recall the 
definition below.) Then 


Lis, Y, K/F) — L(s, Xp, K/k). 


Of these properties, only the fourth one requires a non-trivial proof. 
Indeed, the first is obvious, and so is the second since the character xX 
appears linearly in the definition of log L(s, x, K/k). 


for ® in K. Let S = G(K’/K) and let G’ = G(K"/k). | 
Let Gg be the decomposition group of ’ in G’, and let G's K 
Ts be the inertia group of f’ in G’. We first contend | 
that we have natural isomorphisms k 


The third is also easy to see. Let $’|p in K’, and BP K’ 
S 


Gy =~ Gy S/S 
and 


T 3 = T/S/S. 
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Proof. It is clear that the restriction to K of an element in Gg)S leaves 
$ fixed, and so lies in Gg. Conversely, if \ is an element of G’ which 
restricts to an element of Gg, then there exists some Y € S such that 
AY € Gg (because \ maps ’ on another divisor of ® and S permutes 
such divisors transitively). Hence \ € Gg-S, thus proving that 


Gx ~ Gy S/S. 


A similar argument shows that Ty ~ T/S/S. 


We can also phrase our isomorphisms by saying that the restriction 
homomorphisms 


Gy —_ Gg and Ty: = Ts 


from K’ to K aresurjective, and hence that 
Gy ad Gy /(Gy NS) and Ts = Ty/(Ty NS). 


The value of X on an element of G’ depends only on its class mod S, i.e. 
on its restriction to K’, by definition of the extension of x from G to G’. 
Finally, if o’ = (’, K’/k) is a Frobenius automorphism of 8’ in Gy, 
then its restriction to K is a Frobenius automorphism of f in Gg. From 
this it follows that 


+ xo"7)=5  x(o""7) 


TET TET’ 


and hence that the value 
X(p™) 
does not depend on the field K’. This is precisely property L3. 


The fourth property is slightly harder to prove, and depends on a 
more accurate analysis of the decomposition groups and inertia groups 
at the various levels. We do this in the next section. Here, we conclude 
with still a simple statement. 


Theorem 2. If K/k is abelian, class field to H, and if we identify G(K/k) 
with the idele class group C;./H under the Artin map, and X is a simple 
character, then 


L(s,x, K/k) = L(s, X), 


interpreting the character X on the right as a character on Cy,/H, and the 
L-series on the right being the proper abelian L-series of §1. 
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Proof. If p is unramified in K, then the Artin map is given by means 
of the Frobenius automorphism, which depends only on p, and so the 
p-contribution to the L-series is the same no matter which L-series we 
deal with. Let S be the kernel of X in G, and let K, be the fixed field of S. 
By property L3, we may view X as a character on G(K,/k), and 


L(s, xX, K,/k) = L(s, xX, K/k). 


Hence it suffices to prove our result when K = K,, which we assume. 
In that case, p is ramified in K if and only if it is ramified for X, i.e. ramified 
in H, and X is a non-trivial character on the inertia group 7'g. The Galois 
group definition of the L-series yields 


x0") = 2 xo") = 2 x0") Y x(n) = 0 


because the sum of a non-trivial character over an abelian group is 0. 
Hence the p-contribution to the L-series L(s, x, K/k) is equal to 0. By 
definition, it is also equal to 0 in the abelian definition of L-series. This 
proves the theorem. 


We conclude this section by the expression of the L-series as a product 
over the primes, again as in Artin. Let A:o ++ A(a) be a representation 


of G in terms of endomorphisms of the vector space V, so A(o) & End(V). 
Then 


1 1 
, ATs) = 5 AG) 


TET 


is idempotent in End(V). If ¢ = (, K/k) as before, we define 
m m 1 
A(B") = A(o™) = A(T) 


We can then form the series 


log L(s, A, K/k) = y ACE) 
on MNp™s 


which converges uniformly and absolutely for Re(s) = 1-+ 6, as usual, 
but has its values in End(V), assuming that V is a vector space over the 
complex numbers. Because of the non-commutativity, it appears to be 
a mess to exponentiate this series in End(V), although I cannot escape 


the idea that there may be something in doing so. However, as in Artin, 
one has 


= ACP”) 


trace 
m=1 mNp™* 


= —log det(I — Np~*A(B)), 
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where I is the identity in End(V), and consequently, one finds the product 
representation 


1 
L(s, y, K/k) = 
(s, x, K/k) Ul get(T — Np A) 


valid for Re(s) > 1. 

For purposes of functional equations, to have neat formulas, it is neces- 
sary to multiply zeta functions and L-series by suitable factors, corre- 
sponding to the archimedean absolute values, namely I-factors. We 
shall see this later for abelian L-series. For the non-abelian ones, we refer 
to Artin’s original paper for the description of these factors. 


$3. Induced characters and L-series contributions 


In this section, we relate induced characters with the decomposition 
and inertia groups. Let S be a subgroup of G = G(K/k), and let y be a 
character of S. If {c} denotes the collection of right cosets of S in G, 
and for each coset c we let @ be a coset representative, so that 


G = U Sz, 
then the induced character X, can be defined by the formula 
Xy(A) = DU vere"). 


(For all properties concerning characters used here, cf. for instance the 
last chapter of my book Algebra.) It is understood that y is extended to 
a function on G by letting y(z) = OiftEG,zES. 


We shall find suitable coset representatives in terms of 


the splitting of the prime p. We let F be the fixed field of S. Kk 
Let | S 
p= qi: +> qs ae 
be the splitting of p into distinct prime powers in F. For k 
each 7 = 1,..., 8 let ; be a prime of K lying above qj. 
Let »; € G be such that 
mB =< Bi. 


Let G; = Gg, be the decomposition group of $; in G, and 7; its inertia 
group. Then 


= 4 
G; = niGinz’ and T,= Tin. 
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If o; = (%;, K/k) is a Frobenius automorphism of ; in G; (well defined 
modulo 7';), then we can choose go; such that 


a4 
Oo; = 1:01: . 


We let e;, f; and e, fj denote the usual indices at the levels indicated on 
the following diagram. 


¢, f qi 
| ls. fi 
p 


Thus 
€ = e7€4 and f=f;:f%. 
We have 
2, ef; = [F:k]. 


Note that the order of G; is ef, and the order of G;MS (which is the 
decomposition group of %; in 8) is ef/. Hence 


(G;: G;NS) = Cif. 
Let 
{Viv} @=1,...,s;v=1,..., ef; 


be right coset representatives of G; M S in G;. 


Lemma l. We contend that {Y:yn:} is a system of distinct right coset 
representatives of Sin G. 


Proof. We first prove that they represent distinct cosets. Suppose that 


SYivni = SVj,u0;- 
Then 


Vivning Yiu €S. 


Looking at the effect of this element on $j, we see that it maps %; on 
$:. But an element of S leaves q; fixed, and %;lq;. Hence z= 7. Can- 
celing 1; = 4; we now conclude immediately that vy = wu, thus proving 
our first assertion. Our contention follows because the index of S in G 
is equal to [F:k] = > e;f;. 
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Having found coset representatives of S in G, we can write down the 
value of the induced character in terms of these, and find 


8 eit; 


(1) Xy(r) = 2 » W(Veonidnz Viv . 


° 


aw=1 v=! 


This formula applies whether \ is an element of G, or represents a sum 
of elements of G. In the applications, of course, we use sums of elements 
of G, namely \=o7Ty. If we conjugate 77, by 7;, then we obtain 
o; 7’;, Furthermore, 7; is normal in G;, hence further conjugation by 
Yi, does not change o7"T;. Consequently, we find an expression for the 
value of X, appearing in the L-series, namely 


$8 


(2) XyOTT1) = D. ef(o?T,). 


t=] 


We must therefore determine the intersection of o/T; with S, because 
outside of this intersection, the value of y is 0. 


Lemma 2. The intersection of'T; 1 S is not empty if and only if f;|m. 
In that case, 


fT NS = PTS) = oF TY 
where o; = (%:, K/F), and T; = T;S is the inertia group of $B; in S. 


Proof. Suppose that o7’7; contains an element o/’r € S, with 7 € Tj. 
Then on the residue class field 0x /; the effect of oj’7 is the same as that 
of g;", and it also leaves o,/q; fixed. This effect is that of 


Np”™ 


rrora?, 


and or/q; has Np’: elements. For o7/q; to be fixed, we must therefore 
have f;|m. 
Suppose now that this is the case. The effect of 9; on 0x/f; is 


are oN, 


with Nq; = Np’. Hence o77 and 7/4: have the same effect on ox/¥i. 
They both lie in G; MS, which is the decomposition group of §; in S. 
Hence they lie in the same coset of T;. This shows that 


of TNS Cet **(T; NS). 


The converse is also clear, and this proves the lemma. 
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The desired relationship L4 for L-series is now immediate from this 
last formula. We have for fixed p, 


yy O_o yp 1 ef oF) 


—e mNps 


a=1 ™m é mNpms 


For each 7, write m = nf; Only such m divisible by f; give a non-zero 
contribution to the 7-th sum. We have e;/e = e;. Hence we get 


> Xy(p") a p> 5 vai) 


mNpms £4, “* nNpne 
¥(a") | 


qip n nNpns 


This proves L4, because it proves that 
log L(s, Xy, K/k) = log L(s, ¥, K/F). 


PART THREE 


ANALYTIC THEORY 


The simple analytic results obtained in Chapter VIII were used up to 
now only incidentally in basically algebraic results, especially in the class 
field theory. We shall concentrate more on the analytic aspects for the rest 
of the book. We give two proofs for the functional equation, one following 
Hecke, and the other following Tate. The reader will profitably compare 
both techniques. Hecke’s proof makes use of the general Poisson summa- 
tion formula for the integral lattice in Euclidean space. Tate’s proof uses 
the adelic form of the Poisson formula. We give the functional equation 
for the L-series with characters only in Tate’s version, which in this case I 
find slightly easier to keep track of the computations. If the character is 
of finite period, then there would still not be too much difference with the 
functional equation as given in Chapter XIII. 

The chapter on densities, using the Tauberian theorem, is misleading. 
Statements on the distribution of primes depend essentially on the explicit 
formulas, which give much better insight (especially when one will have 
better results in the direction of the Riemann Hypothesis). The reader 
can refer to Landau [Ld 17], or also Hooley’s paper “On Artin’s conjec- 
ture,” J. Reine Angew, Math., 225, 1967, pp. 209-220. Again, the Brauer- 
Siegel theorem on log hR ~ log d"? really depends on a weak result on 
the zeros of the zeta function to have a neat proof. Siegel and Brauer 
had to surmount considerable technical difficulties to go around the 
non-availability of such results at this time. I have reproduced Siegel’s 
argument for this in Chapter XIII. 
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CHAPTER XIII 


Functional Equation of the Zeta 


Function, Hecke’s Proof 


SI. The Poisson summation formula 


Let f be a function on R®. We shall say that f tends to 0 rapidly 
at infinity if for each positive integer m the function 


zr (1+ |z|)"f(2), ze R", 


is bounded for |x| sufficiently large. Here as in the rest of this chapter, 
|z| is the Euclidean norm of x. Equivalently, the preceding condition can 
be formulated by saying that for every polynomial P (in n variables) the 
function Pf is bounded, or that the function 


x +> |x|"f(z) 


is bounded, for x sufficiently large (i.e. |x| sufficiently large). 
We define the Schwartz space to be the set of functions on R® which 
are infinitely differentiable (i.e. partial derivatives of all orders exist and 


are continuous), and which tend to 0 rapidly at infinity, as well as their 
partial derivatives of all orders. 


Example of such functions. In one variable, e~*” is one, and similarly in 
n variables if we interpret x? as the dot product z - x, which we also write 


z*. As a matter of notation, we shall write xy instead of x y if x, y are 


elements of R”. 


If f is a C* function of one variable which is 0 outside some bounded 


interval, then f is in the Schwartz space. As an example, one can take 
the function 


ee! eee 
f(z) = f a ae ee ee 
0 otherwise. 


245 


246 ZETA FUNCTION, HECKE’S PROOF [XTII, §1] 


An analogous function in n variables can be obtained by taking the 
product 


f(r) +++ fn). 


It is clear that the Schwartz space is a vector space, which we denote 


by S. We take all our functions to be complex valued, so S is a space 
over C. 


We let Dj be the partial derivative with respect to the j-th variable. 
For each n-tuple of integers 2 0, p = (p1,..., Dn), we write 


D? = Di}. ok De 


so that D? is a partial differential operator, which maps S into itself. As 
a matter of notation, we write 


lp] = pi tess +n. 
It is also convenient to use the notation M ;f for the function such that 
(M;f)(x) = x;f(z). 
Thus M; is multiplication by the j-th variable. Also 


M?f eas MM? Late Ma", 
so that 


(M*f)(x) = ait ++ anf (@). 


In what follows, we shall take the integral of certain functions over R”, 
and we use the following notation: 


[i@)de =f fla)de = [0 ++ [7 Seay... a9) dtr + dan. 


Since our functions will be taken from S, there is no convergence problem, 
because for z sufficiently large, we have for some constant C: 


C 
<< 
Mol Ss a aad 


and we can view the integral as a repeated integral, the order of integra- 
tion being arbitrary. The justification is at the level of elementary cal- 
culus. Furthermore, we differentiate under the integral sign, using the 
formula 


0 0 
ae — | ~ K(z,y)d 
a: | K(a, y) dx | a (x, y) dx 


[XIII, §1] POISSON SUMMATION FORMULA 247 


for suitable functions K in situations where this is obviously permissible 
(justification loc. cit.), namely when the partial derivatives of K exist, 
are continuous and bounded by an absolutely integrable function of x 
over R”, independent of y. The trivial argument runs as follows, say 
when x and y each consist of one variable: 


fe Rew) = K(z, y) = DoK(z, |x 


h 
“| 


But by the mean value theorem, 


AG YT) AGY _ pK, y)| ae. 


Mey SO) RG) — D2K(x, y) = D2K(x,c) — D2K(z, y), 


where c lies between y and y + h, and c depends on x, y, h. Now we split 
the integral into a finite integral and a tail end, so that the tail end is very 
small because of the absolute integrability of D2.K, and then take h small 
and use uniform continuity of D2K on the finite part to get our expression 
less than e, for given e. 

A similar argument which is even simpler works to show that similar 
integrals depend continuously on parameters. 

We shall also change variables in an integral. For instance, 


[tc —y)dx= | dz, [aw dz = | da. 
If c > 0, then / AcHdR= ~ | f(a) dx. 


We now define the Fourier transform of a function f € S by 


Jeu) = [tayer?*** a 


Remember that zy = z- y. 

We shall now see that the Fourier transform interchanges the maps 
D j and M j 

Since 


0 —Ir7t . —2Qriz 
5y, fe omtay — f(x)(—2Qqi)aje 2" **, 


we see that we can differentiate under the integral sign, and that 


D;f = (—2mi)(M,f)*. 
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By induction, we get 


D?f = (—2mi)!?'(Mfy”. 


The analogous formula reversing the roles of D? and M® is also true, 


namely: 
Mf = (2ni)-*( Df)”. 


To see this, we consider 


viFy) = [fa)yse de, 


and integrate by parts with respect to the j-th variable first. We let 
u = f(x) and dv = ye "™"da,;. 


Then v = (—2ni)~'e~?”*Y and the term wv between —0o and +00 gives zero 
contribution because f tends to 0 at infinity. Hence 


Mifty) = (2ni) [ Djf(eP""" de = (Qui), 
Induction now yields our formula. 


Lemma. The Fourier transform fof ts a linear map of the Schwartz 
space into itself. 


Proof. If f € S, then it is clear that f is bounded, in fact by 
Fo S flF@| de. 


The expression for M ’f in terms of the Fourier transform of D?f, which 
is in S, shows that M Pf is bounded, so that f tends rapidly to zero at 
infinity. Similarly, one sees that M?D*f is bounded, because we let 
g = D*f,g € S, and 


M?D%Ff = (—2ni)4(2ni)-”| (De Mf)” 
is bounded. This proves our theorem. 


A function g on R®” will be called periodic if g(x + k) = g(x) for all 
keZ". Welet T" = R"/Z" be the n-torus. Let g be a periodic C™ func- 
tion. We define its k-th Fourier coefficient for k € Z” by 


Ch = i g(x)e~ 2" ** dx. 
T 
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The integral on J” is by definition the n-fold integral with the variables 
(21,...,2n) ranging from 0 to 1. Integrating by parts d times for any 
integer d > 0, and using the fact that the partial derivatives of g are 
bounded, we conclude at once that there is some number C' = C(d, g) such 
that for all k € Z” we have |c,| S C/||kl||?, where ||k|| is the sup norm. 
Hence the Fourier series 


g(x) = y Ger 
kEZ" 
converges to g uniformly. 


Poisson summation formula. Let f be in the Schwartz space. Then 
> sm) = DY fim). 
mEeZ mEZ” 


Proof. Let 
g(z) =D fe +b. 
kEZ 


Then g is periodic and C®. If cm is its m-th Fourier coefficient, then 
Di em = g(0) = 2 f(k). 
mEZ kEZ” 
On the other hand, interchanging a sum and integral, we get 
—2Timx —2rimxz 
a dz = 
c te g(x)e x Zz [rf + ke dx 
_ > f Bae: a aca dz 
kEZ" JT 
= fin fae" dx = fm). 


This proves the Poisson summation formula. 


In preparation for the n-dimensional theorems of the next section, we 
treat here the one dimensional case as an example. Let 6 be the function 
defined for y > 0 by 


6(y) i »; enn ry 


It is easy to see that if h(y) = e—", then h — h. (We shall recall the 
proof briefly in the next section.) Furthermore, if f is in the Schwartz 
space, and b > 0, and f(y) = f(by), then 


fly) =< fly). 
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From this and the Poisson formula in one variable, we find at once the 
functional equation of the theta function, namely 


6(y~") = y"/76(y). 
Let s = o + it witha, ¢ real. We have by definition 


ee dy 
r | 10 WY 
(s) ee ae 


Let 
F(s) = mr *!*P(s/2)¢(s). 


Let g(y) = >> en ty so that 2g(y) = 6(y) — 1. Then from the above 
n=1 


integral for the gamma function, we obtain at once 
Fi) = | a*q(a) 2 
0 ¥ bs 


* altee 2, fms d 
= | ®!?g(x) + | a~*!7g(1/x) =. 
1 L 1 x 
The functional equation of the theta function immediately implies that 


J 1 ° 8 —s d 
Po) = ht fetta nate) &. 


The integral on the right converges absolutely for all complex s, and 
uniformly for s in any strip ¢; So So»2. The expression on the right 
then defines F for all values of s ¥ 0, 1, and we see that 


F(s) = FQ — s). 


§2. A special computation 


Example 1. Consider the function 
R(t) = eo, 
where «” = x: x as usual. We contend that h is self dual, 7.e. 
h=h. 
Proof. We differentiate the Fourier transform 


h(y) = if h(x)e~?"**4 dx 
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under the integral with respect to y (we may assume for this proof that 
we are in the one variable case, since the Fourier transform splits into a 
product of 1-variable transforms), and we integrate by parts. We then 
find that : 
OMY) _ _onybly). 
dy 


Hence there exists a constant C such that 
A(y) = Ce7™”. 
Taking the value h(0) shows that C = 1, thus concluding the proof. 


Example 2. Next, let f be an arbitrary function in the Schwartz space, 
and let B be a non-singular real matrix. Then the function fg defined by 


fa(x) = f(Be) 


is also in the Schwartz space, and using the change of variables formula 
for the multiple integral, we find immediately that its Fourier transform 
Is given by 


4 sky a, BARA 


where ||B|| is the absolute value of the determinant of B, and ‘B—! is the 
transpose of the inverse of B. This is clear since when we make the change 
of variables z = Bz, we have dz = ||B|| dz, and 


(Bz, yy =e (By). 


The Poisson formula will be applied to a special kind of function f in 
the Schwartz space. Let Q be a positive definite quadratic form over the 
reals, on RY. We can write 


where (, ) is the usual scalar product, x € R¥, and A is a symmetric 
matrix, such that for all x # 0 we have Q(z) > 0. 
Let 
g(x) ==) et Qla) 
We can write A = B? for some symmetric operator B, and thus 


Q(x) = (Ba, Br). 
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We are therefore in the situation arising from Examples 1 and 2, and we 
can apply the Poisson formula to g(x). We find: 


ee 1 _wetAn7} 
etl) eA DY 


1EZN V|| Al] vez 


Or, if we let Q’ be the quadratic form such that 
Q’ (x) = (A~*g, x), 


then we can rewrite this formula in the form 


era) Sete, 


1ezZN V |All] 1ez¥ 


We shall apply this to a quadratic form obtained arithmetically. 
Let k be a number field, and a a fractional ideal of k. Let 


a= {a,,..., ay} 
be a basis of a over Z. We let 
a’ = {aj,..., an} 


be the dual basis with respect to the trace. Then a’ is a basis for the 
fractional ideal 
a’ = (ba), 


where } is the different of K over Q. (Proposition 4 of Chapter IIT, §1). 
We let j = 1,...,71 + 2r¢ be indices for the conjugates of k in C. We 
write symbolically 


f= 21a, + -:+-+ rnan, 
and 
g? = nal? +--+ aval’, 
with real numbers 71, ..., XN. 
Hecke’s theta formula. Let c1,...,¢n be real numbers > 0, such 


that Criv = Crater, forl Sv S12. Let d, be the absolute value of the 
discriminant of a, so that 


(d,) = Na7dx. 
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Let y 
o(2) = exp (— rd ¥ ose?) 
j= 
and let 
O(c, a) = me g(x). 
ez 
Then we have the relation 
a 1 
O(c, a) = ———— O(c, 0), 
ep Phen Ci° 

where c! stands symbolically for cy a te ey Oye 
Proof. Let us put 

N 

Q(c; a, x) = du cso, tee + ofa nl” 
j= 
==) 4 A eat) 2). 


The yy-component of the matrix A,,q is 
N e ° 
» co a ee 
j=1 
From Chapter III, §1, it is immediately verified that the inverse matrix 
of A... is given by 
(Azat, ) = Q(c7', a’, 2). 


Furthermore, the absolute value of the determinant is 
|Acyall cele Oia cy|D(ay, ce ey ay)|. 


This yields all the data needed to apply the Poisson formula in the form 


given above for the exponential of a quadratic form, and concludes the 
proof. 


§3. Functional equation 


It is convenient to deal with the zeta function associated with an ideal 
class. We shall follow Hecke (cf. also Landau), which gives an N-dimen- 
sional version of one of the original proofs for the functional equation by 
Riemann. 


Let & be an ideal class of the ordinary ideal class group [/P. We define 


1 
’ RX) = ATLs 
¢(s, £) Ze ar 
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for Re(s) > 1. Let a be an ideal in 1. The map 
b> ab = (£) 


establishes a bijection between the set of ideals in ® and equivalence 
classes of non-zero elements of a (where two field elements are called 
equivalent if they differ by a unit). Let R(a) be a set of representatives 
for the non-zero equivalence classes. Then we may write 


Na-*¢(s, 2) = dS 


ara | 
tC R(a) Né* 
where the sum is taken over representatives £ of equivalence classes of 
non-zero elements of a. Let a,,...,ay be a basis of a over Z. We write 
f= %0, -+°+-++-+ ryan, a; € Z. 


Let S,, be the set of archimedean absolute values on k. For v € S, we let 
o, be the embedding of k in k,, identified with R or C (in the complex 
case, we fix one identification which otherwise is determined only up to 
conjugacy). We let 


i = Oy&, 


and also use this same notation when we let x; be real numbers. 


Functional equation. Let & be an ideal class, N = [k: Q], dy, the 
absolute value of the discraminant of k, 


A=2” Ga 
Let 
8 8\71 To 
F(s,®) = A°T (5) T'(s)"2 ¢(s, ). 


Let &’ be the ideal class of )~'R—1, where d is the different of k/Q. Then 
F(s, &) ts analytic except for simple poles at s = 0, s = 1, and 


F(s, ®) = F(1 — s, ®’). 


Proof. We shall obtain an integral expression for the zeta function, 
and also see that it is entire except for a simple pole at s = 1, for which 
we shall determine the residue. 

We recall that 


I'(s) = | e Yy* a, for Re(s) > 0. 
0 
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It will also be useful to note that if f is a function such that f(y)/y is 
absolutely integrable from 0 to oo, then 


[ 4 = [sew # 


for any number a > 0. In other words, the integral is an invariant integral 
on the multiplicative group of positive reals, for the measure dy/y. Note 
that the gamma function is expressed as such an integral. This is relevant 
to the zeta function, because for instance 


(6/2) _ | oul? WY 
a 0 Y 


(Here we made a multiplicative translation of f by a”.) 
Let 
da = Na7dy 


be the absolute value of the discriminant of a. 


Let v be real. Let 


2 


eg md |e? 


where £ is one of our non-zero elements of a. Then we find 


(78? dgPNNal™)$ Tee = / exp(—m dg" |£,]?y)y"!? a. 


Let v be complex. By a similar argument, we find 


(2-0 di! Na?!) * eR i exp(— a dz 2 g,/%y)y" SY. 


Multiplying over all v€S., and letting y= []y, be the variable in 
(r; + r2)-space, with 


dy x7 ayn 


= ? 


y vo Y» 


we obtain 


8 r r Na’® . ° d 
AT 9)\1p Not _ | ed __ —1/N 2 8/2 OY 
(s/2)"T(s) Nes P A exp(— dq DN ol ée) yo) |lyll y 
where 


lyll = [Tye 


For Re(s) 2 1+ 6, the sum over inequivalent & ~ 0 is absolutely and 
uniformly convergent. Hence for Re(s) > 1 we find an expression for 


256 ZETA FUNCTION, HECKE’S PROOF [XIII, §3] 


F(s, ®), namely 


F(s, ) = A°T(s/2)"T(s)"*¢(s, &) 
J a exp(— ada!" 3°N,|£,|7y,)|lyl|*/? d. 


0 EER (a) 


We can abbreviate the notation to get a clearer picture of this expression. 
We let 


G= Rt~x.---x Rt = [[R?t 


be the product of r; -+ rg copies of the positive reals. Then we can write 


(2) F(s, R) = f forllull” > d*y, 


where d*y = dy/y, and f is the big sum over all &§ # 0, § € R(a). 
Let V be the image of the group of units U in G. In other words, V is 
the image of the map 


Ur> (|Uo]) ve Soo: 


The kernel of this map is the group of roots of unity. Its image is con- 
tained in the subgroup G° consisting of all y € G such that |ly|| = 1, and 
is a discrete subgroup. Furthermore, G°/V is compact. Also, we can write 
G as a product 

G= Rt x @, 


because any y € G can be written uniquely as 
p= Tre 


with £€ R*t andce GG. Here c = (c,) and tc = (t'/Nc,). By chang- 
ing variables, we could map G on Euclidean space R't!. We prefer to 
carry out the proof formally using the present notation. We shall perform 
this change of variables at the end, to compute some needed constants. 
Observe that with the above product expression we have 


llyl| = #. 
We may write 


F¢s, 8) = | [ remoe? aret, 
0 J@ t 


where d*c is the appropriate measure on @°, and c = (¢,) is the variable 
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in G°. If we put indices 7 = 1,...,71 +72 then 
C= (Cink 2 gier ays): 


Let E be a fundamental domain for V? in G°. We have a disjoint 
decomposition 


G = U n°E, 


nEV 


and hence if w is the number of roots of unity in k, we get 


00 F(s, R) — 
J Jee Se P(A NY Noléytta|'tey)t%? dc 
0 ue 


€ R(a) 


= ; Z Hy — Wgte 2/2 &. 
-| | A 16% c,a) — I] d*ct ; 


We split the integral from 0 to o into two integrals, from 0 to 1 and from 
1 to ©. We let u*(E) be the integral of 1 over EL, with respect to d*c. 
We then find: 


: * 
E)2 
F(s, ®) = | | 1 GM, ait? dee 2 _ HE) 
o JEW t ws 


dt 
t 


+| / 1 ate, a) — 1] d*ct*!” ae 
1 JEW t 


We now use the functional equation of the theta function. We see that 


@(t/%c, a) = + O07 %e“}, @’) 
t 
because ||cl| = 1 (cis in G°!). We transform the first integral from 0 to 1, 
with a small change of variables, letting t = 1/7, di = —dr/r?. Note 


that the measure d*c is invariant under the change c > c—! (think of the 
isomorphism with the additive Euclidean measure, invariant under taking 
negatives). We therefore find that 


00 F(s, RK) = 
| | - [Oe Xe, a) — 1]d*c 12 dt _ u*(E)2 
1 EW , 


WS 


7 1l—s 
ep AN chy “2 dt w*(E)2 
+f acc c,a’) — 1] d*ct ; n=) 


(3) 
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This expression is invariant under the changes 
srHrl—s and ara’. 


This proves the functional equation. 


Actually, our last expression yields more information on F(s, 8). Indeed, 
the integrals are absolutely convergent for all complex s, thus giving us 
an analytic expression for F(s, &), disregarding the two simple polar 
terms ats = O ands = 1. 

We shall now carry out explicitly the change of variables in the above 


proof, and compute w*(F). Let w,..., u, be independent generators for 
the units modulo roots of unity, and let 


1 
Vi = (lus 1, as | lee) ae (ni, eee | Ni,r+1) 


be their images in G, so that 71,..., 7, form a (multiplicative) Z-basis 
for V. Let 

g:R* x R' —G 
be the map 


1/N 22 22 
moccs ar. 


(t,21,...,2r) rf 
Then our map is an isomorphism, and in terms of coordinates we have 


1/N 22 22 F 
ypat mip esc ag”, gel... titre. 


The Jacobian determinant is then immediately computéd to be 


A,(t, 2) = 2772+" a R, 


where # is the regulator. Hence (2) can now be written 


P(s, &) -| icc z))¢°!?(2-"2*" R) ae. 


Thus the integral over G° corresponds to an integral over R’, and under 
our map, the fundamental domain E is the image of the unit cube (half 
closed) in this Euclidean space. The cosets of this unit cube with respect 
to the lattice of integral points Z” in R’ correspond to the cosets of E 
with respect to elements of V? in G°. This shows that 


u*(E) = 2772tTR = 27—'R. 
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This gives us the residue of F(s, &): 


Theorem 1. The polar part of F(s, R) at s = 0 and s = 1 is given by 


uX(E)2f 1 1 = *R( 1 -1). 
w s—l1 s} w\s—1 36s 


The zeta function £(s, ) has a simple pole at s = 1 with residue 


T1 a) 
ts 2° (27)?R 


wdz' 


and no other singularity. 


Proof. The first statement is obtained by plugging in our value for 
u*(E) in the expression (3). The second statement comes from evaluating 


A~?P(1/2)"9(1)", 
So Theorem 1 drops out. 


We have obtained information on the zeta function of an ideal class. 
Taking the sum over the ideal classes immediately yields information on 
the zeta function itself, as follows. 


Theorem 2. Let 


F;,(s) = 2X F(s, &). 
Also, let 


T1 r r 
a ZR gg a RAM)PAR 


w wd, 
Then 


Fy(s) = F,(1 — s), 


and Fy, has a simple pole at s = 0 and s = 1, with polar part 


1 1 v 
(4-2-4). 


The zeta function {;,(s) has only a simple pole at s = 1 with residue equal 
to K. 


We shall now keep our integrals for ¢ = 1, but put back the theta 
terms into the sums over &. In fact, we had 


(¢)= ab and Né= NaNb. 
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We can make a similar construction for a’ and hence we find that 


ee 
s(s — 1) 


= 2/N 7—-1/N |E.| 5 dy 
| ree oy 8P (— AN Mar EN, esl ue) tl? 


ins 
- | 21 exp (Near EON, sist W») ll ? 


ylZ1 bER’ Yy 


F(s, ) = iF 


Each sum over 5 is taken over the ideals in the given class. 
We change variables, making the multiplicative translation 


|Eo|” 
yo = Nein 9° 


Then |/y’|| = ||y||, and we find: 


Theorem 3. Let Tr(y) = >(N.,y,. Then 


po 
s(s — 1) 


Pus exp( — m dy, 1! NB?!” Try) ) ll? + ial? | as 


lly lea Y 


F,(s) = 


where the sum ts taken over all ideals b ¥ 0. 


§4. Application to the Brauer-Siegel theorem 


Following Siegel, we shall show how the formula of Theorem 3 implies 
an asymptotic relation between the class number, absolute value of the 
discriminant, and regulator of a number field k. We denote these numbers 
as usual by hx, dz, and Rx, respectively. We let N, = [k: Q]. We omit 
the subscript k if the reference to k is clear. 

For the statement of the next theorem, we assume something about 
the weros of the zeta function, in order to see clearly the simple logical 
structure of the argument. Siegel showed in a special case how one can 
supplement this argument by the technique of L-series to get a proof in 
a, wider class of cases, and Brauer extended Siegel’s argument more gen- 
erally, using some of his theorems on characters. We shall do this in 
Chapter XVI. 


Theorem 4. Let k range over a sequence of number fields such that 
N;/log dy 0. Assume that for some 5 > 0, the zeta functions £4(s) 
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have no zeros on the interval [1 — 5,1]. Then for this sequence of fields, 
log(h, Ry) ~ log qh. 


Proof. We shall consider successively values of s > 1, and values of 
s < 1 to get inequalities for hR. 
First take s real > 1, say 


IV 
pened 


s=145, a 


For this case, we disregard the sum over b in Theorem 3, except for the 
fact that itis 2 0. We then see that 


=o S A°T(s/2)"T(s)"? fx (8). 


For s near 1, the gamma factors I'(s/2) and I'(s) are bounded. Further- 
more, using the series expression for {g(s), comparing it with the integral, 
we have 


to(i+2) site 


We also have the obvious bound 


: (1 a eae care. 
k a = So a 
Using the value for ) we find 

hR < CN gq ieql2ecy + at) 


for some universal constant C. Taking the log yields 


log hR N 1 
Given €, we select a so large that 1/a < ¢. We then select k in the sequence 
so that N;/log d;/? is close to 0. This proves the right-hand side of the 
type of inequality we want to prove, and we note that the zeros of the zeta 
function have played no role in this inequality. 

We now work on the other side, taking s < 1 and s close to 1. This 
time, we use only one term of the sum in Theorem 3, namely that term 
corresponding to the ideal b = ». Under our hypothesis on the zeros of 
¢z(s), we conclude that F;,(s) < 0 for s <1 and s close to 1. We let 
s=1—e/N. We restrict the integral to the region defined by the 
Inequalities 

dN < y, < aqun. 
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We disregard the term with ||y||"'—®/?, and give y; its lower bound in this 
region. We then obtain at once an inequality 


C(e) NX d'2#d-<!? < AR. 
Taking the log and dividing by log d!/? yields 


log hk | 
—~ Jog di/2 
Letting € be small, we let k be so large that N/log d‘/? is very small. This 
yields the opposite inequality, and concludes the proof of Theorem 4. 


—N 
jog dil log C(e) + 1 — 


The arguments we have just given will be repeated completely in 
Chapter XVI, so that the reader can compare the use of the adelic integral 
expressions of the zeta function with the use of Theorem 3. 


§5. Applications to the ideal function 


We shall see how the functional equation of the zeta function can be 
used to give growth estimate on vertical lines. For this we need some 
classical facts of complex variables, essentially of Phragmen-Lindeléf type. 
We shall then see how the behavior of zeros in the critical strip affects 
these growth estimates, and also affect the ideal function. The analytic 
techniques developed are standard and elementary, essentially at the level 
of Cauchy’s Theorem and its immediate corollaries. 


Phragmen-Lindelof Theorem. Let f(s) be holomorphic in the upper 
part of a strip: a So Sb, andt = t; > 0. Assume that f(s) ts Oe’ ) 
with 1 S a, and t— ~ in this strip, and that f(s) 1s O(t’) for some 
real number M = 0, on the sides of the strip, namely o = a ando = b. 
Then f(s) is O(t™) in the strip. In particular, if f ts bounded on the sides, 
then f 1s bounded on the strip. 


Proof. The general statement reduces to the special case when f is 
bounded on the sides, by considering the function f(s)/s” instead of f(s). 
We now prove this special case, and assume that f is bounded on the sides. 
Without loss of generality we can take ¢, large, so that @ = arg s is close 
to 1/2. We select an integer m = 2 (mod 4) such that m > a. Ifs = re? 
then 

s” = r™(cos m6 +72: sin mé), 


and mé is close to 7. Consider the function 
ge(s) = g(s) = f(sje , 
with € > 0. Then there is a constant B such that for large ¢ we have 


lg(s)| S Be ope ‘cos mo 
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Consequently for large t2, the function g(s) is 
bounded by B on the horizontal segment t = féo, 
between the vertical lineso = a ando = b. 

On the vertical sides of the rectangle shaded in 
Fig. 1, g(s) is bounded since f(s) is bounded, and 
et™cosm? is < 1. Hence g(s) is bounded on the 
boundary of the rectangle, consequently inside 
the rectangle, and in fact |g(s)| S$ B inside this 
rectangle. Hence we get 


| f(s) | < Bet” 089 


inside the rectangle. This is true for every € > 0, 
and hence 


Figure | 


If(s)| < B 
inside the rectangle. Our theorem is proved. 


In the Phragmen-Lindeléf theorem we were interested in the crude 
asymptotic behavior for large t. In the next theorem, we want a more 
refined behavior, and so we must assume that the function is holomorphic 
in a whole strip. 


First convexity theorem. Let s =o + it. Let f be holomorphic and 
bounded on the stripa So S b. For eacha let 


M;(c) = M(o) = sup |f(o + af)|. 


Then log M(c) ts a convex function of c. 


Proof. We must show that 
M(c)’-* < M(a)’-°M(b)°—*. 


We first consider the case when M(a) = M(b) = 1. We must show that 
M(o) S 1. Suppose that |f(s)| < Bin the strip. For € > 0, let 


ee ee ry 
1 + e(s — a) 


Then the real part of 1+ €(s — a) is = 1, so that lge(s)| S$ 1. Also, 
fort ¥ 0, | 


g-(s) ma 


1 
< ——; 
and therefore 
B 
ee 
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Let € be small, and select ¢ = +8/e. On the boundary of the rectangle 
with sides at o = a, o = b, with top and bottom +8B/e, we find that 
|fg-| is bounded by 1. Hence |fg.| S 1 on the whole rectangle. Letting e 
tend to 0 we get what we want, namely, |f| S 1 on the strip. 

In general, let 


bs 8—a 


h(s) = M(a)’-*M(b)°—. 


Then h is entire, has no zeros, and 1/h is bounded on the strip. We have 
|h(a + it)| = M(a) and [h(b + it)| = M(b) 
for all t. Consequently, 
Mya) = Myy(b) = 1. 


The first part of the proof implies that |f/h| < 1, whence |f| < |h|, thus 
proving our theorem. 


Corollary. (Hadamard Three Circle Theorem.) Let f(z) be holo- 
morphic on an annulus a S |z| S 8, centered at the origin. Let 


M(r) = sup [f(2)|. 
Then log M(r) is a convex function of log r. In other words, 
log B/a log M(r) S log B/r log M(a) + log r/a log M(6). 


Proof. Let f*(s) = f(e*). Then f* is holomorphic and bounded on the 
strip a <o S b, where e* = aande’ = 8. We simply apply the theorem, 
to get the corollary. 


In the next corollary, we analyze a growth exponent. Let f be holo- 
morphic in the neighborhood of a vertical line o + tt, with fixed a, and 
suppose that 

flo + it) « él]? 


for some positive number 7. The inf of all such ¥ can be called the growth 
exponent of f, and will be denoted by ¥(¢). Thus 


f(a + it) <« [yor 


for every € > 0, and ¥(c) is the least exponent which makes this inequality 
true. 
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Second convexity theorem. Let f be holomorphic in the strip 
a<xoxb. For eacha assume that f(o + it) grows at most like a power 
of \t|, and let ¥(o) be the least number = O for which 


flat it) « |tVore 


for everye > 0. Assume for simplicity also that f(o + 1t)<« elt!” in the 
strip, with some a, 1 S a. Then p(c) ts convex as a function of a, and in 
particular 1s continuous on [a, b]. 


Proof. The Phragmen-Lindeléf Theorem shows that there is a uniform 
M such that f(o + it) « |t|“ in the strip. Let L.(s) be the formula for the 
straight line segment between y(a) + € and y¥(b) + €; in other words, let 


Les) = 2 —* (ya) + € 1+ $=" yb) + €. 


The function 


f(s) (is) “He 


is then immediately seen to be bounded in the strip, and our theorem 
follows, since we get ¥(a) < L,(c) for eacha in the strip, and every € > 0. 


Remark. We wish to apply the second convexity theorem to the case 
of a function which satisfies the hypotheses of this corollary, except for 
the presence of a few poles, say the zeta function of a number field k, 
which has a pole of order 1 at s = 1. In that case, we consider 


f(s) = (s — 1); (s). 
If for some o we know that outside a neighborhood of the pole, 


fnlo + tt) K [e¥Ore 
then 


Furthermore y¥() is best possible for the zeta function, outside a neighbor- 
hood of the pole, if and only if ¥(¢) +. 1 is best possible for the function f. 
The convexity of y follows from the convexity of y + 1, so that our result 
applies to the zeta function. 

We shall deal with a fixed number field k, so that we sometimes write 
¥(c) instead of ¥;(0). I am indebted to Bombieri for the following formulas 
concerning ¥;(0), and for pointing out Theorem 5. Bombieri tells me 
that the arguments go back to Hardy-Littlewood (1917). They are given 
in Titchmarsh’s book on the zeta function (e.g. Chapter XIV) for the 
case k = Q. They also apply to a wider class of zeta functions and Dirichlet 
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series. Cf. L. Goldstein’s paper, Acta Arithmetica (1969), pp. 205-215. 
Since the zeta function is bounded foro = 1+ 6, 5 > 0, it follows that 


Let k be a number field of degree N over Q. For any real o, the gami.a 
function satisfies the asymptotic relation 


IT(o + it)| ~ Cloje-™#-'2, t+ 00, 


this being obvious from the simplest form of Stirling’s formula. Here, 
C'(c) is a constant depending ona. (We won’t even require that it can be 
taken uniform in a strip.) From the functional equation, we see that for 
any s away from the poles, say away from the real axis, we have 


nly = a TT (22) p(B) na — 0. 


vE Sa 2 


For a fixed o, the term A!—** is bounded, as a function of ¢. If ¥;,(c) exists 
for some go, then using the asymptotic formula for the gamma function, 
we conclude that ¥;,(1 — 0) also exists, and we have the relation 


Since ¥;,(0) = 0 when go > 1, we conclude that y¥;,(7) exists when o < 0. 
The Phragmen-Lindeloéf theorem then implies that ¥;,(0) exists for all oc. 
We can therefore apply the convexity theorem, and we see that the graph 
of ¥; looks at worst like this: 


velo) = (1-20) 


Figure 2 
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(Recall that a convex function on an open interval is necessarily 
continuous. ) 

The graph may in fact look better. We shall see that if we assume 
the Riemann Hypothesis, then in fact the graph follows the dotted line 
to 4, and that ¥,(¢) = Oifo = 3. 


Theorem 5. If ¢ has no zero foro 2 B > $3, theny,(o) = Ofore 2 B. 


Proof. First observe that log ¢;,(s) is analytic forg = 6. We have 


Re log ¢x(s) = log |¢x(s)| « log |t), 


uniformly in a strip a So S b and B < a, excluding a neighborhood of 
the poles, or say for |t) 2 t; > 0. 

The next lemma is the standard way of showing how to bound a holo- 
morphic function by its real part. Recall that the real part of a holomorphic 


function f satisfies the maximum modulus principle (for instance, look 
at ef), 


Lemma (Borel-Caratheodory). Let f be holomorphic on a closed disc of 
radius Rk, centered at the origin. Let ||f\|, = max |f(z)| for |z| =r < R. 
Then 


2r R-+r 
fll, S supp Re f + —— |f(0)|. 
r R-r 


R— 
Proof. Let A = supp Re f. Assume first that f(0) = 0. Let 


ff 
N= A= 9) 


Then g is holomorphic for |z| S R. Furthermore, if |z| = R, then 
2A — f(z)| 2 |f()|. 


Hence ||\g||z S$ 1/R. By the maximum modulus principle, we have 
lgll- S llgllz, and hence, if |w| = r, we get 


eg) ge ay 
r|\2A — f(w)| = R’ 


whence 


\f(w)| S (2A + [f(w))), 


and therefore 
2r 
R—-r 


which proves the lemma in this case. 


fll, = 


A, 
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In general, we apply the preceding estimate to the function 
h(z) = f(z) — f(0). 
Then 
supp Re h < supe Re f + |f(0)|, 


and if |w| = r, we get 


2r 


fw) — fO)| $ p14 + LOI], 


whence 


“7_ [4 + [FOI] + If) 


Lol < z 
thereby proving the lemma. 
We apply the lemma to the function f(s) = log ¢;(s), and to circles 


centered at the point C ++ zt for C large, passing through the points a -+ it 
and 6 + it, with 8B < a < b. We then see that 


llog ¢.(b + it)| « log |¢, t— ©. 
r 
Btit atit b+it c+it 
a. Rt — > 
Figure 3 


Indeed, for C large, ¢;,(s) is close to 1 in the half planeo = C. 

Actually, we want log ¢, to behave like a power (log |é|)% with Y < 1. 
To see this, we use the three circles with center at C’' + 1t, passing through 
a-+it, b+, and B+ it, with B large and close to C, as on the next 
figure. 


B+it a+it b+uit B+it C+uit 
——__——___————_1'9 


"3 


Figure 4 
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The Hadamard Three Circle Theorem then shows that 


log ¢4(b + 2t)| K (log |t|)”, 


with 
pe = 
fae Ai, 
ig 
C—B 


This proves Theorem 5. 


Remark. Of course, we have proved something stronger, namely that 
foro > B, we have 


log ¢%(o + at) K (log |t|)" *¢, 


and we can play the same game with ¢(o) as we did with ¥(¢), namely 
show that it is convex in g, as in Titchmarsh, thus giving rise to a third 
convexity theorem. We use the technique of the Phragmen-Lindelof 
Theorem, and the auxiliary function 


(log(—is))~£®, 


However, we won’t need this here. 

We apply Theorem 5 to the problem of estimating the number of 
ideals with norm S x. We need another lemma from complex variables. 
First, we give an approximate formulation of the lmma. We have: 


1 if y>l 
sa f/,.. <de=) if y=1 
ee 0 if O<y<1. 
This is a useful formulation to remember the formalism of what goes on, 
but we need a more precise value for the manner in which the integral 


converges, depending on y. 


Lemma. We have 


272 2-iT § 
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Proof. In the case y > 1, we take an integral over a rectangle as shown 
on Fig. 5. 


Figure 5 


We shall let A — ». The function y*/s has residue 1 at s = 0, thus 
giving us the contribution of 1. We must then estimate the integral over 
the top, bottom, and left side of the rectangle. 

As for the top, the integral is estimated by 


2 2 
ens < ai ¢ 
I. lo -F aT do s ii gel da. 


Letting A tend to infinity, we see that this integral is bounded by 
y*/T log y. The bottom is estimated similarly. 
As for the left-hand side, the integral is estimated by 


/ y—4 2T 
= —_-dt S —>) 
_T |—A + at| A 
which tends to 0 as A goes to infinity. This vields the estimate of the 
lemma when y > 1. 

IfO0 < y < 1, we take a rectangle going to the right. Then there is no 
residue, so 1 is replaced by 0. The estimates on the bottom and side of 
the rectangle are carried out as before to yield the analogous estimate. 

If y = 1, then one deals directly with the integral 


o4iT T 
/ ds = if ee) = oF 
2—iT 7 soa a. 
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Since ¢ is an odd function, the term with —7zé¢ cancels. The integral of 
1/(4 + ¢”) is an arctangent, which gives the desired result. We won’t 
need this case in the applications, however. 


Theorem 6. Let j;,(x) be the number of ideals of k with Na < x. Assume 
that ¢,(s) has no zero foro = b, where $ <b <1. Then for every e, 
we have 


ju(z) = put + O(2°*9), 
where pz 18 the residue of ¢; ats = 1. 


Proof. We consider the integral 


2417 


a 
Sx(s) — ds. 


(*) 
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There is no problem of convergence, which is absolute, and such that we 
can replace the zeta function by the sum >51/Na‘%, as well as interchange 
the sum and the integral. In view of the lemma, we have to deal with the 


two sums 
2417 
ET (ey 
Nacz J/2—iT N Ss 


24iT : 
Ds | (=) Bs: 
Na>a / 2—i1T N Ss 


We take z to lie exactly between two integers, and use the lemma with 
y = x/Na. In the estimate, the term log y comes close to 0 when Na 
comes close to x, but even in the worst possible case when Na may differ 
from x by 3, log(a/Na) behaves like x. Hence 


> 1 petit - . 
zr te i 
Nace 271 I. (=) s Be) eC (7) 


All we have to do is pick T large, say T = x?, to make the error term 
negligible. (We used the fact that the order of magnitude of j;,(z) is at 


most a constant times x, thus giving an upper bound for the number of 
terms in the above sum.) 


and 
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For the sum with Na > xz, we estimate each term using the lemma, 


namely 
iT 
[- ‘< re (a) ances 
2—ir \Na/ s Na/ T'- log(«/Na) 


1 ¢? 


“Na? T log(a/Na) 


Again, log(z/Na) behaves at worst like x. Selecting 7 = x? and summing 
over all a yields an estimate < ¢;(2), i.e., a bound for our sum. Thus our 
integral (*) yields essentially 7,(2), up to a bounded term. 

Now we use Theorem 5, and move the integral to the left. If we had 
the Riemann Hypothesis, we would move the integral to the lines = 4+. 
As it is, take any b with 4 < b < 1 so that ¢, has no zero foro = b. Then 


bx(b + it) « els 


for every € by Theorem 5. Consequently, shifting the integral (*) to the 
line o = b, we pick up a residue of pz,x at s = 1. This gives us the main 
term for j,(z). The error introduced is given by the integral on the top, 
bottom, and left-hand side of the rectangle on Fig. 6. 


Figure 6 


The integral on the left-hand side of the rectangle is bounded by 


T b T 
° x b € 1 dt 


< 2° T log T. 
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b+e 


With our choice of 7 = x°, we find an error of x For instance, on the 


Riemann Hypothesis, our error term 1s 


The integral over the top, say, is estimated by 


€ 


2 
o- 
i le(o + 7T)| war da <= 7% 


which is small. This proves our theorem. 


Appendix. Other applications 


Zimmert [Zi 81] has used Hecke’s expression for the zeta function and 
the functional equation to give a better upper bound for the norm of an 
ideal in an ideal class than would come out from the Minkowski constant; 
to give a better lower bound for the discriminant; and also especially to 
give a lower bound for the regulator, showing that it tends to infinity 
exponentially with the degree. Using some of Zimmert’s ideas, Skoruppa 
[Sk 93] was able to give a remarkably simple proof of the following 
inequality, which is a special but important case of Zimmert’s results. 


Theorem 7. Let g(s) =2-"I(s/2)"I'(s)”. Let R = R, resp. w = wy, be the 
regulator of k resp. the number of roots of unity in k, as usual. Then for 
any real number s > 1, we have 


FL s(s— 1) 


e~Sl(S—Da(g)e—s9/9's), 


Ww € 


Taking special values of s shows that 


i > cet" + br2 
w — 


with some positive constants a, b, c. One can pick values of s which 


maximize the right side, for instance as in Skoruppa, taking s = 4/3, one 
finds 


c = 0.00299, a = 0.48, b = 0.06. 
Zimmert, with his refinement, finds the constants 
c = 0.02, a = 0.46, b=0.1. 


A bibliography giving other people’s previous results in those directions 
will be found in [Zi 81]. 


CHAPTER XIV 


Functional Equation, Tate’s Thesis 


This chapter is essentially Tate’s thesis, which has also appeared 
(finally) in the Brighton conference volume. 

We first treat the local duality theory of local fields, i.e. completions of 
number fields under an absolute value. In §1 we give the additive theory 
and in §2 the multiplicative theory which are used later. 

In §3 we give the local functional equation, and in §4 we perform certain 
local computations and tabulate special zeta functions, namely those used 
in practice. In §5 we discuss Haar measure and integration on restricted 
direct products, and in §6 we discuss the additive global duality theory. 
The main result here is that the adele group is self-dual, and that the 
additive discrete group of k embedded in it is its own orthogonal comple- 
ment. Thus one may apply the Poisson summation formula to this situa- 
tion (done in §7) and thereby get instantly the functional equation for the 
L-series, in an abstract form. We get actually more (as in the classical 
theory), since we express these as an everywhere convergent integral plus 
a simple term involving possible simple poles at s = 1 or s = 0. 

Finally in §8, we make the results of §7 explicit, and tabulate various 
identities useful for reference in the subsequent applications. 

One more word on notation. If G is a locally compact commutative 
group, we denote by Inv(G) the set of complex valued functions f on G 
which are continuous, in L,(G), and such that the Fourier transform f 
is also continuous and in L,(G@). The Fourier inversion formula then holds 
for such functions for some choice (unique) of Haar measure on @ de- 
pending on the choice of Haar measure on G. Such a pair of Haar measures 
is then called self-dual, and throughout our theory we shall always select 
the additive measures to be self-dual. 


We shall use frequently the fact that if x is a character on a compact 
group G, then 


_ JmeasureofG = if X = id. 
[howe f if x x id. 


Since this fact is trivial, we recall its proof. If x ¥ id., there exists an 
element y of G such that x(y) ¥ 1. Making the translation by y does 
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not change Haar measure, and hence 
i x(x) dx = | X(a + y) dx = X(y) | X(a) dz. 
G G G 


Subtracting and using X(y) # 1 gives what we want. 


Sl. Local additive duality 


Let k = k, now denote the completion of a number field under the 
absolute value v. We call k a local field. Then k is either the real numbers, 
complex numbers, or a p-adic field, and v is described by the same terms. 
We denote by | |, the normalized absolute value, inducing the ordinary 
absolute value on the reals if v is archimedean, and the p-adic absolute 
value |p|, = 1/p if v is p-adic. If N, = [k, : Q,] is the local degree, then 
we set 


N, 
lll, = |al,”- 


If v is p-adic, and Np denotes the number of elements in the residue class 
field o/p of k, then 
lIzIlb = {lzllo = (Np)~”’, 
where v = ord, z. 
Suppose for the moment that k = Q,. We define a non-trivial character 
on the additive (locally compact) group of k as follows. 
If v is real, we put 


No(z) = —x (mod 1). 


If v is p-adic, and Z,, Q, denote the p-adic integers and p-adic field 
respectively, then there is a canonical embedding of Q,/Z, into Q/Z, 
namely onto that subgroup of Q/Z having only powers of p in the de- 
nominator. Viewing Q/Z as embedded in R/Z = reals mod 1, we let Apo 
be the composition of these homomorphisms, sending Q, into R/Z: 


0: Q, — Q,/Zyp — Q/Z — R/Z. 


If k is a finite extension of Q, and Tr = Tro, is the trace, then the 
homomorphism 
A= Xo o Tr 
is a continuous, nontrivial homomorphism of k into the reals mod 1. 
Theorem 1. Let k be a local field. Then the bilinear map 


(x, y) ae e2rin(zy) 


induces an identification of the additive group of k with tts own character 
group. 
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Proof. It is easily verified that the pairing is continuous, and that the 
kernels on both sides are trivial, i.e. = 0. This induces a natural map of k 
into & which is injective, continuous, and dense. It is in fact bicontinuous, 
because if the character \, given by 


r (y) oo e2m inary) 


is very close to 1, it must take on values close to 1 on a large compact 
subset of k. One sees at once that in that case, z must be close to 0. From 
this it follows that the image of k in the character group is complete, and 
hence closed. The map is therefore surjective and the theorem is proved. 


In choosing a Haar measure on k, we choose one which is self-dual. 
We shall choose: 
dx = ordinary Lebesgue measure on the real line if & 1s real. 
dx = twice the ordinary Lebesgue measure if k is complex. 
dz = that measure for which the integers 0 of k get measure (ND)~ 1/2 
if k is p-adic. 


Here as usual, © = , denotes the local different, i.e. the ideal such that 
~! is the orthogonal complement of 0 in the pairing of Theorem 1. 


If denotes any Haar measure on k, and if a € k* is a non-zero element 
of k, then 
u(ao) = |lal|u(o), 


or symbolically, d(ax) = |la|| dz. 


Our assertion is clear if v is archimedean, and if v is p-adic, it suffices to 
verify it when a = 7 is a prime element. In that case, zo is of index Np 
In 0, and is an open subgroup of o. Thus our assertion is obvious. 


Theorem 2. If we define the Fourier transform f of a function f in L1(k) by 
fy) = [f@eP®™ ae, 
then with our choice of measure, the inversion formula 


f(x) = f(—2), 
holds for f in Inv(k). 


Proof. We need only establish the inversion formula for one non-trivial 
function, since from abstract Fourier analysis we know it is true save 
possibly for a constant factor. For k real, we can take f(x) = e7~**’, 
for k complex, f(z) = e~?"'*!’, and for k p-adic, f(x) = characteristic 
function of 0. We leave the details of the computation to the reader 


(cf. §4). 
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§2. Local multiplicative theory 


The units U, = U of our local field are the kernel of the homomorphism 
a+ |lal| 


fora ek*. If v is p-adic, then U is a compact open subgroup of k*, and 
it is always a compact subgroup of k*. 

By a quasi-character of k* we mean a continuous homomorphism ¢ 
of k* into the multiplicative group of complex numbers. A character is 
thus a quasi-character of absolute value 1. We say that c is unramified 
if it is trivial on U. 


Proposition 1. The unramified quasi-characters are the maps of the form 
c(a) = |lal|’, 


where s is any complex number; s is determined by c if v is archimedean, 
and 1s determined only mod 27i/log Np if v 7s p-adic. 


Proof. An unramified quasi-character depends only on ||a||._ Use the 
fact that 


k* = UX Rt or k*x UxZ 


according as v is archimedean or not. In the p-adic case, the decomposition 
is of course not canonical, and depends on the fact that once we have 
selected an element 7 of order 1, then any element a € k* can be written 


a=—wvu 


for some integer r and a unit u. 

Any quasi-character c restricted to the units U determines a character 
on U, since U is compact. Conversely, given a character X of k*, the 
function 

c(a) = x(a)|lal|* 
is a quasi-character. 
If v is archimedean, and X a character of k*, we can write 


x(a) = G2)" al 


where m = m,(X) is an integer, m = 0 or I if v is real, p = ¢,(X) is a real 
number, and m, ¢ are uniquely determined by x. 

If v is p-adic, then the subgroups 1 + p” (v 2 0) form a fundamental 
system of neighborhoods of 1 in U. Any quasi-character c must therefore 
vanish on one of these subgroups, and we call the ideal 


T, ee ee ma p” 
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the conductor of c if m is the smallest integer for which c(1 + p”) = 1. 
(If m = 0, then by definition, f = 0.) 

To use a unified notation for the archimedean and non-archimedean 
case, we shall refer to the integer m,(X) or ord, fy = mas the ramification 
degree of c, or X. 

Selecting a prime element 7 in case »v is p-adic, and a decomposition 


k* =~ Ux Rt or k* =x UxZ 


we let a’ be the U-component of an element a € k* (so a’ = a/|a| if v is 
archimedean). We let c’ be the restriction of c to U. Using elementary 
results concerning R* or Z, we get: 


Proposition 2. The quasi-characters of k* are the maps of the form 
at>c(a) = c’(a’)llal|’, 


where c’ 1s any character of U, uniquely determined by c. The complex 
number s is determined as in Proposition 1. 


The real part of s in Proposition 2 is uniquely determined by the quasi- 
character, and will be called its real part or also Re(c). 

Now for Haar measure. If g(a) is in C,(k*) (continuous functions with 
compact support), then g(x)||z||~1 is in C.(k* — 0) = C,(k — 0). Hence 
we may define on C’.(k*) a non-trivial functional 


gf g(a)llal|~* ax, 


which is obviously invariant under multiplicative translation, is positive, 
and thus comes from a Haar measure. Passing to the limit, we have: 


Proposition 3. A function g(a) is in L1(k*) if and only if g(zx)||x\|—! 
1s in Ly(k — 0), and for such functions, we have 


f.9@ dia= f g()llel|~* ae, 


where diya is the measure on k* just mentioned, and dx is the measure on 
(the additive group of) k. 


In fact it will be convenient to take a Haar measure on k* which differs 


from the above by a constant in the p-adic case, and gives the units mea- 
sure 1 in general. Thus we take: 


d bat oh : 
d*a = jail if v is archimedean. 


* Np da ee : 
aa= Np — 1 jal if v is p-adic. 
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Proposition 4. If v is p-adic, then {y d*¥a = (ND)~"/?, 


Proof. This is seen immediately, taking into account that |/a|| = 1 if 
a €U, that the units are the complement of p in 0, together with the 
definition of the additive Haar measure in §1. 


§3. Local functional equation 


In this section, f(z) denotes a complex valued function on kt, and f(a) 
its restriction to k*. We consider functions satisfying the following con- 
ditions: 


Z1,. f(x) and f(x) are continuous and in Ly(kt). 
Z2,. f(a)|lal|? and f(a)||a\|* are in Ly(k*) fora > 0. 


For such functions, and a quasi-character c, we define a zeta function: 
o(f,¢) = [1@c@ d*a. 
If c(a) = X(a)|la||*, where X is a character of k*, then we also write 
(,% 8) = [f@x(@)|lall’ da, 


Once X is fixed, our zeta function can be viewed as a function of a complex 
variable, which in view of our hypotheses on f, is holomorphic for Re(s) 
(or Re(c)) > 0. In this domain, one sees immediately that one can 
differentiate under the integral sign. Two quasi-characters are called 
equivalent if we have c;(a) = c2(a)|l\a\\*: for some complex number 5s}. 
We can view a zeta function as a complex valued function on equivalence 
classes of quasi-characters, and it is clear what is meant by analytic con- 
tinuation on these. 

If c is a quasi-character, we define ¢(a) = |lal|le~'(a). The functional 
equation will come from the following fundamental Lemma. 


Lemma. For any quasi-character in the domain 0 < Re(c) < 1, and 
two functions f, g satisfying Z1, and Z2,, we have 


cf, 0&9, 0 = of, OF, ©). 


Proof. We can write ¢(f, c)¢(g, ¢) as an absolutely convergent double 
integral over k* X k*, namely: 


[[7@9@)e(ab~*)]O|| aa a*b. 


[XIV, §3] LOCAL FUNCTIONAL EQUATION 281 


The measure is invariant under shearing automorphism (a, b) — (a, ab), 
and our integral is thus equal to 


[[7@9(abJe(O~")|Iab|| ata ab. 


Writing down the definition of 9 and the multiplicative measures d*a d*b 
we get (up to an obvious constant factor) 


/ | fla)g(z)e(b7!)e—27 9) dx da db, 


which is symmetric in f and g. This proves our Lemma. 


If we can show that there exists one function f for which ¢(f, é) is not 0, 
then the quotient ¢(f, c)/¢(f, é) is defined and does not depend on the 
function f. We shall denote it by p(c). In the next section we shall exhibit 
for each equivalence class of quasi-characters on a local field a function f 
for which p(c) is defined. We thus get: 


Theorem 3. A zeta function has an analytic continuation to the domain 
of all quast-characters given by a functional equation of the type 


c(f,c) = p(c)¢(f, é). 


The factor p(c), which 1s independent of the function f, is a meromorphic 
function defined in the domain 0 < Re(c) < 1 by the functional equation, 
and for all quast-characters by analytic continuation. 


From the functional equation, we get the following properties: 


1. p(c)p(é) = e(—1). 


2. p(t) = c(—1)p(c) 
3. If Re(c) = 4, then |p(c)| = 1. 


Proofs. For the first, we have 


t(f,c) = ple)e(f, d) = ple)p(etf, 4), 


and 


t(f,c) = e(—1¢(f, ), 


using the fact that f =f—andé@é=c. The first property follows. For 
the second, we have 


CF ¢) = ¢(F, 2) = p(ar(f, 2) 


= p@)e(—1) sf, €) = p@)e(—1)¢(f, 6), 
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and 


o(f,¢) = p(e)s(f, é), 


so that the second property follows. As to the third, if the exponent of c 
is equal to 4, then 


c(a)e(a) = |c(a)|? = c(a)é(a). 
Hence ¢(a) = é(a). Using the first two properties vields 


p(c)p(c) = 1, 
which proves the third property. 


In the next section, we give explicitly, for each class of quasi-characters, 
a weight function f, which makes the zeta function have the usual shape, 
and in particular, defines p(c) 


§4. Local computations 
v archimedean. We use the following notation: 


+ = k;t-variable a = k*-variable 
dx = N, times Lebesgue measure d*a = da/|\all. 


Given any character X of k*, we have 


a m -N 
X(a) = (“;) lal" °?, 


where m = m,(X) and ¢ = ¢,(X). If vis real, m = 0 or 1. 
We put 
Sy = 8,(X) = N,(s + ig) + |ml, 
8, N,(1 a a tg) Si |m|. 


If v zs real, 


eC es ae 
If v 1s complex, 
I glml, —2nlzl” if me 0 
27 
fy v(t) = l 2 
Re a a as ifm s 0. 
27 


Observe that our functions f,,, depend only on m, and thus may be de- 
noted by fm = fm, If cis a quasi-character, and X the associated character 
on the units, then we write f. = fy. 
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Theorem 4. With the above notation, we have in all cases, putiing 
c(a) = x(a)|lal|*: 


Fa) a 1 fa) (if v real, fum fe fm) 
6(fe, 6) = Sfx) X, 8) = (Nar)! 1 572) 
o(fe, é) = Cee, x,1l—s)= a ™'(N a)? T(8,/2): 


Proof. If v is real, our first assertion concerning f is easy and is left to 
the reader. 

For the zeta functions, we use repeatedly the definition of the Gamma 
function: 


T(s) = [ e“u®—* du. 


The computations are also quite simple and are again left to the reader. 
For v complex, things are slightly harder. We establish the formula 
for fm first for m = O by induction. To fit classical notation, let us use z 
as a complex variable, 
zg=a+tiy = re’, 
For m = 0, we break up the Fourier integral into two real integrals and 
use the classical formula 


[ ete tania u Ai poet 
— 


Assume we have proved our formula for some m = 0, so we have 
[inlae2* dw = if m2). 
Writing this out, we get 
ame is ym 20 (u?+-v?) 4 40 i(zu—yv) ome -\m —20 (27+?) 
(u — tv)""e 2dudv = 1° (a + ty)""e 
—_—4 — 


Applying the operator D = (47m1)~'[d/dx + i(4/dy)] to both sides (a 

simple task in view of the fact that since 2” is analytic, D(x + z7y)™ = 0) 

we obtain our contention for m-+ 1. The induction step is carried out. 
To handle the case m < 0, we put a roof on the formula 


ane = ae), 


which we have already proved, and remember that j (2) = f(—2). 
For the assertions concerning the zeta functions, we may assume with- 
out loss of generality that » = 0, and that our character x is of type 
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Cm(a) = e*”®, Then 


6( fms Cm) 8) = J Sa(a)em(a) al? d*a 


oo 2r j 
2 
-{ | J} .206-1)4lmi,—2975, a da 
o Jo 20 
[e.¢] 
2 
-| (r2) D+ Im1/2p—20 8? 7p) 


from which our assertion follows immediately after a change of variables. 


The function ¢(f, ¢) is now computed using the first part of our theorem 
and the definitions. 


v p-adic. We use the following notation: 


x = k7y-variable a = k*-variable 


: = Np da 
dz gives 0 measure (ND)~?/? d*a = ———_ —_ : 

: ees Np — I [al 

We denote by m,,, = m the order of the conductor of a character x, 
som 2 0. As in the archimedean case, our function f,,, depends only on 
this integer, and in fact, we put 


2ritdX(2) —Ir—1 

7 a 

Sm (x) a , ‘ ‘ 
0 teé D "fr! 


(D and f, should of course carry the index p). 
For convenience of notation, we write D, = Df,. 


Proposition 5. We have 


(ND) */2(NF,) t=1 (mod f,) 


0 xA#l (mod f,). 
Proof. This comes immediately from the fact that the integral of a 
character over a compact group is u(G) or 0 according as the character 
is trivial or not. (The compact group here is (©,)7'.) 


We observe that fo is the characteristic function of D—! while fy is (ND)? 
times the characteristic function of 0. 


We now give explicitly a zeta function for unramified characters. If x 
is unramified, the value x(7) does not depend on the particular choice of 
prime element 7, and is denoted X(p). 
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Theorem 5. Let X be an unramified character of k*, and let f be the 
characteristic function of an ideal p". Then 


(ND) ~*!?x(p)"(Np)— 7 
1 — Xi) 
Nps 


(f, X, 8) = 


Proof. This is an easy computation, using the definition of multipli- 
cative Haar measure in terms of the additive one, and taking the integral 
as a sum over integrals over the annuli p’ — p’*! for v ranging from 
n to oo. On each such annulus, |la||* is constant, and x(a) = X(7”’), since 
X is assumed unramified. We leave the details to the reader. 


Corollary 1. We have 


ND s—1/2 
¢(fo, Xo, 8) = S2) 
— Np 
and 
P 1 
§(fo, Xo, 1 — s) = T— Npo 
Proof. Put n = —ord D in the first case, and n = 0 in the second. 


Corollary 2. Let x be an unramified character of k*, and let fo = fy be 
the characteristic function of D~!. Then 


(ND)*—1/?2x(D7?) 


é(fo, x, s) — 7 X(p) 
Nps 
and 
(fo, X,1—s) = : 
sa 1 — X70) 
Np!i-—s 


We observe that for unramified x, the zeta function has the usual term 
1 — (Np)~° in the denominator. For ramified characters, it does not. 


Theorem 6. Let w be a prime element, x a character of k*, m > 0 the 


order of tts conductor, and {e} a set of unit representatives for U/(1 + f,). 
Let o(x) = ord (®,), and put 


n(x) = e2Fiz). 
Let c(a) = x(a)|la||*. Then 


o(fm; c) = of, x, 8) al (ND,)*u(1 ate fy)T(X), 
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where 
T(x) = Dy (Xn) (er). 
Furthermore, 
(fm, €) = (fm) X) 1 — 8) = (ND) (NG, u(1 + f,). 

(Note: The measure p is of course that of d*a, and 7 in 277 is 3.14159... .) 
Proof. By definition, 

rime) = fi ala)x(a)lal? aa 

Dx 


2 (Np)? / n(a)x(a) d*a, 


—0(x) 


where A, is the usual annulus p’ — p’*!. We contend that all the terms 
in this sum after the first are 0. 


Case 1. vy 2 —ord S. Then n(a) = 1 on A, and the integral is 
x(a) d*a = BY Ak ae v 
ie (a) d*a [ X(am’) d*a = X(t ve X(a) d*a, 


which is 0, since X is non-trivial on U. 


Case 2. —ordD > v > —ordD — ordf,. (This occurs only if 
m > 1.) To handle this case, we break up A, into disjoint sets of type 
Qo + D7 = ag(1+D7'p-’). On such a set, \ is constant, = d(a9), and 
our integral is equal to 


n(ao) [ OL 


This is equal to 0 because we can move this integral by multiplicative 
translation to an integral over 1+ ©~'p~” on which our character is 
non-trivial. 

Thus we get 


tf, X, 8) = (ND,)° i _ Madx(a) da 


Using our representatives of cosets of U/(1 + f,), it is a trivial matter to 
transform this expression into the one given in the theorem. 

For ¢(fim, X, 1 — 8) we take into account the fact that f,, is (ND) '/?(Nf,) 
times the characteristic function of 1 -+ f,, a set on which 


x~*(a)|lal]'~* = 1. 


Our result is then immediate. 
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Corollary. If c(a) = x(a)|la||°, where x is a character with conductor f, 
of order m > O, then 


p(c) = (ND,)*— (Nf) —/27(x) 
and (Nf)—1/?7(x) has absolute value 1. 


Proof. The first statement comes by taking quotients of the zeta a 
tions. The second comes from the Boner fact that for Re(c) = 3, we 
have |p(c)| = 1. We then merely set s = 4 above. 


§5. Restricted direct products 


Earlier, in Chapter VII, we studied the topology of restricted direct 
products, and the special cases of adeles and ideles. Here we consider the 
Haar measure and Pontrjagin duality. 

We let {v} be any set of indices, and G, a locally compact commutative 
group, with a given compact open subgroup H, for all but a finite number 
of v. Let G be the restricted direct product of the G, with respect to the H,,. 

A quasi-character of G is then a continuous homomorphism into C*. 

If cis a quasi-character of G, then its restriction to G, is denoted by cy, 
and Cc, is trivial on H, for all but a finite number of v by continuity and the 
fact that the multiplicative group of complex numbers contains no small 
subgroup other than 1. Furthermore, we have the formula: 


c(a) = Il Cy(4), 


all but a finite number of the terms on the right being equal to 1. 

Conversely, given a quasi-character c, of G, which is trivial on H, for 
all but a finite number of v, we can define a quasi-character c on G by this 
formula. 

We note that c is a character if and only if c, is a character for all v. 

If G is the character group of G, and H+ is the orthogonal complement 
of a closed subgroup of G, i.e. the subgroup of characters which are trivial 
on H, then we have in a natural way 


G/H+' =H, and (G/H)* = H?. 


It is an easy matter to verify the following theorem in our special case of 
restricted direct products. 


Theorem 7. The restricted direct product of the groups G, relative to the 
subgroups H+ (which are compact by compact-discrete duality) 1s naturally 
wsomorphic, topologically and algebraically, to the character group G of G. 
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The isomorphism is of course given by the correspondence 


x= [[x,. 


Haar measure. Assume that we have chosen a Haar measure da, on 
each G, which gives H, measure 1 for almost all v. We wish to define a 
Haar measure on G for which, in some sense, da = [[ da,. To do this, 
we use once more our open subgroups Gg which are products of locally 
compact groups, almost all of which are compact, and hence such that we 
can take the product measure on Gs. There exists a unique Haar measure 


on G inducing this product measure on each Gg (trivial verification), 
which we denote by [J da,. 


Lemma. If f(a) ts a function on G, then 
i f(a) da = lim [ f(a) da 
G S Gs 


af etther (1) f(a) 7s measurable, f(a) 2 0, in which case +0 is allowed as 


value of the integrals; or (2) f(a) is in L,(G), in which case the values of the 
entegrals are complex numbers. 


Proof. In either case, {f(a) da is the limit of the integral taken for 
larger and larger compact subsets of G, and any compact is contained in 
some Gz. 


Theorem 8. Assume that for each v we are given a continuous function 
fy € Ly(G,) such that f, = 1 on H, for almost all v. We define 


f(a) = I] fo(Qr) 
on G (actually a finite product). Then f is continuous. If, furthermore, 
II ic da, = lim Il itz) day 
e S ves 


is < ow, then f(a) 1s in L,(G), and 


| #@ da = om / fr(a,) day. 
G v Gy 


Proof. Immediate. 


Fourier transform. We keep the notation as above, and let — denote a 
variable element of G. Let d£, be the measure of G, dual to da, in G). 
If f,(a,) is the characteristic function of H,, then its Fourier transform 


fo(E) ca [ folav) Eola) da, 


[XIV, §6] GLOBAL ADDITIVE DUALITY, RIEMANN-ROCH THEOREM 289 


is the measure of H, times the characteristic function of H+. Consequently, 
from the inversion formula, we get 


UROL oe 


and the measure of H+ is 1 for almost all v. We may thus put 
dt = [] d&. 


Theorem 9. Let f,(a,) be in L,(G,), continuous, and assume f, is in 
L,(G,), ie. assume that fy € Inv(G,). Assume also that fy is the character- 
istic function of H, for almost all v. Then the function 


f(a) aac II fr(ay) 
is in Inv(G), and 


Proof. By Theorem 8, applied to the function f(a)c(a) = J] f(ay)cy(ay) 
we see that the Fourier transform of the product is the product of the 
Fourier transforms. Since f, is in Inv(G,), it follows that f, is in Inv(G,) 
for all v. For almost all v, f, is the characteristic function of H +. Hence 
fis in Ly(G) and thus f is in Inv(G). 


Corollary. The measure di = [J dé, is dual to JJ da,. 


$6. Global additive duality and 
Riemann-Roch theorem 


Let k be a number field (finite extension of the rationals Q). Its com- 
pletion at the absolute value v is k,, and all objects discussed in the local 
case in §1-§4 should have the index v or p in the p-adic case, e.g. 0y, Av, 
Dy, | Ils Cy, etc. 

As mentioned above, the adele group of k is the locally compact group 
equal to the restricted direct product of the k* with respect to the com- 
pact subgroups 0,, given at the non-archimedean absolute values. We let 


ee Cee gee oud) 


denote a variable element of the adele group A; = A. We define a con- 
tinuous homomorphism 


A(x) == > Ay(Lp) 


of A into the reals mod Z, and the duality of Theorem 7 applied to our 
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present case, combined with the self-duality of the local theory, gives: 
Theorem 10. The adele group 1s self-dual, under the pairing 


(x, y) i II eet u(y) _ ert ihay) 
v 


Our next goal is to prove that the additive group of k, embedded in A 
on the diagonal: 


at (a,a,a,...) 
is its own orthogonal complement. We frequently write k instead of kT. 


Theorem 11. The additive group k is its own orthogonal complement in 
the self-duality of A. 


Proof. We first prove that k is orthogonal to itself. This amounts to 
proving that if x Ek, then >°d,(x) = 0. We can verify this at once if 
k = Q is the field of rational numbers (using a partial fraction decom- 
position of a rational number in terms of rational numbers having only 
prime powers in their denominators). If k is finite over Q, and Tr, resp. Tr 
denote the local trace resp. the global trace, then 


>, Aw(e) = D> Do Aw(Tro(z)) = D2 Avy), 


w vilw 


where y = >. Tr,(x) = Tr(x), and w ranges over the absolute values 


viw 
of Q. This reduces the statement to Q. 


We have proved kt > k. But A/k compact implies k* discrete. Hence 
k+/k is both discrete and compact, hence finite. Since k* is obviously a 
vector space over k, we must have k+ = k thereby concluding the proof 
of the theorem. 


Proposition 6. Let F.. be as in Theorem 3 of Chapter VII, §2. Then 


with our choice of measure, F.. has volume dj”. 


Proof. This is an easy determinant computation. Remember that at 
complex v, our measure is twice Lebesgue measure. 


Proposition 7. Let F be the subset of Ax equal to 


I] 0X Fe. 
vE Sa 


Then F has measure 1. 


Proof. This follows from our choice of measures dz,, which insure that 
9, has measure (ND,)~*/? for v = vy. 
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We are now ready to apply the duality of Theorem 11 to integration 
theory. 

The arguments which follow could be applied to any locally compact 
commutative group and closed subgroup. To preserve the notation of the 
applications, we give the proof in the context of a self-dual commutative 
group A with a discrete closed subgroup & equal to its own orthogonal 
complement. Then the integral over k is equal to the sum over k. Of 
course, convergence in that case means absolute convergence. We also 
assume that the measure on A is self-dual. 


Poisson formula. Let f be continuous and in L(A). Assume that 


>» Ifa + @)| 


a&k 
as uniformly convergent for x in a compact subset of A, and that 
> F(a) 
a&k 
zs convergent. Then 


2 f(a) = 2d fo). 
ack a&k 


Proof. We give a measure db on the factor group A/k which is such that 
the formula 


be if f(a + b) da db = y f(a) da 


holds, if da corresponds to summation over k, and da is the given measure 
on A. 

Let g(x) = ff (a + a) da. We contend that g(a) = f(a) for a Ek. 
Indeed, denoting by (, ) the pairing of an element of a group and a char- 
acter, and taking into account that 


(A/k)” =kt+=k 
we have: 
9(8) =f 9(b)(b, B) db 
Alk 
= | J $@ + @)(b, B) da db 
Alk Jk 
= io | fo + a)(b + a, B) da db 
(because (a, 8) = 1 by assumption) 
= | fa)(a, B) da 
A 
= f(8). 
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Now the measure on A is self-dual. Hence the Fourier inversion can 


be applied to § evaluated at 0. The assertion of the theorem follows at 
once from the definition of g(0). 


Classically, as in Chapter XIII, the Poisson formula is applied to the 


case of the reals, and the discrete subgroup Z. We shall apply it to the 
adeles. 


In fact, we shall need to apply it in the adele case, to a multiplicative 
translation of f. 


Riemann-Roch theorem. If f(x) satisfies the conditions 


(1) f(x) ts continuous and in L,(A). 
(2) a f(a(a + a)) is convergent for ideles a and adeles x uniformly for 


these variables ranging over compact subsets of the idele and adele groups 
respectively. 


(3) 2, f(aa) is convergent for all ideles a. 
Then 
1 afa\ 
rat 244 (G) = fe 


Proof. The function g(x) = f(az) satisfies the conditions of the Poisson 
formula, as we see using the relation 


j(x) = iyi (2): 


Our assertion is therefore immediate. 


§7. Global functional equation 


In the multiplicative theory, we take the ideles J = J; as our restricted 
direct product of the local multiplicative groups k* with respect to the 
units U, and apply §5. The quasi-characters will be trivial for almost 
all U,, ie. are unramified for almost all v. 

It will be convenient to write J as a direct product (topologically and 
algebraically) by embedding the positive reals R™ in it, namely, we map 
an element t of R* on the idele 


GO eet ee Ly lew) 


having t!/" as component at every archimedean 2, and 1 at all others. 
This is a norm preserving embedding, since 


~ No=N (= [k: Q). 


vESeo 
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It is then clear that 
J =Rtx J®, 


i.e. every idele a can be written uniquely as a product 
a = tb 


with ¢€ Rt and b cE J°, and this product decomposition is also topo- 
logical. There is a unique measure on J° (denoted by d*b) such that we 
have formally 


d*a = dbx a 

We make one restriction on the quasi-characters to be considered in the 
sequel. We assume that they are trivial on k*. Then they can be considered 
as quasi-characters on the idele classes C, = J;,/k*. Such characters will 
also be called Hecke characters. Since we know that J2/k* = C® is 
compact, it follows that the restriction of a quasi-character to C? is a 
character, and thus that we have a situation similar to the one in the local 
archimedean theory. If c is a quasi-character trivial on C?, then we must 
have 


c(a) = |jal|° 


for some complex number s uniquely determined by c. If c is any quasi- 
character, then there is a unique real number @ such that |c(a)| = |lal|’, 
and we callgo the real part of c, Re(c). Given a character X on C;, then 
X(a)||a||° is a quasi-character, and conversely every quasi-character can be 
so written (although X is not determined uniquely, only up to some ||a||*). 
It will sometimes be convenient to normalize characters on Cy by pre- 
scribing that they should take the value 1 on our embedded R* (the 
embedding was canonical). This is clearly equivalent to stating that 


Ss Ny¢2{X) = 0. 


vE Sa 


A quasi-character c determines uniquely such a character X, so that the 
formula c(a) = x(a)|l/a||* holds. | 

As in the local theory, we let ¢(a) = |la||c(a)~! so that with the above 
convention, 


C(a) = x~*(a)lal|'~* = x(a) la)? 


We shall now supplement the construction preceding Theorem 6 of 
Chapter VII, §3, by a measure computation. 
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As before, we let vo be a fixed archimedean absolute value, and 
SS = Sx — Ug. 


As before, r = ry + 72 — 1. 

Let €;,...,€, be units such that /(e;) generate the lattice of units. 
These are called fundamental units. They are generators of the group 
of units modulo the group of roots of unity. 

The absolute value of the determinant 


det (log || €;|| ») 


taken with i= 1,...,7 and v in S, is the volume of a fundamental 
parallelotope P in Euclidean r-space, up to a sign. Its absolute value is 
called the regulator of k and is denoted by R = Ry. We denote by 
d = d; the absolute value of the discriminant. 


Proposition 8. Let the notation be as above, and | as in Theorem 6, 
Chapter VII, §3. Then the measure of 1~*(P) is 


2”\(2Q7)”? 
di!” 
Proof. Let Q be the unit cube in r-space. Since / is a homomorphism, 
we have 


measure of 17)(P) _ volume of P | 
measure of 1-1(Q)  volumeofQ — 


R. 
Thus it suffices to compute the measure of /~'(Q), and we leave it as an 
exercise (easy, using the definitions of our multiplicative measure). 


Proposition 9. If E is a fundamental domain for J°/k*, then its 
measure 18 


227) nk 
~ wd! 
(notation as in Theorem 6 of Chapter VIT, §3). 


Proof. Trivial from Proposition 8. 


We approach the end of our journey. To get global zeta functions, we 
consider functions f on the adeles satisfying the following conditions: 


Z1. f(x) and f(x) are continuous and in L,(A), 1.e. f 1s in Inv(A). 
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Z2. The sums > f(a(z + a)) and 2, f(a(x + a)) are both convergent, 
ack act 


absolutely and uniformly for zdeles a and adeles x ranging over com- 
pact subsets of the idele and adele groups respectively. 


Z3. The functions f(a)|lal|’ and f(a)||a\|? are in Ly(J) foro > 1. 


Note that in view of Zl and Z2, the Riemann-Roch theorem is valid 
for functions of the above type. The purpose of Z3 is to enable us to define 
zeta functions. With each such f we define, for quasi-characters c with 
Re(c) > 1 a zeta function 


(fe) = [F(@el@) da, 
the integral being over the idele group. If c(a) = x(a)||a||*, then 
(fe) = Cf.x%8) = [f(@x(a)|lall? da. 


(We always assume quasi-characters and characters are trivial on k*.) 
Once the character x is fixed, our zeta function becomes a function of the 
parameter s, and from our assumption Z3 it follows that it is holomorphic 
in the domain Re(s) > 1. We can say invariantly that it is holomorphic 
in the domain of quasi-characters with Re(c) > 1. 


Theorem 12. By analytic continuation we may extend the definition of 

any zeta function §(f, c) to the domain of all quasi-characters of J/k*. The 

extended function is single valued and holomorphic, except at c(a) = 1 and 

c(a) = |la||, where it has simple poles with residues —xf(0) and +Kf(0) 

respectively, where kK = volume of multiplicative fundamental domain of 
Je mod k*. We have the functional equation 


Sf. = 7, 6), 
where é(a) = |lalle—*(a). 
Proof. We have 
— * * 
Ch) = fi f@elaarat f_ sae(a) da, 
The second integral obviously converges for Re(c) equal to any real num- 


ber, because it converges for Re(c) > o, for some Oo, and hence con- 
verges all the better for Re(c) < go. We shall now transform the first 
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integral and in fact we shall prove: 


Theorem 13. We have 
o(f,¢e) = 


I. f(a)c(a) d*¥a + _F(a)é(a) d*¥a+ 6 [Se 3 <1), 


lla |= 


where 6, 18 1 or 0 according as the character X induced by c on J° is trivial 
or not in which case s is the unique complex number such that 


c(a) = |lall®. 
The two integrals are convergent for all c, uniformly in every strip 
do S Re(c) S$ a4. 


The uniformity of convergence of the integrals in a given strip is clear 
from the above remarks. Furthermore, let us replace (f,c) by (f, ¢) in 
the expression on the right. We take into account that 


f(0) = f(—0) = f(0), 


and that f(a) = f(—a). Then changing variables in the second integral, 
we see that c(—1) will come out as a factor in front of the integral. But 
we have assumed that c is trivial on k*. Hence the expression on the right 
is invariant under the substitution sending (f, c) into (f, ¢), and thus the 
functional equation follows. 

Let us now complete our proofs by transforming the integral taken over 
la <1. We can write the ideles as a product: 


FF CR. 
For any fixed t, we have 
[. f(tb)c(tb) d*b + f(0) u c(tb) d*b 
ar cf. f(tb)c(tb) d*b + f(0) [ c(tb) d*b. 


Using the invariance of measure under multiplicative translations, and the 
fact that c(a) = 1 for a E k*, we see that this expression 1s equal to 


2) | flatb)c(tb) d*b + f(0) | c(tb) d*b. 
ack* JE E 
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By Property Z2, which allows us to interchange sum and integral, this 
is equal to 


a 


; 1 : 
[ oy (atb)c(tb) d*b = | Sof (2) ira c(tb) d*b (Riemann Roch). 


E a&€k 


If we had started with the expression 
if f(t") é(t1b) d*b + f(0) | é(t—1b) d*b, 
fa E 


made the transformation sending b to b~! which preserves the measure, 
and then applied the same arguments as above, we would end up with the 
same expression that we found above; in other words, we find the equality 


J, fbye() ab + FO) f c(wb) ard 
Pf E 
= [Ae *o)ee*b) a + flO) f_ e(e-"0) arb. 


Now we observe that c(tb) = c(t)c(b) = t®c(b), whence 


i c(tb) d*b = i uEe(a) 1a 
E 


0 if c is non-trivial on J®, 


always using the fact that the integral over a compact group of a non- 
trivial character is 0, and that the integral of the trivial character is the 
measure of the group. 

If we integrate our expressions from ¢ = 0 to ¢ = 1, then on the right- 
hand side of our equality we can replace ¢~! by ¢ and the limits of inte- 
gration from 1 to «. Theorem 13 is now clear, and this concludes the 
proof. 


$8. Global computations 


The purpose of this section is to derive explicitly certain convenient 
global formulas used in the applications, using a particular weight func- 
tion gx closely related to f,. These will be products of local functions, 
and the proof that the product converges for ¢ > 1 will be given in the 
next chapter. Although it is simple (and classical), we must emphasize 
that this proof is the final step in showing that Theorem 12 is not empty, 
and applies to the classical zeta functions or L-functions. 


Proposition 10. If g is a translation of f, i.e. g(x) = f(bz), then 


G(y) = ||bI|"Fy/b) = and ~—&(g, c) = c(b) EC, 0). 
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Proof. Directly from the definitions. The assertion is valid locally or 
globally, i.e. on k* or Jy. In the local case, || || = || ||, of course, and b 
is either in k* or an idele. 


To fix some notation, we put for every character x, 
D, = Dy d, = Nd,. 


If X = Xo, then do = d; is simply the absolute value of the discriminant 
of the number field k. We use similar conventions for the local case, putting 
an index » on our symbols. 


If v is archimedean, N = [k : Q], we let 


Jx,o(X) = oe Chae (Noa) 


where f,,y is the function of §4. 
If v is p-adic, we let 


Bee ee 
fk) = TTT 


it being understood as usual, that if x is unramified, then f,,, = 0, and 
1 + fx,v = Dy also, so that its measure is d>/?. We let 


9x (x) = I] 9x ,v( Xv). 


In particular, if X = Xo, then for v archimedean, 


Go,0(@) = foo(de'”” 2) 
and for v p-adic, 


| Jo,v(z) = dy’ fo,r(2), 
where d, = ND). 

We observe that g, has been obtained from f, by a translation at the 
archimedean v, and multiplication by constant factors, designed to cancel 
certain local extraneous terms, occurring both in the zeta function of f, 
and fy. 

To begin with, we observe a symmetry at the origin. 


Proposition 11. Let X = Xo be the trivial character. Then go and go 
are 2 0, and 
go(0) = $o(0) = dy!” (2m)—”. 


Proof. Immediate from the definitions. 
Proposition 12. Let b be the idele having components b, = di’/® at 


archimedean v, and b, = 1~”?, where vy = ord, D. Then ||b|| = 1, and 


§o(z) = go(b~'2). 
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Proof. This is an easy consequence of Proposition 10, together with 
the explicit determination of go in terms of fo. 


If X is a character of C,, and p is unramified for x, then the value of x 
on the idele having a prime 7 at the p-component and 1 for all other com- 
ponents is independent of the choice of such prime element 7, and will 
be denoted by x(p). We then define 


1 
E60) = 
: i) 

Nps 


the product being taken over all p which are unramified for x, letting S,, 
be the set of p which are ramified for x. 
We put 


A(e, x) = (27 "/7ay!*)* TT 1(e./2)L(s, x), 
vE So 
where we recall that 
Sy = 8,(X) = Ny(s + ty,(x)) + |m,(x)]. 


Theorem 14. Assume that X ts normalized so that 


> Nver(x) = 0. 
vE Se 
Then: . 
§(9x, X, 8) = A(s, x) [] 7,00 JI x@y')27-%, 
pEeSx pZSx 


where ® is the sum of ¢y(X) over the complex v. We also have 
£Qx, X, 1 — 8) = ACL — 8, X)(Nf,) 1/2 2 2%, 


where M = ° |m,(x)|, and these two expressions are equal. 
vE Se 


Proof. Just put together the local results of the computations of §4, 
together with Proposition 10, and be careful about all the possible can- 
cellations which take place. 


If we had divided g, by (Nf,)"/?, we see that A(s, x) and the resulting 
zeta function would have differed by a constant of absolute value 1, and 
similarly for A(1 — s, x). 


Corollary 1. We have the functional equation 


W(X)A(s, X) — A(I — 8, x), 
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where W(X) is a constant of absolute value 1, given by 


W(x) = 47°i-™ (Nf, 71? ae T(X) [[ x(®,'°). 
pESx pZSx 


Proof. From the local computations of §4, we know that each expres- 
sion T,(X) has absolute value (Nfx,p) 2 which is just enough to cancel out 


in the equality 
Ex; X, 8) “Fo 69x, X, = 8). 


Corollary 2. For a fixed character X, put A(s) = A(s, x). Then 
A(8) = A(1 — s)u(x), 


where u(X) has absolute value 1. 


Proof. A trivial computation, using the relation 


A(S, xX) = A(s, x). 


Corollary 3. Let Ao(s) = A(s,Xo). Then 
Ao(s) = £(Go, Xo, 8) = (277724 Ndz)*/7T71(s/2)T"2(s) ¢2(s) 


and 
Ao(s) = Ao(1 as s). 
Proposition 13. Let 
= 2" (27)""AR 
ie 1/2 
wd), 


be the volume of the fundamental domain for J? mod k*. Then the residue 


of §(9o, 8) = £(Yo, Xo, 8) ats = 1 ts 
TY 
— 2 "AR 
WwW 


and the residue of ¢%(s) at 1 1s Kk ttself. 
Proof. The residue for {(g0, Xo, 8) comes from the general Theorem 12 


and that for the zeta function comes from s = 1 in Corollary 3 above 


together with the values ['(4) = 7’/”, and (1) = 1. 


Theorem 15. We have an integral expression 
r 


ee 8 


rio08) =f dola)llal + lal!) dta+ 
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Proof. If we write down the integral expression of Theorem 13, §7 and 
use Proposition 10 together with the fact that ||b|| = 1 and that the 
multiplicative measure is invariant under multiplicative translation, we 
get what we want. 

This formula is the analogue of the formula proved in Chapter XIII, 
§3. Note that the integral terms are 2 0. 


CHAPTER XV 


Density of Primes and Tauberian 
Theorem 


We shall give a proof of Ikehara’s Tauberian theorem (cf. also Widder’s 
book on Laplace Transforms), and prove the density theorem of primes in 
generalized arithmetic progressions determined by Hecke characters. In 
addition to giving a density for primes in given ideal classes, it also gives 
densities for primes distributed suitably in Euclidean N-space. 

The reader will note that the Tauberian theorem has as a corollary the 
asymptotic behavior of the coefficients of a Dirichlet series having a 
simple pole at, say, an integer d > 1 and holomorphic otherwise for 
Re(a) 2 d. If the residue is, say 1, then by translation we are brought 
to evaluating sums of type 

>, nan, 


n<z 
and summing or integrating by parts shows that if >< a, ~ 2, then 


nN<z 

> na, ~ «4t1/(d +1). This can then be applied to the zeta function 
of a variety defined over the ring of algebraic integers of a number field. 
Reducing mod » for almost all p, and applying the estimates of Lang-Weil, 
‘‘Number of points of varieties in finite fields,” Am. J. of Math. (1954) pp. 
819-827, one sees that the zeta function has an analytic behavior on 
Re(o) 2 d such that we can apply the Tauberian theorem if d is the di- 
mension of the variety under consideration. 


$1. The Dirichlet integral 


Let g(x) be a real valued function of bounded variation in any finite 
subinterval of 0 < x < ». The function 


(1) f(s) = [ * ea dy(x) (s = o + zt complex) 


contains as special case the Dirichlet series if y(z) is taken to be a step 
function. We shall look into this later. For now, we deal with the integral. 
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Suppose that for a special value sg the function 
re 
gly) = oe" dol) 


is bounded inO S y < wo. If0 S yi < Yo, we have 


| ir do(x) 


Y¥2 _(s—so)x_ —sox 
i Be SF 0 0 deo(x) 
v1 


V1 


= @ @~ "0% 9(z) 


e + (s — 89) | ca eo a(x) dx. 
¥1 Y1 


We see that for Re(s — so) 2 € > O and bounded values of = tol 

— 99 
the left side is uniformly small for large y,;. Therefore (1) will converge 
for these s-values. 

Since the assumption about g(y) is satisfied if so is taken to be a point 
where (1) converges, it follows that (1) has a certain right half-plane as 
plane of convergence and that this convergence is uniform in any compact 
subset of the interior of the half-plane of convergence. Since each 
Io e** dy(x) is analytic, it follows that (1) is analytic in the interior of 
our half-plane. 

Assume now that y(z) 2 0, that (1) converges for some real sp > 0. 
Integrating d(e~**(x)), we get 
(2) [ e—** de(z) = —9(0) + e*o(t) + 8 if e*“e(x) dr 


— (0) + e~ 88g $0 o(E) 
+s | : eg & 0% 9507 a(x) dx. 
0 
If we put s = So in the first line of (2), we see that the left-hand side 1s 


bounded, and the last two terms on the right are 2 0. Hence e805 n( £) 
is bounded in ¢. It follows that for Re(s) > so we have 


(3) f(s) = —9(0) + sf“ o(a) de 
(including of course the existence of the integral on the right side). 
§2. Ikehara’s Tauberian theorem 


Throughout this section, we suppose that g(x) is a monotone increasing. 
function, with g(x) = Oforz < 0. We let 


H (x) = e “*o(zx), 
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and the monotonicity of ¢ means for H(x) that 


H(a2) 2 H(2x1)e™1 72, for t2 2 24. 


For a given \ > 0, consider the class of all monotonically increasing 
functions (x) with g(x) = Oforz =< 0 that have the following properties: 


(1) The integral for f(s) converges for Re(s) > 1. 
(2) Fore > 0,s=1+6€-+ 21, put 


ht) = 


1 e 
s— 1 
Our property states that h(t) = lim h,.(t) exists uniformly in ¢ for 
0 
|é] < 2d. (Whence h(t) is senuinuows for |t| S 2n.) 


Tauberian theorem. There are two functions P,(\) and P(r) of X 
alone such that for any ¢ in our class, we have 


P,Q) 2 lim H(y) 2 pi H(y) 2 P(r) > 0 


and such that 
0 A> 00 


Should one know therefore that ¢(x) belongs to our class for all then 


lim e~*¢(x) = 
to 


This is the formula used in our applications. 


We shall now prove the Tauberian theorem. We define 7 to be the 
integral 
00 


sin? v 
T= 


—® 


(which gives the customary value). 


Lemma. Under the previous hypotheses, we have 


Ay 9 
lim n( — 2) si ’ dv = fr. 


y0 J —0 r 
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Proof. With s = 1+ €-+ 7t, we have using (3): 


O11) — 4-1) 


= " e~ SNH (x) dx — — 
0 s — 


1 
—_ [ (H (x) <5 Le. 4 dz, 
ee ; see eee 1 
taking into account the integral | es da i Thus 
0 Ss — 


s 
h(t) —1 = lim | (H(z) ees Der dx 
s ~—0 40 


uniformly in |t] < 2) so long as € is fixed. 

Our next goal is to get formula (6) below. We multiply our last expres- 
sion by the function e*”(1 — |é|/2d) and integrate over ¢ from —2) to 2h. 
On the right we can interchange the integral and the limit. Putting 


Fi) = (1 7 i) het) — 1 


S 
we get: 


2X 
| e'"F (t) dt 
—2X 
2x 


E 
= lim ert (1 — i) | (H(z) — 1)e"*-** ae dt. 
t+0 J —2 2X 0 


The two integrations (which are over finite intervals) can be interchanged, 
and one obtains: 


2X 
(4) | e'"F (t) at 
—2xr 


= af (H(z) — 1je* ff (1 — Ht) ctor a] dz. 


The inner integral on the right is elementary. We have 


2X 2X | | 
| (1 = Ht) er Y—*)t qe — 2 | ( a Ht) cos((y — x)é) dt, 
—2x 2X 0 
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which after a change of variables and integration by parts is equal to 
2 sin? (A(y — x)) 
Ay — 2)? 
Thus (4) becomes 


2d 00 as a 
(5) iz e'"F (t) dt = 2f (H(x) — 1)e~* sin ny = 2) dx 


e sin? (A(y — 2)) 
The integral e && —__-_-___ 
cate I, My — 2)? 


obtained by putting € = 0 exists. Adding it to both sides of (5), we get: 


20 = 
ay ex sin*(A(y — 2)) 
(6) [ F(t) dt + of a (CP 


ex sin?(A(y — sin“(A(y — 2)) 9 
7 =2f sa iaas <TR Ca 


dx exists since the similar integral 


We now take the limit as e — 0. What happens to the left side as e > 0? 
The first part converges to 
2d 
/ e"F(t) dt, 
—2h 


: , ; t 
where F(t) is the continuous function ¢ — x) 


uniformity of h,(t) — h(é). 
The second integral has a tail end 


2 e 2 = e 2 
—ex Sin” A(y — 2) < | sin” A(y — 2) 
ix wa? “SJ. Ya? @ 


OS) because of the 


which is small for large £, uniformly in e. But as e > 0, 


: 5.4 Baad 
—ex Sin” A(y — x) / sin” A\(y — x) 
J age ata 0 yay 


Hence the second integral has the limit 


N 
[ sin? My = 2) 4 ; = 
0 A(y = re —~ v2 
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What about the right side of (6)? We have just proved that it has a limit 
as e —Q. The integrand is positive and increasing as € — 0. Therefore 


—ex sin” Ay — sin” A(y — 2) 
[Hae “Gar dx 


remains below this limit for all e > 0. Hence 


sin? A(y — sin” A(y — 2) 
[ a “sae dx 


is also below this limit. We see that 


[ a B= Ay — =3 x) ay 


exists. Its tail end is small and greater than the tail end of the right side 
of (6). It follows that the right side has the limit 


Ay : 
[ Ha oa 53 x) 4 de mf H(y = 2) an ae 


Hence finally: 


2 ry ry 9 
(7) | e' F(t) dt +2 [. on dy = 2 | H € _ 2) nO i 
—2) —« —_ AJ v 


What happens to (7) asy — 0? The first integral on the left is the Fourier 
transform of the continuous function F(t) and goes to 0 by the Riemann- 
Lebesgue Lemma. The second integral on the left goes to 7, and this 
proves our Lemma. 


We shall now apply our Lemma. Observe that if v > dy, then 
H (v — | = (0 so that we can also write 


ee v\ sin? v 
lim H (v — 2) —- dv = T. 
you J —o 


The proof from now on is formal. For both inequalities, the idea is to 
consider the integral between finite limits, depending on ). 
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Note that the integrand is 2 0. Cutting down the domain of integration 
we get 


ee fe v\ sin? v 
pe a - %) 52 dv S 7. 


Using the monotonicity of y and the corresponding property of H, we get 
in the interval [—V/A, V/A] 


H(y = °) = H(y —~ +) gael ve 


Hence 


— 1 atx "i sin? v 
faa (y-L) one” sa 
pa as yx 


Since } is fixed, y can be replaced by y + 1/-\/r. Hence 


as ez! v* 
lim H(y) s ———————- = P, (a), 
yo va, 2 
sin* v 
yx v? 


and we see that lim P(A) = 1, thereby proving the first half of the 


Tauberian theorem. 
From this half, it follows that H(y) is bounded. Therefore, 


sas e 2 e e 2 
v\ sin* v sin” v 
es < 
i, i € °) 52 dv s ae 2 dv 


goes to 0 as y > o. Hence we may write also 


va - 
(8) lim H € a 2) Se dv = or. 


ym J —00 A v2 


(We take ./y as a limit of integration so that y — /y > o with y.) 
If y is large enough, then H(y) < 2P,(d). Thus H (v — °) in (8) will 
be < 2P,(A) if y is large enough. 
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We now put 
4 
b = 7 Pi()) +S 


and cut down the integration domain in (8) for large y from —b to b. 
This neglects 


—b —b 
v\ sin? v 1 
[. H( <r ) p2 dv = 2P,(A) _ 5a = 2P,(A)/b 
m v\ sin” 
in v 
/ H( =, 2) p2 dv 


Therefore 
b 
ea m | ( :) sin? y 
ee ager ? r v2 we 


Again by monotonicity, in this interval, 


n(y)arza(-3) 


Ue a as 
£10) a lim rH(y +8) gers f a dp = TT. 
—b 


v 


lA 


and 


vy 
2P1(r) [ Jd < 2Pi(n)/b. 


IIA 


] 
a 


We get 


: b 
Replacing y by y — . and the integral by 7 we get 


lim H(y) > e722)? (1 Z B20) =P, 
y—0 1b 


It is clear that lim P2(\) = 1, and this proves the Tauberian theorem. 
\-0 


83. Tauberian theorem for Dirichlet series 


Let 
f(s) = DE a,/n? = 2 One ee 
n=1 


be a function defined by a Dirichlet series, which converges for Re(s) > 1, 
has real a, = 0, and such that f is regular on the line Re(s) = 1 with 
exception of a pole of first order at s = 1 with residue 1. 
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Let ¢(z) be the step function which jumps at the places x = log n by 
the amount a, and is0O at 0. Then 


g(x) = Ps an. 


logn<z 


Denoting by ®(x) the function 
&(t) = Do an, 


Nz 
we have g(x) = ®(e”) or B(x) = g(log x). Our function f(s) satisfies the 
condition of the Tauberian theorem for all \, and hence 


lim ®(z)/z = 1 or P(x) ~ 2. 


We shall now see formally how to extend this to a wider class of 
Dirichlet series. 


Theorem 1. Let f(s) be as above. Let g(s) = >> bn/n® be a Dirichlet 
series with complex coefficients by, and assume that there is a number C 
such that |bn| < Can. Assume that the series for g(s) converges for 
Re(s) > 1, and that g 1s regular on Re(s) = 1 with the possible exception 
of a pole of first order and residue a ats = 1. Let W(x) = Y- bn. Then 
W(x) ~ az. tee 


Proof. We naturally set a = 0 if there is no pole at s = 0. 

Suppose the b, are real. Then the function (Cf + g)/(C + a) for large 
enough constant C' satisfies the same conditions as f(s). From this our 
assertion is immediate. 

In case the b, are complex, we write 


g*(s) = D0 ba/n? 
so that g*(5) = g(s), and 


_ 1 x t (g—9*) 
g= 49+ 9%) +5 ak 


Then one sees immediately that our theorem follows for g(s). 


For the prime number theorem, we need another asymptotic behavior, 
which we formulate in a proposition. 


Proposition 1, Let b, (n = 2,3,...) be complex numbers such that 


N 
V(N) = >> bh = aN + O(N) 
n=2 
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for some complex a. Then: 


N 
es Be N 
mN) = Lo pe = a+ o(AQ): 


n=2 


Proof. We have b, = ¥W(n) — ¥(n — 1) for n 2 2, putting ¥(1) = 0. 
Hence 


1(N) = 3 ¥(n) — ¥(n — 1) _ SE) ee ee 4) 


5 log n > logn 7 log(n + 1) 
_wW(N) , ( 1 1 ) 
~ log N + au ¥(n) logn  log(n+1)/) 


It will therefore suffice to show that the sum is o (*) - To estimate 
og 


this sum, we can replace ¥(n) by C'n for some constant C’. Furthermore, 


1 
a a, (1+3) 1/n 
logn log(n+ 1) log(n) log(n + 1) = (log n)2— 


Thus it suffices to show 


© wee = (ey , 
> (logn)2? ~~ \log N 


As for this, the sum can be split into two sums, with 2 < n < N"? and 
N12 < n < N. Thus our sum is bounded by 


Ni? N 
(log 2)? ' (og N¥2) 


N ieee a 
) . Our proposition is proved. 


which is obviously o (2 N 


§4. Non-vanishing of the L-series 


We let x be a Hecke character. If p is unramified for x, then we recall 
that x(p) is the value x(7) for any prime element 7 (viewed as idele with 
p-component equal to 7 and other components equal to 1). If pis ramified 
for x, then we let x(p) = 0. This is the same thing we have already en- 
countered for instance in Chapter XII, §1, for characters of finite period. 
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We extend x to ideals a by multiplicativity, so that if 
a= Il yp, 
p 


then 
x(a) = J] x(p)’?. 


With every Hecke character x, we associate its L-series 


X(a) 1 
16,9) = 2 Ng = Hay 
Np* 


The character taking the value 1 will be called the trivial character Xo. 
Its L-series is then the zeta function ¢;(s) of the field k. We have the usual 
logarithmic derivative 


d m —ms 
7 108 L(s, xX) = 2, (log Np)x(p”) Np 
p,m 


with the sum taken over all primes p and m = 1. The sum converges 
absolutely and uniformly for Re(s) = 1-+ 6. As with characters of finite 
period, we see that the contribution to a pole at 1 (if it exists at all) is all 
due to the sum taken only for m = 1. 


Theorem 2. Let X be a Hecke character, X ~ Xo. Then 
L(1,x) # 0. 


Proof. Assume that L(1,x) = 0. We have for s real > 1: 
L(s, X) = exp Ey 22" | ; 
pm mNp””® 


where exp(z) = e”. Consider the function 


f(s) = L7(s, Xo) L4(s, x)L(s, x2) = exp (= SEO), 


p,m mNp”™* 
Then 


If(s)| = exp b> 3+ 4cos 6+ cos a 
p,m mNj”’ 


where 6= arg Xx(p”). Since 3+ 4 cos 0+ cos 20 > 0, we see that 
If(s)| 2 1 for Re(s) > 1. Assume that x? ¥ Xo. Then if L(1,x) = 0, 
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our function f(s) must have a zero at s= 1. Its series represents the 
function for Re(s) > 1, and since f is in particular continuous at s = 1, 
it follows that f(s) must tend to 0 as s tends to 1. Contradiction. 

If x? = Xo, consider 


L(s, Xo) L(s, X) = exp (= LA x0") 


The term inside exp is a Dirichlet series with coefficients 2 0, which 
dominates the series 


ae oe 
pm 2mNp?"* 


which diverges for s = 4 (being the log of the zeta function). This con- 
tradicts the following Lemma on Dirichlet series with coefficients = 0. 


Lemma 1. Let f(s) = >-a,n* be a function defined by a Dirichlet series 
with dy, real = 0, such that the series converges for Re(s) > do. Suppose 
that f(s) 1s holomorphic ato. Then the sertes converges for Re(s) > gop — 6 
for some 6 > O (and hence represents f(s) in this bigger half-plane). 


Proof. Let 6 be small > 0. We may assume gy = 0 (after a transla- 
tion). We have for0 <a < 4, 


f(c) = > Ge (7 Eg Ponte). 
n 


We replace the exponents e” by the series 2X 2’/v!. Since all coefficients 
are positive we can interchange x 2X and we get the power series expan- 


sion for f in a neighborhood of 4, hich converges fora = —26if we took 
5 small enough. We can Phen unwind the power series back into the 
Dirichlet’ series, in the interval —25 So < 6, and this shows that 
the Dirichlet series converges for Re(s) 2 — 6. 


Theorem 3. Let x be a Hecke character which is non-trivial on J°. Then 
L(s, X) has no zero on the line s = 1 + 1. 


Proof. This is essentially a corollary of Theorem 2, if we replace s by 
s+ it, and X by the character 


at x(a)llal|—". 
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§5. Densities 


For each number x > 0 we denote by P, the set of primes such that 
Np S x, and by A, the set of integral ideals a such that Na Sz. If S 
is a finite set of primes, we denote by A® those integral ideals a which are 
prime to S and such that Na S z, and similarly for P®. 

As a special case of the Tauberian theorem, we get: 


Theorem 4. Let xk be the residue of the zeta function {;(s) at 1. Let n( A’) 
and n(P,) be the number of elements in A . and P, respectively. Then these 
two numbers are asymptotic to 


n(A3) ~ KBr 
n(P,) ~ x/log x, 
where 8B = [J (1 — 1/Np). 


pes 
Indeed, the residue at 1 of the function obtained from the zeta function 
¢x(s) by omitting the factors involving the primes in S has residue af, 


whence the first assertion. As for the second, we apply the Tauberian 
theorem to the logarithmic derivative of the zeta function, of type 


log Np_ 
p,m Np”™* 


We split this sum as usual into two sums, one over all p, and m = 1, and 
the other sum with m > 1. This second sum gives no contribution to the 
residue at 1, and the first sum is 


log Np | 
p = Np* 


This is a Dirichlet series > b,,/n*, where b, = Oif nis not a prime power. 
For each integer n 2 2, let u(n) be the number of p such that Np = n. 
Then 6, = p(n) logn. The residue of the logarithmic derivative of ¢;%(s) 
at s = 11s equal to 1. By Theorem 1, we get 


> bn ~ 2. 


NX 
We now apply Proposition 1 to conclude the proof. 


We now study the question of equidistribution of primes. 
Let G be a compact commutative group. Let F = U F, be a set which 
is the union of finite subsets F,, with r = 1,2,...and F,CF,4;. Let 
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\: F + Gbeamap. We shall say that F is \-equidistributed in G if for 
every character X of G we have 


1 
lim 20) oe, 0 = |, 
Recall the trivial fact that [gx = Lif x = Xo and 0 if xX # Xp. 

We take for granted the fact that any continuous function on a compact 
group can be uniformly approximated by linear combinations of characters 
with complex coefficients. 

Let us call a real function f on G Riemann integrable if there exist 
sequences of continuous real functions {g,}, {h,} such that 


Qn =f Sh 


and gn, hn converge to f monotonically increasing and decreasing respec- 
tively, and such that 


[Gn — hn) 


tends to 0 asn — o. 
A complex function is called integrable if both its real and imaginary 
parts are Riemann integrable. 
If F is \-equidistributed on G and if f is any integrable function on G, 
then 
1 
n(F, 24 tN i I 


This follows at once by approximating f by continuous functions as above, 
and then approximating each continuous function uniformly by linear 
combinations of characters (use three epsilons). In practice, f is taken to 
be the characteristic function of suitable subsets of G. For instance, if 
G is finite, we take f to be the characteristic function of an element of G, 
so that Sef = 1/n(G). 

All desired theorems of equidistribution now follow from the following 
result. 


Theorem 5. Let X be a Hecke character which is non-trivial on J ° and 
S a finite set containing those primes where X ramifies. Then 


lim —— DO x(a) =0 


r/ aGA, 


lim >, xX(p) = 0. 


S 
roe n(P;) peP® 
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Proof. This is immediate, since we know that the L-series is holomorphic 
at 1, and does not vanish on the line 1 + 2. Thus the residue of both the 
L-series and its logarithmic derivative is 0, whence our results follow 
from Theorem 1, Proposition 1, Theorem 3, and the Tauberian theorem. 


Let J = J; be the ideles of k. Let S be a finite set of primes containing 
the archimedean primes, and denote by J* the subgroup of J consisting 
of those ideles having components which are units at the primes outside S, 
and 1 for the primes in S. 


Thus 
J®=1x---x1x I] U,. 
pES 

Care should be exercised to avoid confusing this with Js, which con- 
sists of the ideles having arbitrary components in S, and units outside 
S. By continuity, any character of the idele classes will vanish on some 
J*® and on the multiplicative group k* of k embedded in J. If G@ is a 
compact group, and \: J/k*J*% > G a continuous homomorphism, then 
for any character x of G, the composite function X od is a character of the 
idele classes, i.e. a Hecke character. The set of primes P* not in S can be 
viewed as embedded in J/k*J*, as follows. Let a be an element of order 
lataprimep ¢ S. Then 7 is viewed as the idele having 7 as p-component, 
and 1 as component for all other primes. Modulo k*J* the coset of 
does not depend on the choice of such element, and thus the map sending 
p into this coset gives our embedding of P* into J/k*J%. (We could 
also embed p on the idele 7~!. This is in fact what we shall do in the 
subsequent examples, to fit the classical description relative to the archi- 
medean primes.) 

Let o: Ji, — G be a continuous homomorphism such that 


o(Jz) = G, 


and whose kernel contains k*. If y is a non-trivial character of G, then 
X = Wego is non-trivial on J?, and hence we can apply our previous results, 
especially Theorem 3, and the Tauberian theorem, combined with the 
preceding discussion. Thus we obtain: 


Theorem 6. Let P be the set of primes. Let tT: P — J; be the following 

map. For each 9, select a prime element Tr, in ky and let r(p) be the idele 

having component 1 at all v except vy, at which it has component Ty. We 

view P as filtered by the sets P, consisting of those p such that Np < r. Let 

G be a compact commutative group, and let ¢: J, — G be a continuous 

homomorphism such that o(J?) = G, and whose kernel contains k*. Let 
= o0T. Then P ts )-equidistributed in G. 


318 DENSITY OF PRIMES AND TAUBERIAN THEOREM [XV, §5] 


Example 1. Let H be an open subgroup of J containing k*, i.e. one of 
those subgroups which are class groups to class fields, and let 


A: J > J/H 


be the canonical homomorphism. Then we get the equidistribution of primes 
in our generalized ideal classes, which according to the Artin map of class 
field theory, is the same as the equidistribution of primes having elements 
of the Galois group as Artin symbols in the corresponding class field. 


Example 2.' Take k = Q(z), the Gaussian field. Let S consist of the 
archimedean absolute value. We have 


J/k*tJ® =~ k¥/(41, +2), 


where kx is the multiplicative group of complex numbers. We may then 
consider the ideals as points in the Gauss plane, in the first quadrant, and 
get equidistribution of ideals and primes in sectors, taking for \ the radial 
projection on the unit circle. 


Example 3. (Suggested by Serre.) Let k be a number field of class num- 
ber 1, so that 


J = k*Js, 


where S is the set of archimedean absolute values. Let U be the group 
of units of 0,, viewed as a subgroup of 


= [Ls 


vES 


(i.e. embedded on the diagonal). We have an injection 
ki > J = k*d 


if we associate with each element of kS the idele having the same com- 
ponents in S, and component 1 outside S. We then obtain a canonical 
isomorphism 


kE/U = J/ktJ*. 


Let o: k*/U — circle be a continuous homomorphism whose restriction to: 
the subgroup of k3 consisting of all elements of norm 1 is surjective. Then 
Theorem 6 applies to this. case, and one gets the equidistribution of a(p), 
where o(p) = o(7) for any generator 7 of p. 
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In particular, if k is a real quadratic field of class number 1, we may take 
an embedding k — R of k into one of its (real) completions, giving rise 
to an absolute value denoted by | |, and ki = R* X R*. We let 


a(a, b) = iqlae ee 


where € is a fundamental unit, and we obtain the equidistribution of the 
log a (mod log €). 


CHAPTER XVI 


The Brauer-Siegel Theorem 


Using the integrals expressing the zeta function, one can give certain 
estimates concerning its residue in order to derive asymptotic results 
relating the class number, regulator, and discriminant of a number field, 
and notably the following. 


If k ranges over a sequence of number fields Galois over Q, of degree N and 
absolute value of the discriminant d, such that N/logd tends to 0, then we 
have 


log(hR) ~ log d\!?. 


One may of course ask whether it is possible to lift the restriction of 
normality, and the condition that N/log d tends to 0. With the present 
approach, these questions involve Artin’s conjecture on the non-abelian 
L-series and the Riemann hypothesis (as will be clear in the proof). The 
existence of infinite unramified extensions proved by Golod-Shafarevic 
shows that the assumption N/log d — 0 is necessary. Indeed, if k is a 
number field admitting an infinite tower of unramified extensions K, then 
N x/log dx is constant. 

We observe that the discriminant of the field k = Q(¢), where ¢ is a 
p-th root of unity (p a prime), is d, = p?—? and so our statement applies 
to such fields. Similarly for towers of p’-th roots of unity. 

The study of the behavior of N/logd is thus of considerable interest. - 
We shall use the essentially elementary fact that for all number fields 
with 

N>1 (ie. k ¥ Q) 


the number N/log d is bounded. This follows at once from Minkowski’s 
theorem that in every ideal class there exists an integral ideal a such that 


Na < C,d!/2, 


where C), is the Minkowski constant. Taking the N-th root, a simple 


computation, using the fact that 1 < Na, shows that there is an absolute 
constant C' such that N/logd < C. 
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S1. An upper estimate for the residue 


Lemma 1. There exists an absolute constant c, such that the inequality 


K(k) < c{A+a)"di!?* (N= [k: Q]) 
holds for all number fields k and all a = 1. 


Proof. According to Chapter XIV, Theorem 14, Corollary 3 and 
Theorem 15 together with the fact that the integrals expressing the zeta 
function are 2 0 for real s, we get for s > 1: 


di,*(Q4)—"? 


(272727 Ng, )s8/2p (;) T"?(s)&%(s) 2 K s(s — 1) 


If we put s = 1+ a@~', then the gamma factors are uniformly bounded. 
We have obvious contributions of type ci’ and dj/?*. From the product 
expansion for the zeta function we have the inequalities 


1 1\" N 
(1 +4) = te(1 +2) <(l+a)”. 


The lemma follows at once. 
Lemma 2. There exists a constant co such that for k ¥ Q, 
log(hR)/log(d'!*) < eg. 


If k ranges over a sequence of fields such that N/log d tends to 0, then for 


this sequence 
: loghk A 
lim sup (jee 1) 4 < 0. 


Proof. We use the elementary estimate that the number of roots of 
unity w in a number field k is S$ c3N 2 for some absolute constant cz. 
(Use the fact that the field of n-th roots of unity over Q has degree ¢(n), 
together with an obvious estimate of y(n), using ¢(p’) = (p — 1)p’! 
and the multiplicativity.) 

From Lemma 1, and the value for k, we get 


log hR N 1 N 
ee 1 — + —— log c3. 
log d1/2 os log d}/2 ee oe at log d1/2 oo 

Putting a = 1 proves the first assertion. Fixing a, and taking our sequence 
of fields shows that for each a large, and all but a finite number of fields 
in our sequence, the difference on the left is S a! + € with arbitrarily 
small e. This proves our assertion. 
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§2. A lower bound for the residue 


Lemma 3. Let sq be real, 0 < so < 1, and assume that ¢(g0, So) S 0 
(or what is the same thing, that ¢%(s80) S 0). Then 


K(k) = so(1 — 89) 27% et Ngo)! 


Proof. By Theorem 15 of Chapter XIV, §8, we have 


fi / |, 9o(a)|lall”? da. 
all21 


So(1 — so) ~ 
We shrink the domain of integration to a domain P = [JP,, where P, is 
the set of units U, for v non-archimedean, and for v archimedean, P, is 


the domain 
1s la,d~ 1/24" , = 2. 


This lowers the value of the integral, and the integral over P is the product 
of the local integrals, which we now compute. 

For v p-adic, we know that go,, = dy'*fo,y and hence 9o,. = d}!?fo., = dy 
times the characteristic function of o,. Hence in this case, our local integral 
becomes 


[ go,»(a) d*a = dl!?. 


For v archimedean, we use Proposition 9 of Chapter XIV, §8, to get g 
in terms of f. Changing variables, setting 2 = a,d~'/2", our integral over 
P., becomes 


aren Se? ff, w(2) d*z, 


the range of integration being 1 < |lz||, S 2. In this range, we replace 


A 2 ‘; . 1 e ry 
Fo,o(z) by its lower bound, namely e—‘47 if v is real and ss e 4" if v is 
T 


complex. The measure of the annulus between 1 and 2 is easily computed 
to be log 2 or 27 log 2 respectively, and thus finally we get the lower bound 


ae” (Comb g- ae log 9) 
for v archimedean. Taking the product yields 
Kd'!?(2mr)—"? = so(1 — 89) d'/2q*o—D/2e—42N (og aN 


using N instead of r; + ro. The estimate of the lemma is a weakening of 
the estimate we have just obtained. 


Our goal is to prove the following theorem. 
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Theorem 1. Let e> 0. There exists a number c4(€) such that for all 
fields k normal over Q, the inequality holds: 


K(k) 2 c4(e)~" de“. 


Proof. If we had the Riemann hypothesis, we could dispense with our 


hypothesis that k is normal over Q. Indeed, our arguments are split into 
two cases. 


Case 1. For all normal fields k the function ¢,(s) does not vanish for 
real s with 1 — e/N < s <1. 


Then from the integral representation, we know that the zeta function 
takes on negative values for s close to 1 and to the left of 1. Consequently, 
under our present case, ¢;(1 — e/N) S 0 and putting so = 1 — €/N in 
Lemma 3 gives us what we want. The argument works if k is not normal. 


Case 2. There exists a field kg normal over Q of degree No, such that 
Sko(80) = 0 for some real sq with 1 — €/No < 8 < 1. 

In order to treat this case, it will be necessary to take a detour through 
L-series, and we shall prove in the next section: 


Theorem 2. There exists a constant cs such that for all number fields k 
and normal extensions K of k, the following inequality holds: 


K(K)/K(k) S eg -% #1 + a9" #(dx/ dy)? 
for alla 2 1. 


Let us assume this theorem for the time being. We use the following 
fundamental lemma of Brauer’s which will be proved in an appendix. 


Lemma. Let G be a finite group, and Xreg the character of the regular 
representation. Then there exist cyclic subgroups H; ¥ 1, positive rational 
numbers \;, and one-dimensional characters ~; # 1 of H; such that 


Xreg = Xo a e iv 
(where the * means induced character). 


We shall use the lemma several times, and to begin with, we use it to 
note that if K is normal over k, and {%(so) = 0 for some So, then 
Cx(so) = 0 also. (This is an open question in the non-normal case. Its 
answer would of course be implied by Artin’s conjectures.) We use Artin’s 
formalism: 


tx(s) = &(s) LI Lis, v4, K/E)™ 


and the fact that the L-series are abelian L-series of the type discussed 
in Chapters XII and XIV. 
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We treat Case 2 as follows. We may consider So, the special value of s 
between 1 — €/No and 1, and the discriminant of kg as depending only 
one. Given a field k normal over Q, let K = kky. Then K is normal over 
ko and we can use the preceding remark: (x(S 9) = 0. 

By Lemma 3, we get 


K(K) 2 so(1 — 89) 2 Ket NK gp 80/2 
An elementary estimate gives 


Nxe=<NoN, and = dx S de °dd*, 


whence 
—(1—sp)/2 —e/2N —e/2 7—eN,./2N 
dx! 89) /2 > dx! 0> d; €/2q a 


and we get | 
K(K) & c5(€)~" *dy, “”. 


By Theorem 2 which compares residues in k and K, choosing a = No/e 
we obtain an inequality 


K(k) 2 «(K)cg(e)~"*dy ?, 


so that Theorem 1 follows from our last two inequalities. 


$3. Comparison of residues in normal extensions 


Our purpose is now to prove Theorem 2. For this, we use again Brauer’s 
lemma on group representations, and the decomposition of the zeta 
function: 


tx(s) = g2(s) I] L(s, yt, Kj/k)* 


Each L-series is equal to L(s, ¥;), where y; is a character ~ 1 of the idele 
class group of K;. We have 


K(K)/«(k) = TT Ld, ¥5)™, 


the Seto on the right being finite, since each y; is different from the 
trivial character. 

We need an upper estimate for each factor |L(1, ¥;)|. We note that the 
¥; are characters of finite period. 

We have: 


Lemma 4. Let k be a number field, ¥ ¥ 1 a character of finite period of 
Cy, anda = 1. Then 


IL(1, ¥)| S c@(1 + a) Na}!?@, 
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Proof. We have, with the same notation as Chapter XIV, §8, 


(nw) = f 


ae eee i Gy (a)P(a) d*a. 


llall 21 


A direct computation shows that |g,| < |gy|. Hence we get the upper 
bound: 


It(y,¥, 1] Ss 2 lgy(a)| lla d*¥a =(s > 1) 


IA 


2¢(lgyl, Xo; 8) (s > 1). 


Our character is unramified at complex v. Let v be the number of ramified 
real v, and w= ry — v. We let 


T(s,y) =T (: -F ty r (3) T's)". 


Then evaluating local integrals in an easy way, we get from the expression 
of the zeta function in terms of local factors the inequality: 


dy?2-"?a PT, PIL, W)| S 2(dy!22-72a—"!?) 1 (8, W) (8) 


fors > 1. If we put s = 1+ a7’ and use the same trivial estimate as 
in §1 for the zeta function we get our lemma. 
Let us put 


N; = [K; : Ql. 
We apply Lemma 4 to the field A; and characters y;. We get: 
K(K)/«(k) ST] eg (1 + a)" iayi?*. 
We use the relation 
Nx = Nit > Njj 


obtained by evaluating the character of the regular representation of 
G(K/k) at 1 and multiplying by [k:Q]. From it and Artin’s conductor- 
discriminant formula (cf. [ArT 67]) one gets at once: 


dx = di] ay. 


(Compute with the different instead of the discriminant, because the dif- 
ferent is multiplicative in towers.) In view of these decompositions of the 
degree and the discriminant, our estimate for the quotient of the residues 
follows trivially. 
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For the convenience of the reader, let us give the proof of the decom- 
position of the discriminant. According to Artin’s formula, we have 


Dee = Nxp(Oem) = [I] Nx, (Dx, phy). 
We multiply both sides by 
Nxj(Duje) = Dkjo" 


and use our relation for the degrees. This yields 


Nxp(Dxje) = Deol] Nx,n(Dx,0fy;)”. 


If we now take Nig of both sides, we get what we want. 


$4. End of the proofs 


From the lower bound of the residue obtained in §2, we get an inequality 
of type 


log (hR) — log dj’? = —Ne,(e) — 2e log dj!”. 


We had noted that N/log d is bounded for all number fields ~ Q. This 
allows us to complement our first assertion in Lemma 2: 


Theorem 3. There exists a constant cg such that for all fields k normal 
over Q, we have 


llog(hR)| = cg log d?!?. 


Furthermore, if k ranges over a sequence of fields normal over Q for which 
N/log d tends to 0, then the above inequality implies that 


lim inf [log(hR)/log d'/?] = 1 — 2e. 
Combined with our preceding results (Lemma 2) we get: 


Theorem 4. If k ranges over a sequence of fields normal over Q for which 
N/log d tends to 0, then 


log(Rh) ~ log d'!?. 


It is a simple exercise to estimate the discriminant of the smallest normal 
extension k’ containing a given number field k over Q. One finds that 


N’/2 
dye S dy '”, 


where N’ = [k’ : Q]. If we apply Theorem 2 to k’ and k, and take a = Ze 
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with e < 4, we find the inequality 
K(k) = K(k’)eg(e)—™ div. 
On the other hand, if we apply Theorem 1 to k’, we get 
K(k’) = eq(e)™ div 
so that finally, 
Rh/d'!? = exo(€)—” der**, 


and 
log(Rh) — log d’/? => —N'ci9(€) — 2€ log dy. 


Using the estimate of d; in terms of d; stated above, we get finally: 


pe 7 1 
log qi/2 


1 eo C10(€) 9 


N’ =~ log di/2 


There is only a finite number of number fields with bounded discriminant. 
The left-hand side of our inequality is bounded below and does not possess 
any negative limit point, if we let k range over all number fields ~ Q. 
From Lemma 2, we get our main result: 


Theorem 5. If k ranges over all number fields ¥ Q and N’ ts the degree 
over Q of the smallest normal field k’ over Q containing k, then the set of 
values 


oat = 1 a 
log di/2 N’ 


is bounded, and possesses 0 as its only limit point. 


Corollary. If k ranges over number fields of fixed degree N over Q, then 
we have the asymptotic relation 


log(hR) ~ log d'!? 
ford— ow. 


Proof. Immediate, taking into account that N’ S NI. 


Appendix: Brauer’s lemma 


In this appendix, we prove the lemma on group characters which has 
been used several times in the chapter. I am indebted to Serre for the 
exposition (derived from Brauer’s). 
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Let G be a finite group. We denote by lg the trivial character, by r¢ 
the character of the regular representation, and we let ug = rg — lg. If 
H is a subgroup of G and y a character of H, we let y* be the induced 
character. 

If A is a cyclic group of order a, we define the function 04 on A by the 


conditions: 
a ifoisa generator of A 
0 otherwise. 


b4(o) = 


We let \4 = o(a)r4 — O4 (where ¢ is the Euler function), and \4 = 0 
ifa= 1. 
The desired result is contained in the following two propositions. 


Proposition 1. Let G be a finite group of order g. Then 
1 * 
UuGq= g > rN A) 


the sum being taken over all cyclic subgroups of G. 


Proof. Given two functions xX, ¥ on G, we have the usual scalar product: 
1 Se 
WY, Xe = — 2) W(a)x(o). 
9 seg 


Let y be any function on G. Then: 
(y, guq) re y, gra) ~~ iy, gle) 
= (1) — 2) ¥(0). 
c&G 


On the other hand, using the standard fact that the induced character is 
the transpose of the restriction, we obtain 


2a 4) = 2 | A, da) 
= LWA, ora — 64) 
= Le@va —X= LX ayo) 
A A 


ogenA 


= 91) — 22 ¥(0). 


Since the functions on the right and left of the equality sign in the state- 
ment of our proposition have the same scalar product with an arbitrary 
function, they are equal. This proves our proposition. 
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Proposition 2. If A # {1}, the function \4 ts a linear combination of 
irreducible non-trivial characters of A with positive integral coefficients. 


Proof. If A is cyclic of prime order, then by Proposition 1, we know 
that \4 = gua, and our assertion follows from the standard structure of 
the regular representation. 

In order to prove the assertion in general, it suffices to prove that the 
Fourier coefficients of \4 with respect to a character of degree 1 are 
integers 2 0. Let ¥ be a character of degree 1. We take the scalar product 
with respect to A, and obtain: 


Wp, 4) = ela) — YS vo) 


= g(a) — >) (0) 
= >), (1 — ¥(0)). 


o gen 


The sum }>°¥(c) taken over generators of A is an algebraic integer, and 
is in fact a rational number (for any number of elementary reasons), hence 
a rational integer. Furthermore, if y is non-trivial, all real parts of 


1 — y¥(c) 


are > 0 if o ¥ id and are 0 if o = id. From the last two inequalities, 
we conclude that the sums must be equal to a positive integer. If y is 
the trivial character, then the sum is clearly 0. Our proposition is proved. 


CHAPTER XVII 


Explicit Formulas 


Classical so-called ‘‘explicit formulas”’ of number theory state that the 
sum of a certain simple function over the prime powers is equal to the 
sum of the Mellin-Fourier transform of the function over the zeros of the 
zeta function. A number of such formulas are given in Ingham [In 32] 
(references at the end of the chapter). Weil [We 68] had the idea of 
extending such explicit formulas by taking a very general class of test 
functions, and viewing these sums as a functional on the space of test 
functions. In the explicit formula, the sum over the primes is comple- 
mented by a term corresponding to the places at infinity, and Weil saw 
the role of a generalized Parseval formula in the duality entering into 
one side of the equation, thus giving rise to the Weil functional at infinity. 
This functional was reworked by Barner [Ba 81], [Ba 90] in a more 
tractable form. In light of this development, I have rewritten this 
chapter for the second edition. 

Readers who wish some exercises can extend the theorems of [In 32] 
to the L-series associated with an arbitrary Hecke character. 


$1. Weierstrass factorization of the L-series 


Throughout this chapter we use the results of Chapter XIV, §8. lf k 
is a number field, y a character of the idele classes, and d, = N(Df,), we 
put 


A = (2n)-Nang 


Note that this is the square of the part of the residue of the L-function 
not involving the regulator or the roots of unity. We also put: 


G(s, x) = AS” = Gi(s, X) 
G,(s, x) = I'(s,/2) (v archimedean), 


~ where 


Ss,» = Sy(X) ae N,(s +E Wy) a |m,|, 
331 
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and 
L(s, x) = usual product over p unramified for y. 


Then we set 


A(s, 1) =Go(s, 2) [] G(s, OL(s, x) = A(s) 


veESs 


and we note right away the expression for the logarithmic derivative 


A'/A(s) =3 log A+ > 3N,I"/T(s,/2) + L'/L(s). 
veSx 


which is going to play a crucial role. 
We have the functional equation 


W(y)A(s, x) = A(1 — 8, x), 


or also 
A(s) = A(1 — s)u(y), 


where W(x) and u(z) have absolute value 1. 
As usual, 6, is 1 if y = 7 and 0 otherwise. 
We wish to prove that the function 


(s) = &(s, x) = [s(s — 1)]”*A(s) 


is an entire function of order 1, and hence by a general and standard 
theorem in complex variables that we have 


E(s) = ebo+bis I] (1 a “| es!P 


p p 


where p ranges over the zeros of é(s), with their multiplicities, and dp, 
b, are constants depending on x, of course. 

We shall need to estimate Gamma factors, and for this use the Stirling 
formula 


© P,(x) 
log Ts) = (8-1) og s—8 + hog 2x + | pal) 
90 §St+2z 


where 
P\(xz) =[x2] -—4 +3 


is the saw-tooth function. The remainder term is therefore O(1/|s|) uni- 
formly in each region 


—n+d<argssn-—06, 6>0. 
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For a fixed complex number a, we obtain 
log ['(s +a) = (s +a —}) log s —s + 4 log 2x + O(1/|s}) 


uniformly in the above region. 
In particular, if a is real, and if we set r = |s| and 6 = arg s, then 


IT (s ae a) | = pot a— 1290/9) 12e0(1ir) 
uniformly in the above-mentioned region, and if a, g are real then 
IT(s+ a+ ig)| = pota-1/2 6-10-98 6-9 (Qq)1/2 eOUL/r) | 


Letting G(s) be the product of the G,, Go, 1.e. essentially a product of 
Gamma factors, we see immediately that |G(s)| is O(e'*"*‘) for every ¢ > 0 
in the half-plane o = 1. Furthermore, for every real a > 0, we know from 
the product expansion that L(s) is bounded in the half-plane o => 1+ a. 
Hence A(s) is O(e''*‘) in this half-plane. 

By the functional equation, we get the same estimate in the half- 
plane o < —a. 

On the other hand, the expression of A(s) as a sum of two integrals 
converging for all s plus a term involving s(s — 1) shows that A(s) is 
bounded in every strip a) < o < oj, excluding a neighborhood of the poles 
s = 0, 1 if these occur, i.e. if y = yp. We have therefore shown that our 
estimate in fact holds for all s, excluding such a neighborhood, and have 
thus proved that our function is of order 1. 


§2. An estimate for &/é 


We recall two lemmas from complex variables. 


Lemma 2.1. Let f(s) be holomorphic in the upper part of a strip: 
09 59 S0,,andt2t,>0. Assume that f(s) is O(e”) for some constant 
a> 1, and t + «, in this strip, and that |f(s)| is O(t™) for some positive 
unteger M, on the sides of the strip ¢ = oy and o = o;. Then f(s) is O(t”) 
un the strip. 


This is nothing but the Phragmen-Lindeléf Theorem, proved in Chap- 
ter XIII, §5. 


Lemma 2.2. Suppose f(z) is holomorphic in a circle |z — 2| < R, and has 


at least n zeros in the circle |z-—z|<r<R (counting multiplicities) 
Assume f(z) #0. Then 


(R/r)” < B/|f(2o) |, 


where B is the maximum of |f(z)| on the larger circle. 
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Proof. Without loss of generality we may assume 2) = 0. Let {a;} be 
the zeros of f in the small circle. Let 


nm R? es a,2 


g(z) = f(z) i 


Then g is holomorphic on the large closed disc, and using the maximum 
modulus principle, we find 


R n 
100(*) S |9(0)| S lghe S Wile, 
thus proving the desired inequality. 


We return to our L-series. Put 
L,(s, x) = Ly(s) = s(s — 1)L(s). 


Proposition 2.3. For every strip 09 < o < o; there exists an integer M 
such that L,(s, x) is O(|t|“) for |t| > 00 in the strip. 


Proof. Note that 
|L,(s)| = |s(s — 1) L(s)| = |s(s — 1)G(s)~*G(1 — s)L(1 — 8)| 


by the functional equation. By the asymptotic formula for gamma 
functions, we see that L,(s) is O(e") for some constant c, and some 
a > 1, inside our strip. On o = o,, we know that L(s) is bounded by its 
expression as a product, and thus L(1 — §) is bounded on g = oy. On 
the other hand for two complex numbers a, b we see from §1 that 
['(s + a)/T'(b — 8)| is O(|t|“) (for some M depending on a, b) inside our 
strip. (The point is that the terms e~” cancel.) Hence L,(s) is O(|t|”) 
on the lines o = oy and o = og, for Suen large M. We now get our 
proposition from Lemma 2.1. 


Applying Lemma 2.2 to a pair of circles centered at 1+ a+ with 
fixed a > 0 and constant radius, we get: 


Proposition 2.4. The number of zeros of A(s) (equal to the number of zeros 
of L(s) ina box 0 <oS1landT S|t| <S T+ 1 ts O(log T). 


Corollary 2.5. There is a number a>0, and for each integer m with 
|m| = 2 there is number Tp in the interval 


m<T,<m+l1 
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such that A(s) has no zero in the (horizontal) strips 


a 


t+ 7} S 1. 


~ log|m| 


IIA 


Proposition 2.6. The following estumates hold: 
(a) In every strip op S o So, we have 


I’/T(s) = logs +O(1/|s*) for |s|—> 00 in the strip. 


(b) Let a be a number > 0. Then on the vertical line Re(s) = 1+ 4, 
L'/L(s) 1s bounded. 
(c) Again for Re(s) = 1+ 4, we have 


A'/A(s) and &'/&(s) = O(log |s|) for |s|— 00. 


Proof. The first assertion follows from Stirling’s formula (differentia- 
ting under the integral sign giving the error term). The second follows 
from the product expansion of L. The third one is an immediate con- 
sequence of the first two and the product expression for A(s) or &(s), thus 
concluding the proof. 


Returning to our Weierstrass product, we take its log derivative. For 
any Ss, S), we have 


€18(8) ~ Fe(s9) = 3 (—— - : ) 


p 


Proposition 2.7. Let 0<a<1, and m an integer with |m|>2. Let 
s=o+1T, with —aSo<1+aand T,, as in Corollary 2.5. Then 


|o’/¢(s)| S B(log |m|)?, 
where B 1s a number depending on a but not on m and o. 
Proof. Let us take s = 1+a+iT,, and write 
p=B+ 1. 
By Proposition 2.6 we know that 
€'/€(S9) = O(log |m)). 
We then consider the difference 


So — § 


e788) — F7e(601 $B] 


p 
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For the sum, we get the inequality 


2 


p 


So — § 


1 
ema Rana ts 
(s — p)(S) — p) os 7) ) 


> (8 — p)(8 — p)| 


Under our hypotheses, we have 
Iso — pP =(l+a— B+ (T,— yy) 2a? + (Tn — 7). 
On the other hand, 


since 0 <a<1. From this we get 


1 
ae Ty, — ye 


2ia+1l—o 
a/log |m| 


[E'/E(s) — €/8(80)| S TS 5 


< (log |m|) >) ea (Toy 


We also have 


1 (a +1)? 1 
Leaf, -7* a? Lest? +(T, 7" 


We shall compare this expression with Re(é'/é(so)) which is itself < 


|¢'/E (So) |- 
We have 


1 1 
E/E (89) = by +¥. +7). 
p L°0 


The real part of the sum is 


7 1l+a+f B 
Sa eres acer ar 2 


p 


a 
Da ta+ Teo 


IV 


Proposition 2.7 is now an immediate consequence of Proposition 2.6. 
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§3. The Weil formula 


We consider a function f on R. Its Mellin transform Mf is defined to be 


ie d 
(Mf)(s) = | f(u)us = 


0 Uu 


under appropriate conditions of convergence for the integral. In our 
context, with symmetry about 3, we make a translation and define 


Mi of(s) = Mf(s — 3). 
We shall also need a change of variables, putting u = e~*. We then define 
F(x) = f(e~”) or equivalently f(u) = F(—log u) 


In terms of the new variable x« and F we get 


Mj f(s) = | 


— @ 


F(x)e?-8* dz = | F(2x)e*/7e-* dex. 


= | F(x)e"?-9* e—" dy putting s=o + it, 
My pf(s) = ./2nG,(t) where G,(x) = F(x)e%/?-%, 


We assume known basic facts about functions of bounded variation. 
Most basic texts on real analysis (including [La 93]) contain proofs of 
those facts. For a function F on R the variation is defined to be 


VR(F) = sup V{f, [a, 5]), 
[a, b] 


where the sup is taken over all finite intervals [a, b] with a < b. 
A function F:R — C will be said to satisfy the Barner conditions if: 
(a) There exist a constant a’ > 0 such that 


Val F(xyet2+@Mltl) < a, 
(b) F ws normalized, that is 
F(x) =3(F(2+)+F(2—)) forall xeR. 
(c) There exists « > 0 such that 


(F(x) + F(—x)) = F(0) + O(\z)) for x0. 
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Condition (a) implies in particular that F is bounded, and decreases 
exponentially at infinity. Assuming only condition (a), we note that the 
transform 


+ 
Mj f(s) = | F(x)e"?—9* dar 


— © 


is holomorphic in every strip —a<o<1+afor0<a<da. 
Now assume all three conditions (a), (b), (c). Observe that 


Mypf(h + it) = \/2nF*(t 


where F’’ is the Fourier transform. Note that 


My pf(0) + Mypf(1) = [; F(x)(e"" + e~**) da. 


With reference to the character 7, we define 
F(t) = F(x)e*"™ = and —fy,o(u) = f(w)uirr™, 


Then F,,, and F differ only by a factor of absolute value 1 and similarly 
for f,, and f. Directly from the definitions, we find that 


MipfG+tt— g(x) =Fp(t) and Mipf(s— it — o,(x)) = Fpo(—t). 


Before stating the main theorem, we need one more definition, namely 
the Weil functional 


e(t—r)2a/No F(0) 


rw + F(—2)) 1 en 2iN. —N, re ee dx 


rt, = 7,(~) = 4lm,(y)| + £N, > 0. 


The Weil functional can also be written in terms of the function f, in the 
form 


x (1—ry)2/N> f(1) 7 du 
wet)= [| ven +09) an, 8 JO] yam 


v 
, log u 
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Theorem 3.1. (Weil Explicit Formula). Let F: R — C be a function satisfy- 
ing the Barner conditions. Then the sum ) Mj jf(p) taken over the zeros 
po = B+ ty of E(s, x) satisfying 0 < B <1 and |y| < T tends to a lami as 
T tends to infinity, and this limit satisfies the relation 


lim » My of(p) — 6,(Myof(0) + MyefC1)) 


Tox ji<T 
= f(1) log A 
log N 5 ee 
ae ee AO p)"f(Np") + x(p)-"f(Np>”)] 
— >» We, ») 


veS, 


which may be rewritten in terms of the function F as 


lim Y Myipf(p) — 6,(Myf(0) + Mypef(1)) 

Tox }|<T 

log a 
pr 


= F(0) log A — aN [z(p)"F( —log Np") + x(p) “"F(log Np”)] 


+) W, AF»). 
veS, 


If one takes for F' the function such that 


erl2 


Preys 0 if «<0 or x> logy, 
“ if O0<-2 < logy, 


for some fixed number y > 1, then one recovers a classical formula as in 
Ingham [In 32], Chapter IV. Observe that conditions (a), (b), (c) are 
obviously satisfied, and that in the sum taken over p, n only the terms 
with negative powers of p will appear. Note that we have followed here 
a normalization which makes the Mellin and Fourier transforms natur- 
ally fit each other. There results a minus sign when the explicit formula 
is written in terms of the function F. 

Weil [We 52] pointed out that explicit formulas of classical number 
theory could be formulated and extended in terms of functionals invol- 
ving on one side the sum over the zeros of zeta or L-functions, and on 
the other side the sum over the primes. Barner simplified and generalized 
the conditions under which the formula is true, and he also put the 
functional at infinity in a more tractable form than was given by Weil 
and than was reproduced in the first edition of this book. As a result, we 
follow Barner [Ba 81], [Ba 90] in the way we describe the functional at 
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the places ve S,, and the conditions on the function F. Barner [Ba 90] 
also works out in systematic details how classical formulas for Dirichlet 
L-series follow from the general explicit formulas, by picking suitable 
functions f and F. 

As an example of Weil’s formula I reproduce an application by Barner 


[Ba 81], [Ba 90], Theorem 88. The case for real characters y was known 
previously. 


Theorem 3.2. Let y be a Hecke character. Then for all seC for which 
A(s, x) does not vanish we have 


1 
A‘/A(s) = lim > : 
. Tc |p| <T S — p 
and consequently 


—] 
b, = bi(y) = lim y, ame 
T+0 |pi<T P 


Proof. For simplicity, we give the proof only in the case y # yp. Let z 
be a complex number with Re(z) > 1. We use the function F defined by: 


(z—1/2)x if 0 
F(x) = € Lox 
0 if x>0 


and F has the midpoint value 4 at x = 0. Then for Re(z) > Re(s) we get 
1 
Mi pf(s) = | ale oe 


We then get 
1 
lim » 
Too bi<T* — P 


on the left side of Weil’s formula. 
On the right side of Weil’s formula, we first get 


3 log A. 
The sum over the primes gives 


log Np 
p,n Np”? 


y(p™)e/2—2)nlogNp 


aay x(p") log Np 
a Np” 


= L'/L(z, x). 
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For each vc S,,, the term corresponding to 0 on the right side is equal 
to (after substituting the given value of F’): 


oN e(1—22/2)2x/Ne ain 
W, (Fy) = —? _ | 9 i dy, 
0 10) ; ey = e~ 22/No 


where z, = N,(z + ig,) + |m,|. But Gauss’ formula 


e8) e 4 e & 
—T’/P(z) = | (; —- du 


immediately shows that 


WAP a = aN, I'/T (2/2) 
= G,/G,(2,/2). 


Taking the sum of the three terms we obtain precisely A’/A(z), which 
proves the first statement of Theorem 3.2. As to the second concerning 
the constant, we look at the logarithmic derivative of the Weiserstrass 
product, which gives 


1 1 
e'/E(s, x) = +5 (+7) 


for all s which are not zeros of €. Using what we have already proved, 
using values of s with Re(s) > 1, gives the desired value for the constant 
b,, and concludes the proof. 


As another application, I give Weil’s equivalent formulation of the 
Riemann hypothesis in terms of the positivity of his functional. We let 


W(®) =), Op), 


the sum being understood as in Theorem 3.2. However, we shall now 
deal with rapidly decreasing functions ®, so that in fact that sum will 
converge absolutely and rapidly. 


For each function F’) of a real variable x, we define 
| Fe(x2) = Fo(—2). 
Wesay that a function F is of positive type if F is equal to the convolution 


F = Fy*F5 


for some F5. 
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We define the restricted Schartz space to be the space of all functions 
F(x) = P(x)e~”’ 


with some real constant K > 0 and some polynomial P. We denote this 
space by Sch)(R). Then Scho(R) is self dual, and functions in Sch,(R) 
satisfy the three Barner conditions, as is easily verified. If Fy is a 
restricted Schwartz function, so is the function F above, again by an 
immediate verification. 


We recall that the Riemann hypothesis states that Re(p) = 3 for all 
zeros p of A(s) in the strip. 


We say that © corresponds to a function F if, putting s = o + it, we have 
O(s) = | F(x)el?-o% eux dy 


just as the function M,,.f was obtained from F. 


Theorem 3.3. The Riemann hypothesis is equivalent to the property that 
W(F) « Fe) = 0 
for all Fy «n the restricted Schwartz space. 


Proof. Suppose the Riemann hypothesis satisfied, and let Fy satisfy 
only the three weaker conditions of Theorem 3.1. Then F = F,* FX also 
satisfies the three conditions (as is easily verified). Letting ®, correspond 
to Fy one verifies directly that the function ® corresponding to F is 


@(s) = Mo(s)®(1 — 8). 


In particular, if Re(s) = 4, then ®(s) = 0 and the Weil functional is =>0 
on ®. 


Conversely, assume the positivity condition for all functions in the 
restricted Schwartz space. The Fourier transform of such a function is 
again of the same form. Suppose that L(s) has one zero 

Po = Bo + Yo 
such that 8, #3. Change variables, and put 
z=i(s—}—ty), D(s)=Po(z),  (s) = P(z). 
Then 


W(z) = Volz) Po(Z), 
and the functions | 


tre Fy(xjem™, 2H F(x)e™ 
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are the Fourier transforms (up to a positive factor of ./2z) of the 
functions 

tro P(t) and tro P(t). 


We consider functions ¥,(z) = P(z)e~** with K > 0. Then F% satisfies 
the three Barner conditions, and so does F. Furthermore, 


O(s)=O(e-*”) with 0<K'<K for jt} >, 


uniformly in the strip 0 < o <1. Therefore the sum ) ®(p) is absolutely 
convergent. To conclude the proof, it suffices to show that for suitable 
choice of P and large K, the value W(®) is negative. 

Corresponding to the change of variables s++z we let p+» where 


n=Up—3— to) = —(y—¥o) +UB-—3) SO my =1(By — 4). 


If ¥o(z) = P(z)e-** and P has real coefficients, then a direct computa- 
tion shows that 


@(p) = P(n) = P(n)’e7 2B, 
We let 


Q(z) =|] (¢-—7) with the product taken over |Re(y)| < 2. 


The functional equation A(1 — §) = A(s)u with |u| = 1 shows that if n is 
not real, then its complex conjugate occurs in the product, so Q has real 
coefficients. Then we let 


P(z) = 2Q(z)Q(—z). 
Therefore, if m is the order of A(s) at po, then we get: 
W(®) =) ®(p) = —2m(Bo — 3)? |Q( no) (te2KFo—-12” 
+ SY P(y)Pe 2K", 

[Re(7)|>2 
But n° = (y — yo)” — (B — 3)? + ty with y real. The condition |Re(4)| = 2 
is equivalent with the condition |y — y)| => 2, and 

je Pn? < e2K((B— 1/2)? —(y—yo)?) | 
From this it is immediate that for K large positive, the sum on the right 


can be made arbitrarily small, and therefore that the right side is 
negative, thus concluding the proof. 
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$4. The basic sum and the first part of its evaluation 


We now start the proof of Theorem 3.1. We need an estimate for the 
Mellin-Fourier transform under condition (a), provided by the next 
lemma. 


Lemma 4.1. Let 0<a<a'. Assume that F satisfies condition (a), that 
is Va( F(x)etl?#t%%) < o. Then uniformly for —a <o<1+4 we have 


Mypflo + tt) =OC1/t]) — for |t| > 00. 


Proof. We assume known the elementary fact of integration by parts 
for function of bounded variation against continuous functions, and we 
get for t 4 0: 


Mi pf(o + tt) = | F(x)et?-O%e-U dy 


—1 |* ii” : 
— F(x)e 2-9) > ae 7 | ex d( F(x)e?-%), 
d = v 


— 0 


The first term on the right between — oo and oo is equal to 0 because 
F(x)e“/2-* + 0 as x > +0 by condition (a). The integral on the right 
is uniformly bounded again by the bounded variation condition, so the 
desired estimate O(1/|t|) falls out, thereby proving the lemma. 


Let T,,, be as in Proposition 2.7. We consider the rectangle whose 
corners are 


1+a—-iT,, 1+a+iT,, —a+iT, and —a— Ty, 


as shown on Figure 1. We denote this rectangle by Rec. 


—a+ 4D m l+a+ily, 


—a l+a 
2 


—a — 07m L+a—1Tp, Figure 1 
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We have 
1 7 
1E(s) = by + ———+-}]. 
e/&(8) = by He : 
By Cauchy’s residue formula, 


io | Mf (s)d log &(S) = y M1 f(p)- 
Rec 


2nt pin Rec 


By Proposition 2.7 and Lemma 4.1 the integral of d log A(s) over the 
horizontal line segments are 


log? T,, 
O 
en 


for T,,— ©. 


Therefore by Cauchy’s residue formula, we get the following congruences 
mod O((log*(T'im)/T'm)): 


—6,[Mjof(0) + Mypf(1)] + ¥ Mi pf(p) 


—-T<y<T 
1 
= =a Mj of(s) d log A(s) 
271 Ree 
1 1+a4+%tT 1 —a+iT ny 
=s5.5 My f(s) d log A(s) — — | My; ,of(s) d log A(s) 
20 1+a-iT,, rae) —a—-tT py, 
1 1+a+?tT'm I: —a+tTn 
= Mj ,2f(s) d log A(s) al M1 pf(s) dlog A(1—s, x7") 
27d 1+a—tT m 2n —a—iT,, 


In order to evaluate these integrals, we shall use the product decompo- 


sition of A to get three types of integrals, involving the terms Go, Gy, 
and L. 


To compute the integral of d log A, we use the identity 
dlogA=dlogG,+dlogL+ ¥Y dlogG, 
veSx 


and compute our two integrals successively for the three cases. 
Take first the case of G). We have 


d d 
— log G)(s) = 3 log A, — log Gy(1 — s) = —4 log A. 
ds ds 


In view of the fact that we integrate a holomorphic function, we can 
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shift both integrals to the line o = $, and combine them into the integral 


log A — 


Mj of(s) ds. 


201 1/2—iT 


We make the substitution s =4+ it, ds = idt, and take the limit for 
Tim — 00. We recall that 


Mypf(h + it) = /2nF*(t). 


The Fourier inversion formula is applicable, and in particular, 


1 (? 
F(0) = lim = | My pf (3 + it) dt. 
T-r00 27 By 2e 


In this way we obtain the term F'(0) log 4 in the formula of the theorem. 


We take up next the case of the integrals over d log L. We look first 
at the integral on the line 1 + a. We have 


(p”) log N 
LjiLs ==>) a acy 
oon Np 
Then : 


1 1+4a4+%tT'm 
Oni | My f(s)d log L(s) 


1+a-1iT,, 
=]. (28 =< x(p”) log Np 
eee dt F(x e We+a+it)e ena seh ap 
On [ | (2) x Np”(i tard) 


We interchange the inner integral with the sum over p, n. Then we make 
the change of variables 


x = y — log Np”, dx = dy 


in the integral of each term with p, n. Then the whole expression becomes 


J] (Tn eo fx pe HOBIND ..ipiaieiad 
-> |" ay | F(y — log Np HP") Kine & eerie ay 
—~+m p,” ey 
—j (tm 2 : 
Sra | dt) | Howe“ dy 
nt =n p,” ae 
where 
log Np 


HW.(y) = y(p)"F(y — log Np")e~ 0? 49%, 


Np”? 
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If we now use the fact that there is a constant C such that 
| F(x) | < Ce e+e) ia1 
we get 


CNp— "2+ a9—(a—a’) if y < log Np”, 


—(1/2+4a) 
|F(y —log Np”) |e i ccaitda endl if logNp" <y, 


CNp —n(1/2+a’)9—(a—a')y if y= —log Np”, 


—(1/2+a) 
|F(y + log Np”) |e~ 2 +94 < ae Ne“Atatady if y< —log Np”. 


From this it follows that 


2C log N 
(1) nC) S Noma 
and 
00 2ClogNp[ 1 1 | 
(1) oe —____———— ]. 
(2) [_ |p,n(y)| dy S Npudr@) F = teeta 


Estimate (1) shows that the series 


Hy) = 2 Hbn(y) 


is absolutely uniformly convergent, and estimate (2) shows that this 
series defines a function y> H(y) in L}(R). 

A similar computation for the integral on the line Re(s) = —a, and 
estimates for 


log N 
H?)(y) = 7 ae (Pp) -"F(y + log Np” )eU2+aVv, 


yield a similar series and similar expression for the second integral. 
We then put 


Ayn (YY) =Aynly) + Her(y) and Hy) = 2 Hy n(Y)- 


We may interchange the series and the inner integral once more, and we 
find that the contribution of d log L over the two vertical lines (denoted 
VL’s) is equal to 


1 T oe) ; 
= Mrpf(s)d log L(s) =~ - | at | Hye dy, 
—T — co 


Qni 21 


= —H**(0). 
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We have therefore found the desired expression for the integral of d log L, 
provided that we know that the Fourier inversion holds at 0. For this 
it suffices to prove that H is of bounded variation and normalized. The 
uniform absolute convergence of the series defining H“)(y) implies that 
this function is normalized, and similarly for H and therefore H. 

The total variation Vp, satisfies the triangle inequality for an infinite 
sum, as one verifies directly from the Riemann-Stieltjes sums defining 
this variation. Similarly, Vg(gh) < |lg|| Ve(h) + ||h|| Ve(g). Hence 


Va(H™) <> a 
p,n 


Np [Valk y= log Np eet Oy ieee") 


< Ca/fq(1 + a), 


and similarly for V,(H®), which concludes the proof that H is of 
bounded variation, and also concludes the determination of the term 
involving the integral of d log L. 


$5. Evaluation of the sum: Second part 


We now come to the last term. 

We have to compute each integral over d log G,. We observe that G,/G, 
has no pole in the half-plane o > 0 and is O(log |t|) in any given strip, 
outside neighborhoods of its poles by Lemma 2.6(a). Consequently, by 
Lemma 4.1 the integral taken from 1 + a —1T,,to1 +a+47T,, is congru- 
ent to the integral taken from 4 — iT, to § + 17T,, mod O(log (T,)/Tm)- 
By the same type of argument, flipping s into 1 — s, we can replace the 
integral on the line —a by a similar integral on the line 5. Thus the sum 
of the two integrals over the vertical lines becomes mod O(log(T)/Tm): 


1 l2+iTn 
= | _ Mypf(s){d log G(s, z) ~ dlog G,(1 — s, x7") 
1/2—iT » 
N,/2 ci2+ttm ried N,(S + 1@y) + |My 
(1) = vel | Mipfts)| FIT ee) | ) 
Te J1/2-iT,, 
+ rn (~ sea ite! as mt) ds, 


After the change of variables s = 5 + if — 1@,, and putting 
Z,(t) =r, + N,it, r, =4N, +4 |m,| > 0, 
we find that (1) is equal to 


Tm—o 


(2) — Ny | Mypof (3 + tt — te, )[IT'/P(2-(t)) + P/V (e)] a. 


27 —tm— Po 
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Using Lemma 4.1 we can integrate from —T,, to T,,, leaving out 
the g,, introducing thereby an error O(log(T,,)/T,). Thus (2) mod 
O(log(T.,)/Tm) iS equal to 


(3) 
Tm 
- N, | [My pof(s + it — 19,) + Mipf( — tt — te,)IU'/T(r, + Ny it)] dt 
7 =f. 


1 


Jen 


We can now apply the following generalized form of Parseval’s formula 
to conclude the proof. 


Tm 
N, | (F(t) + FY (—t))'/T (ry + gN,it) dt. 
a7. 


Theorem 5.1. Let a, b be positive numbers. Let B be of bounded variation 
on R, in L}(R), and normalized. Also assume that there exists « > 0 such 
that 


B(x) = B(0) + O(\z|") ~—s for x0. 
Then 


1 
lim 


T 
“(t)I"/V (a + at/b) dt 
tim | ne [T(a + it/ 


oe) 0 b (l—a)b 
= \ A a. - p—n)fe-™ ie 
= 


The formula of the theorem is Barner’s reworking of the Weil functional, 
as in [Ba 81] and [Ba 90], Theorem 86. Observe that we did not assume 
that F is continuous at 0, but in the application to (3), the integrand is 
symmetric, B = F,+F,, which is even, and thus continuous at 0, 
satisfying the last important condition of Theorem 5.1. 

Furthermore, Barner’s expression is itself a special case of a Parseval 
formula concerning a wider class of functions, of which I ‘/T is only 


the most elementary. I reproduce here the statement of the result as 
in [JoL 98a]. 


Suppose we are given: 


A Borel measure on R* such that du(x) = w(x)dx, where w is some 
bounded (Borel) measurable function. 


_ A measurable function g on R* such that: 
(a) The function g(x) — 1/x is bounded as x approaches 0, x > 0. 


(b) Both functions 1/z and (2) are in L'(|y|) outside a neighborhood 
of 0. 
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We call (yu, @) a special pair. Then we can define the regularized func- 


tional 
W,,o(B) = | . (ote pa — | d(x). 


0 


and its Fourier transform, which is the function W;, 


such that 


xX 


1 ee | 
OCD ee | ( ~ Ma =| 
W Ten p(x )e ; d(x) 


1 
= —= W,, (x) where y,(x) = e”. 


Jen 


This functional will be applied to functions f satisfying the Barner 
conditions, namely: 


Condition 1. Be BV(R) A L(R). 


Condition 2. There exists « >0 such that B(x) = B(0) + O(|z|‘) for 
x0. 


Condition 3. fB is normalized. | 
Then the following general theorem is valid. 


Theorem 5.2. Let B satisfy the three conditions, and let (u, p) be a special 
pair. Then 


du(x). 


Risks as 0 wv 


A oe) 
lim | BOM (0) dt - | (oe p(—2) 


= W,,(B ). 


The reader will find a proof of this theorem in [JoL 93]. The proot 
amounts to relatively refined Fourier analysis. Furthermore, this refer- 
ence also gives a proof of a generalization, whereby instead of the simple 
polar expression 1/z, the function g admits a more general polar expres- 
sion with higher terms, with possibly real exponents instead of integral 
exponents, and also with logarithmic factors. 

For the application of this chapter, Theorem 5.2 suffices. Indeed, as 
an immediate consequence of the classical Gauss formula for the gamma 
function, one has 


oo ei-a)ex = 1 
—T"/T(a + wt) = | (; oe eo = ne dx. 


0 
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Thus we take 


Pa(X) = and du(x) = e-* dz. 


Then Theorem 5.1 is a special case of Theorem 5.2. after the change of 
variables tt>t/b and xt bz. 
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